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In this revision of the Welchons-Krickenberger Algebra, Book 
Two, changes have been made in the development of subject matter, 
sequence of topics, and gradation of exercises and problems wherever 
they seemed to make the book easier for the teacher and student to 
use The treatment of linear functions has been extended and a brief 
chapter on statistics has been added 

This book is intended for students who have completed the study 
of first-year algebra It can be used cither before or after the study 
of plane geometry 

In prepanng the text the authors have aimed to arouse the student’s 
interest m mathematics and to maintain that interest throughout the 
course They have tried to present the subject matter so that the 
student must think for himself \ 

Some of the special features of the book are the following 

Clear Presentation 

The explanations and discussions are so written that they may be 
readily understood by the students Numerous illustrations and ex- 
amples assist in the understanding of new concepts, principles, and 
procedures Pitfalls are anticipated and care has been used to avoid 
them New terms are carefully defined and new operations thor- 
oughly explained 

Sl:yU 

The book is written to the student Its language is simple and 
easily understood Sentences and paragraphs are short 

Visual Aids 

The graph is used as a visual aid in the study of formulas and other 
equations It is used as a means rather than as an objective Other 
diagrams likewise are used where they will serve a real purpose Color 
has been used as a teaching aid and to add to the attractiveness of the 
book 
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TMittj/jon 

Vanom means lia\e »jccn iisfd lo create and maintain iniemi 
New concepts arc presenleil as txtttwons of familiar one* The need 
for matheniancs is shown by arlicles, discussions, problems, and pic* 


FuncUonal HrhUons 

More than the usual liraimeni of functional relations is presented 
Throughout the book students arc led to discover the dependence of 
one fjviAniity upon anoiher 

Afiplieottoni 

Die text contains applications of algebra to geometry, commerce, 
science, and industry "nie applied problems do not require extensive 
knowledge in any of these fields Special attention is given to the 
preparation of the pupils for physics and chemistry 

Rtvuws and TesU 

The book contains adequate tevsews and tests It includes chapter 
and cumulative reviews, chapter check lists, and chapter and cumuta* 
live tesu The tests can be used as reviews, selbiests, or as sample 
tesu 

IndmdiuU Dtj^aencts 

The book provides for individual differences by including topics 
and exercises labeled A, B, and C The A exercises and topics are in- 
tended for all students The B exercises and topics arc for those stu- 
dents who wish to do more than the minimum requirement Those 
marked by a C are for pupils especially gifted in mathematics 

FUxtiilily 

The text was designed for a full year’s course but m arranged that 
It can be used effectively for a terminal third-semester counc 

Most schools will be able to cover Oiapters 1-9 in one semester and 
Chapters 1&-17 tn a second semester Because of difTerenccs in classes 
the authors have not attempted to speedy the tune needed for any 
one topic The following selections are only suggestive 

iv 



FOREWORD 


A Afintmum Course 

First semester Chapters 1—7, omitting topics and exercises labeled 
Band C 

Second semester Chapters 8-14, omitting topics and exercises 
labeled B and C 

A Medium Course 
Firstsemestcr Chapters 1-9 
Second semester Chapters 10-17 

A Aiaximum Course 

First semester Chapters l-Il 

Second semester Chapters 12-20, and if time permits, Chapters 
21 and 22 

Meeting ReguteemenU 

Every effort has been made to have the text meet the requirements 
orpre3ent>day needs It ism accord with the Report of the Joint Com* 
mission of the Mathematical Association of America and the National 
Council of Teachers of Mathematics, the recommendations of the 
College Entrance Examination Board, and various state syllabi 

The Authors 



Now n IS rovi move 


cHAmx 1 ' Fundamental Operations 4 

n The Beginnings of Nundier, 5 Operstioni wiih PosiUve and 
1 1 Negauve Numbers, K Opcrauon* svuh Motuxnials and Poly* 

11 nomials, 15 SyroU^ of Grouping, 26 Pmvers and Roots of 
|j Numbers, 50 £,vdualM>n, 55 Chapter Review and Testt, 54 

Fint-Desre* Equations in One Unknown 38 

The Meaning of "EituaHon,'’ 39 The Root of an Equation, 

40 Solving an Equation. 40 Proof in Equation Solving, 42 
Practice in Equation Solving, 42 lateral Equations and Ftirmu- 
las, 44 Evaluauon of FonnuUs, 45 Algebraic RepreaeniaOon, 

47 Verbal Problems, 48 Geometry Problems, 51 Age Prob* 
leuu, 52 hfoiion Problems, S5 lever Problem*, 58 Mixture 
Problems, 57 Chapter Revsew and Tests, 59 

Matwmaiks ih incihsvno 62 

cHAsm 3 * Type Products, Feeterlnj, Equations 64 

1 Product of Two Biaomials, 65 Squaring a Binomial, 67 Prod- 
uct of the Sum and DilTerence of Two Numbers. 86 Binomials 
Used as Monomials, 68 Oommon Monomial Factor, 70 
Factonng Truioinials, 7l Difference cf Two Squares, 75 Sum 
and Difference of Two Cubes, 7$ Factoring by Groupmg, 78 
Remainder and Factor Theorems, 85 Lowest Common Muln- 
ple, 88 Equations That Contain Type Products, 88 Literal 
Equations, 88 Solving Formulas, 89 Solving Qpadratic Equa- 
Oons by Factonng, 90 Chapter Review and Tests, 92, 96 
4 Cumulative Review, 96 

Mathematics aw the mmota 96 

CHAPTH 4 * Fractions and Fractional Equations 100 

Fundamental Principle of Fractions, 101 Signs of a Fraction, 

101 Reduction ofFrartions, 102 Fundamental Operations with 
Fractions, IDS Mixed Expreisioni, 110 Complex Fractions, 

111 Fractional Equations, 113 Equivalent Equations, 114 
Defecuve Equauons, 114 Redundant Equations, 1 1 5 Chapter 
i Review and Tests, 122 


Vi 


CMArret 2 ‘ 



CONTENTS 


CHAPTfR 5 * Functional Relations, Graphs, and Linear Functions 126 

Changing Quantities 127 Ways of Expressing Functional Re 
lalions 127 Making Formulas from Statements and front Data 
128 Kinds of Formulas 130 Constants and Variables 131 
Evaluating a Function 133 Functional Changes 134 Making 
Tables from Equations 136 Rational Express ons 138 Integral 
Expressions 138 Degree ofa Term and Function 138 Forming 
Equations from Tables 139 Graphs 140 Rectangular Co-ordi 
nates 141 Graphs of a First Degree Equation 141 Howto 
Graph a Function 143 Graphs of Formulas 144 The a and 
Intercepts 145 The Slope of a Line 146 Equations of Straght 
Lmes 148 The Slope Intercept Form 148 The Point Slope 
Form 149 The Two-Point Form 149 Graphing a Linear Equa 
tion by the Slope Intercept Meibod 15! Chapter Reviews and 
. Teals 153 156 Cumulative Review 155 


Atomic ineroy 


158 


CHAPTER 6 * Systems of Linear Equations 


160 


Graphical Solution of a Set of Two Equations 161 Algebraic 
Solution of Sets of First Degree Equations in Two Variables 
163 Elimination by Addii on or Subtraction 164 Elimination 
by Substitution 165 First Degree Equations m More than Two 
Variables 166 Systems of Fractional Equations 169 Sets of 


Equations in ^andy 170 Systems of First Degree Literal Equa 
uons 172 Solving Problems by Use trf More than One Un 
known 173 Value Problems 173 Investment Problems 175 
D git Problems 176 Graphical Solution of Verbal Problems 
178 Chapter Reviews and Tests 181 


Mathematics m cNEWsrxr 


187 


chapter 7 * Ratio, Proportion, and Vanation 188 

B Ratio 189 Proportion 190 Geometry Problems 193 D reel 
Variation 194 Inverse Vanat on 195 Joint Vanaiion 196 
Chapter Reviews and Tests 199 

chaphr 8 * Exponenb, Radicals, and Imasineries 202 

*1 Laws of Exponents 203 Roots and Rad cals 204 Evaluaionof 
Radicals 206 Fractional Exponents 208 Zero and Negative 
Exponents, 209 Scientific Notation of Numbers 21 1 Rational 
and Irrational Numbers 213 Surds 214 Proprrurs of Radi 
cals 215 Simplifying Rad cals 216 Operations with Rad cals, 

216 Irrational or Rad cal Lquatums 223 Imaginary and 
Complex Numbers 228 Qiapter Reviews and Tests 235 242 
Cumulative Review 237 



AlCEBRA, BOOK TWO 
SfACf TtAvn 


244 


cHAmt 9 ‘ Quadratic Functiont and Equations 246 

•t Mow to Graph a Quaclranc Function, 247 Terms A*»ociaicd 
with the Graph, 248 Maaimum and Minimum Values, 249 
Alls of Symmetry, 251 How the Constants of the Function 
Affect the Graph, 253 Quadratic Equations in One Variable, 

254 Solution ^Graphs, 255 Incomplete Quadratic Equabons, 

257 Pythagorean nieorcm, 258 Soluiion of Complete Quad- 
ratic Equabons. 260 Finding Cube Roots, 267 Forming Equa- 
Uons When the Roots Are Given, 268 FrsclionaJ Quadrabc 
Equations, 269 Lateral Quadratic Equations, 269 Radical 
Equations, 270 Oasifm) Problenis, 271 Qtapier Reviews and 
Tests, 276, 281 CumulaUve Review, 278 

CoMnmiM MAoaNis 282 

cHAPm 10 * Approximate Number*; Logarithm*; Slide Rule; 

Binary Syitem 284 

I Vttifiing e>{ Approsimatc Numbers, 285 Rminditig Off Num- 
bers, 28$ UniB of Kfeaaure, 286 Sigrufieant Figvrts, 286 
Meaning of LoganthiM. 288 Common LngatiihmSi 290 How 
to Find the Anbleganihisi. 292 Legsnihmie Curve. 299 In- 
terpolation, 500 Computing with Apprtaimaie Numben, StH 
* Corapuuig with Loganthms, 30$ expound interetl, 309 
Exponential Equationa, 5t0 Change t>f Base, 5U Slide Rule, 

313 Binary Synem, 320 Chapter Reviews and Tetu, 323, 326 
i Simulative Review. 525 


atama 11 • Trigonometry 328 

B Trigonometric Ratios, 529 Tngononieioc Funcliota, 330 Use 
of Tables of Functions. 331 Finding Distances and Angles, 354 
Sdlubcm of Right TrsaogVs. 537 Chapter Review and Test, 341 

Tn AUTOMONtI UAS TUKBINI 342 

CHAPTSK 12 * Systems of Equations Involving Quadratics 344 

G Plane Sections of a Right Grcular Cone, 346 Graphs, 347 
SolutsonofSetsofEquanons bygraphs, byalgebra, byipeeial 
methods, 353 • Cha{^ Review and Test, 565 


CHAPTEK 13 • Progressions 368 

n Anihmeuc Progresioo, 369 - Geometric Progression, 375 • 

II Infbite Geometric Senes, 381 Some ApplicsUons of Progres- 
tl lions, 385 ChapKi Review asul Tests, 387 



CONTENTS 


CHAmR 14 * The Bmomial Theorem 392 

B The Bnomal Formula 393 The Factorial Symbol 394 F nd 
mg Any Term of an Expans on 396 The B nom al Series 398 
Chapter Review and Tests 399 40^ Cumulative Rev ew 400 


Mathematics im AJtoffircruw 


40A 


CHAmR 15 Ativanced Topics in Ouadrafic Equations 406 

ri Character of the Roots 407 Product and Sum of the Roots 
|1 410 Fmrning Equal Ota from Roots 412 Equations n 
U rat c Form 413 Chapter Review and Test 416 


CHAPTER 16 


Determinanb 


418 




Solut on of Two Linear Eqtiauons in Standard Form, 419 

Determ Hants of the Thud Order 421 SolutionofSetsofLmcar 

Equal OM n Three Var aWes 423 M nors 425 Expans on of 
a Determinant by M nors 425 Important Properties of Determi 
nants *27 Lines Expiesed by Determinajia 450 Aie* of 
Tr angle Whose Veruces Are Known 430 Homogeneous Linear 
Equationi *31 Chapter Rev ew and Tests 433 


Mathimatic* hibj® n i»€ sncr of MtuoNC uo in miwcai »qu*cn 436 
CHAPTER 17 Permutations, Combinations, and Probability 438 

B permutations of Th ngs All D fferent 441 Cirrular PenQuta 
t ons 4*4 Permutat ons of Things Not All Different 4*7 
Comb nations *49 Probabil ty 456 Odds 4S7 Compound 
Probabil ty 457 Chapter Reviews and Test 462 

‘ Statistics 465 

Mean ng of Scatuucs 467 Gathering and Recording Data 467 
Frequency Distnbut ons, 467 Graphical Representation 472 
Normal Probabil ty 473 Averages 477 Measures of Dispcr 
s on 477 Correlation 480 Curve Fttt ng 481 Chapter Re 
V ew and Tests 488 

The BEGiNNiNa op the caecuim ,^^2 

CHAPTER 19 * Pates of Change 4^4 

■1 Review of Funct ons 495 Average Rates of Change of Func 
tons, 496 Tangent to a Oirve 501 Denvatives 501 Differen 
tiat on 504 Denvauve of x- a coraunt a sum a product a 
fraction a funcuon of a funewm 504 Slope of a Curve 609 
Equauon of the Tangent to a Curve 510 Maximum and Mmi 
mum Values of Funcurais, 510 lostanlaneous Veloc ty 516 
j Chapter Review and Tests 517 


CHAPTER 18 

I 



ALGEBRA, BOOK TWO 

Mathematics ak> tisouai 


320 


CHAPTEK 20 * Hisher'Degree EqvAtions 522 

Numbrr of Routi of o Rational and Inersral Equation, S23 
Remainder TTinstTO, 524 Factor TVieomij and Converae, 534 
' Synthetic OtviMon, 524 Graphical Solutioa of HigHcr-Dcgfce 
Equation], 527 Number of Rooca, 529 Multiplying the Roots 
by a Constant, 529 Oepmsrd Equation], 531 Descancs'l Rule 
of Signs, 531 Algebraic Solutioa of Higher- De g ree Equations, 

532 Upper and L/mer Limils for Roots, 535 IXminuhing the 
Roou e^ an Equauon, 537 llomer't Method, 539 Chapter 


U Rewietv and Tests, 546 

CHAPTER 21 * MalhcfflRtical tndudion 548 

Q Mathematical Induaion, 549 Chapter Review and Test, 553 

CHAPTER 22 * lnequ«(Uiei 556 

D Axioms. 554 Proofs, SS6 Solution of Condiuonal InequAliues, 

557 Chapter Review and Tests, 559 Cumulauve Test, 560 

Tibic* 564 

I Square Roots and Cube Roou of Numbers, 564 
It L^anthaisofNu(&bcn,S65 
lit Values of Tngonocnetnc Functions, 557 
IV LoganthmsofTngonomeine Functions, 570 

Appendit: Poler Co-oidiiteUs 573 

Index 585 



Algebra ♦ Book Two 



Fundamental Operations 


In Iht diopfer you look al numbers ' 
ofwl nrfes for eperofing wi/h fbem 



FUNDAMEKTAL OPERATIONS 


In your first course m algebra you learned many facts about num 
bers and their relationships In this second course you will study new 
numbers and new relationships and will deepen your understanding^ 
of the facts you learned in your first course You will be much more i 
able to understand this second course in algebra if you give some ‘ 
thought to how numbers came into being and why 


Th« Beginnings of Numfaerl*! 


Man s first numbers were the whole numbers 12 3 At that 
time no one had yet dreamed of fractions or negative numbers, or 
any of the other numbers you will study in this second course m alge- 
bra Had you appeared at a gathenng of the most bnlliant students 
of that day with the following simple test, every student would have 
failed to do at least six of the exercises Can you determine which 
exercises all the students would have found impossible’ 


Perform ihe indicated operations 


14 + 9 

6 iofS 

n 163 + 27-46 

8<t-2 

7 11 -4 

12 3-5 + 6 

7-e3 

8 6-9 

13 4-2-3 

41 + 3J 

9 2-»-3 

14 12X4 

6X9 

10 3-*-2 

15 62 + 93 + 46 



\Vc now call the first numbers the natural numbers NVhy do you 
think they are so called’ 

As man had worked with the natural numbers four patterns of 
operating with them had come to be considered more fundamental 
than others >\c now call these operations addiuon subtraction, 
multiplication, and division You know that addition and subtrac 
tion arc in\erse operauons (hat u, operations which can be used to 
nullify each other For example, if we subtract 5 from your algebra 
grade and then add 5, your final grade is the same as the original 
You know that muUiphcation and division are also mserse operations 
For example, (3 X 2) -*■ 2 ■= 3 W« must remember, howeser, that a 
product with a zero factor has no inverse because dtsision by zero is 
meaningless 

As time jjassed peojile noticed that the numlicr system powcsvrd 
eeriam relationships Tliey saw that 

Addition and multiplication are each commutatisc. 
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That w, numbers may be added in any order or multiplied in any 
order Thus, 

3 + 5+7 = 3 + 7 + 5 = 5 + 3 + 7 = 15 
7x4x3 = 7x3X4 = 4x3x7 = 84 

Addition and multiplication arc each assonative 
That IS, the sum of three or more numbers is the same in whatever 
manner the numbers are gioupcd, and the product of three or more 
numbers is the same in whatever manner the numbers are grouped 
Thus, 

3 + 5 + 7 + 8 = (3 + 5)+(7 + 8)=S + 15 = 23 

3 + 5 + 7 + 8 « (7 + 5) + (3 + 8) = 12 + U = 23 
4X5X3 = (4X5)X3 = 20X3 = 60 
4x5x3 = 4x(5x3)«4x15«60 

Multiplicauon is distnbutive with respect to addition 
That u, when the sum of two or more numbers is to be multiplied by 
a number, each of them may be multiplied by it separately and the 
products added Thus, 

4(7 + 2)=28 + 8 = 36 

These facts were so much a part of the number system which man 
had invented diat he had no control over them He called them laws, 
meaning, in a sense, laws of the nature of the number system We can 
prove these laws true for the system of natural numbers 

IM 

In Exercises 1—3, find the missmg word which will make the 
statement true 

1. The statement 5 + 3 = 3 + 5 illustrates the fact that the 
. law holds for adduion 

2. The statement "S — 3 does not equal 3 — 5” illustrates 

the fact that the law does not hold for subtraction 

3. The statement “6 2 does not equal 2 •»- 6” illustrates 

the fact that the .J* law docs not hold for division 

4 The formula for the volume of a rectangular solid vs 
V=lwh Show how the associative law makes it possible to 
hnd the volume in three ways 
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5. The formula for the perimeter of a rectangle ma> be 
wntlcn as p = 2{l + w) If / =* 10 inches and =* 6 inches, 
find the value of p by use of the distributive law Find the 
value of p -without using the distributive law 

Man Invents FroetlonsI*) 

As long as the number system consisted of only the natural num- 
bers some divisions were impossible It was possible to perform such 
divisions as 8 -i- 2 because the result was another one cj the natural 
numbers It was even possible, in a sense, to perform such uneven 
divisions as 7 2, for both the quotient and the remainder were nat- 

ural numbers It was, however, impossible to perform such divisions 
as 1 2 for there was no number to express the result Had there 

been books m that day, the books would have said Division is im- 
possible when the divisor is larger than the dividend 

But all around him man saw things broken into two parts or more 
parts There were times when it was convenient for him to make 
three equal portions from what had originally been two Gradually 
It dasvned upon him that he needed a new number to express such 
divisions — that division of a small number by a large one is not im- 
possible, It is merely excluded when we limit our number system to 
the natural numbers 

A new number called for a new symbol, and since all the previously 
known numbers were expressed by the symbols 0, 1, 2, 3, 4, 5, 6, 7, 
8, and 9, it seemed right to express the new number with the same 
symbols The issue was decided by writing 1 2 = J The new num- 

bers were called fraeltons The next task was to make rules for add- 
ing, subtracting, multiplying, and dividing fractions — rules which 
would fit them into the already existing number system and make 
them obey all Its laws without exception You know the rules and have 
used them again and again 

Man Invent* Nejjotlve Number* 

For thousands of years men felt it absurd to try to subtract a large 
number from a small one, but there came a time when someone bc- 
%-i.T. s(tt tw i. wtw waxsbec tJbAt. would, make, vj/du 

subtractions possible kVe now call these numbers negative numbers 
and symbolize them by the ordinary number symbols preceded by 
minus signs, thus — 1, — 2, — 3, * 
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The new numbers not only made it possible to subtract a large 
number from a small, they made it possible for the number system 
to express direction Direction is very much a part of our lives We 
gain money and we lose it, we wait a certain distance in one direcuon, 
and then we retrace our steps in the opposite direction, the tempera- 
ture nses and falls, and all th« suggests the importance of a number 
system which not only tcHs hoto much, but also m u.ha.t diwtion 

If we designate the natural numbers and the fractions which arc 
greater than aero as positive numbers, in contrast to the newer nega- 
tive numbers wc can arrange ihe system along a line, thus 



-S -4 3-2-1 0 *1 *2 tS ** eS 

tttsstire eunixTs Positive ooraben 


On our Kale we can see the positive numbers extending in one direc- 
tion from tero and the negative numbers extending m the opposite 
direction Zero is neither positive nor negative 
If we consider only the size of a number and not lu direction, that 
», if we Ignore its sign, we are considering its absolute value, The 
numbers >- 3 and + 3 have the same absolute value TTie number 
— 7 has a greater absolute value than the number + 2 
Having invented negative numbers, man was forced to devise rules 
for adding subtracting, multiplying, and dividing them — rules which 
would fit them into the already existing number system, and make 
them conform to all its laws and relationships You studied those 
rules in your fini course in algebra, but they are repeated here to 
enable you to review them 


Addtston of PosHIva and Nvptrtiv* NirnibarsUI 

Rutas («r Addinp fasHlva end Haptrtw* Numbars 
I To odd two numbars bevinp Ika sarne t'an, 
via lha common s>gn 
and find th« svm of Ibaie obsoluta voluai. 

2. To odd two nuRihats bavtnp ^povia v pni, 

via tba (Ipn of Iha ««mbar having tha greotar obtolirta votua 
ond find Iha d'ffavanca of Iha f obioli/ta volvas. 


e 
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To help yourself remember these rules, think of positive 
numbers as gams and of negative numbers as losses, or re* 
member how you add scores in certain games 

Examples (+ 4) 4- (— 7) = — 3, (— 5) + (*- 3) = — 8 

(-10) + (-10) = -20. -7 + 7 = 0 


The numbers that are added are called addends In the ad> 
dition 5 + 8 = 13 the addends are 5 and 8 The result of add' 
mg IS called the sum 

Add (or combine) 


a 

b 

c 

d 

e 

f 

g 

4 

-10 

+ 8 

-11 

4 

5 

-7 

-3 

-4 

3 

3 

— 9 

io 

-4 

6 

7 

-4 

-10 

-12 

10 

- 11 

-5 

-3 

-5 

4 

+ 12 

_0 

1 

i 

1 


-i 

1 




=1 


±1 



-7 

-10 

27 

76 

-81 


-94 

-7 

-03 

-1 5 

24 

41 

-21 

-26 

34 

Simplify 







5 (+7) + (-6) 


9 (■ 

-2) + (- 

15) 


6 (-3) + (-20) 


10 l + (-i) 



7.-8- 

9 


il.5 6 + (-10) 


8.-4- 

60 


12 - 

-73 + (- 

27) 



EXEROSES 


Remember that the commutative and associative la>vs hold for neg- 
ative numbers \Vhen you are to add several numbers, those laws 
make it possible for you to add the positive numbers fust, to add the 
negative numbers next, and then to combine the two sums 

Subtraction of Positive and Negativo Numbers 1*1 

Rule for Subtracting Positivt and Ntgetive Numbers ' 

To subtract one number from another. 

change the sign of the ivbtrobend and proceed os In oddifiorv 
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The subtrahend is the number that is subtracted and the minuend 
15 tlic number from which the subtrahend is subtracted The diifer- 
ence or remainder is the result t/ the subtraction 

E*ample Subtract — 7 from — 1 

Solution Change— 7to+7 Then add + ^ to — 1 Thercsult, 
which IS the diRerence is + 6 

1*1 

c d e f g 

4 3-7-4 6 

-1 _10 _2 ^ ± 

•6 -S 10 -9 0 

,6 5 ^ 8 6 

10 10 60 0 56 

21 -54 0 2) 84 -84 

[ 4 i -32 4J li 8 2i -7| 

i " zli zM 

Subtract as indicated 

5 7-(-4) 9 7-(-6) 13 1 -(- 100) 

6 10-(+3) to 4-(~2) 14 -7i-(-2i) 

7 (-8) -4 II 4-(-4) 15 10- (-10) 

B 0-(-9) 12 -30 -(-20) 16 5 -(+12) 

Simplify 

17 8 + 7 -(-6) 20 4i-2i + (-6i) 

18 3- (-6) + (-4) 218-9-7 

j 19 1-(-l) + l 22 10 -(-8) + 3 

MulOpUcatlon ot Positive and Nesotlve Numbers’*' 

In multiplication the number that u multiplied is the multiplicand, 
and the number that does the multiplying is the multiplier The re- 
sult IS the product 
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The signs denoting multiplication are the times sign (x) and the 
dot ( ) These signs arc usually omitted unless they are necessary. 
For example, 4 x means "4 times t ” Also, xy means x y, and 
7(x + 3) means "7 times the sum of v and 3 ” The multiplication sign 
cannot be omitted between two numerals, as in the expression 7x8 
Can you tell why’ 

Low of Signs for Multiplication 
1. The product of two numbers with like signs 
IS o positive number 

2 The product of two numbers with unlike signs 
IS a negative number 


Ezaraplea (— 7) (— 3) = + 21 
4 x(-6)=-24 


-5X3 = -15 
- 4 X (- 7) s + 28 


Multiply 



a b 

c d 

e f g 

1 4 5 

-6 8 

-10 -5 -2 

=2 rJ. 

4 _2 

1, ^ 4 

2 5 6 

_7 -9 

-1 -2 -13 

-6 ^7 

8 ^ 

1_ ^ 2 

3 (-4)(5) 

11 - 12(3) 

19 2 X 5X6 

4. (-2)(- 3) 

12 -10(-!0) 

20 4 X 10 X 4 

5. 3 X (- 3) 

13 (-11)(-11) 

21. -05 x80 X(- 4) 

6 -8 (-7) 

14 (-6)(-6) 

22.(-3)(- 6)(-7) 

7 n(-i) 

15 2(- 3) 

23 (-4)(-4)9 

8 -4(4) 

16 ( 5)(- 6) 

24 4 X (- 6) X 7 

9. (-6)X(6) 

17. (-J)(-i) 

25 6x4x4 

10 8(-9) 

18 (-i)(4) 

26 (-|)(5)(-4) 


Division of Positive and Negative Numbers I’l 

In division the number that docs the dividing is the divisor and 
the number that is being divided is the dividend The result of the 
division IS the quotient 
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The signs denoting division are the division sign (-►), the ratio 
sign ( ), and the fraction bar Thus 8 + 2, 8 2, and j all mean 
"8 divided b> 2 ” 

low el Signs far Division 
1. The quotient of two mnnWs with signs 
(s a positive number 

7 The Quotient of two numbers with uiJAe signs 
is 0 negative number. 


iSSSSlB 
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Other Numbers Belonging to Ovr System'*! 

Aj you proceed through this second course in algebra >ou will find 
other numbers which have been added to our number system Each 
was added in response to some need — perhaps to explain a malhe- 
maucal phctiomenon or to help us deal with some problem of our daily 
lives In each case the new number had to be so constructed that it 
obeyed all the soles and laws of the already existing system 
Representing Numbers with Letters'*’ 

Today we often use letters to represent numbers Letters are not 
used to represent a new kind of number which js to be fitted into a 


Examples 10 ->-2 
(-8) -(-4) 

= 5 

= 2 

(-15)+3 = -5 

UI 

Divide 

1. lOfS 

6.7 + (-l) 

11 8 + (02) 

2. (- 12) ♦ (- 3) 

7 -9 + 3 

12. 10+ (-20) 

3 14 + (-7) 

8 -10 + 10 

13 18 + (-0 9) 

•4 -20 5 

9 -15 + 1 

14.-U+(02) 

S. 18 9 

to -t5 + (-1) 

15.1+0 5 

16^-. 


22 

-90 


20 ^ => 






n 
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particular spot of the number system as fractions and negative num- 
bers were fitted in Instead, letters are used as supplementary sym- 
bols for already existing numbers A letter may represent a whole 
number, a fraction, a negative number, other numbers which you have 
not yet studied, or it may represent a combination of several kinds 
When we write n + 2 =» 5, the r represents only the number 3, but 
when we write n* = 9, the n represents either + 3 or ~ 3, because 
(+ 3)(+ 3) » 9 and {— 3)(— 3) = 9 In the formula for the perim- 
eter of a square, P = 4 j, the letter s represents any possible length of 
a side of a square That can be a whole number, a fraction, a mixed 
number, or other numbers which you have not yet studied, but it 
cannot represent a negative number because negative numbers as 
lengths for the sides of a square are meaningless to us 

Words You Should KnowtM 

The use of letters for numbers makes it necessary for vou to know 
the meaning of several new words 
Letten which are used for numbers are sometimes called literal 
numbers The expression is somewhat misleading, however, since 
literal numbers are not numbers, they are only symbols for number 
ideas Each of us has a mental concept of the meaning of one, of two, 
of ten, and of each of the other numbers Literal numbers represent 
those ideas just as do the numerals 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, and com- 
binations of them 

The factors of a given number arc the numbers which, when they 
are multiplied together, form the given numbrr Thus 2 and 5 are 
the factors of 10, and 2, 3, and 7 arc the factors of 42 

In a product any factor is called the coefficient of the remaining 
factors For example, m the product 6 abc, 6 is the numerical coeffi- 
cient of abc, 6 ab is the coefficient of e, and 6 be is the coeffiaent of a 
Any algebraic expression like 4,-6 ab, or r* is called a term 
When an algebraic expression is made up of certain parts connected 
by + and — signs, these parts with the signs immediately preceding 
them are called the terms of the expression The algebraic expression 
4 — 6 ai + r* has three terms, which are + •“ 6 ab, and + •r* 

An algebraic expression of one term is called a monomial , one of two 
terms is called a binomial , and one of three terms is called a trinomial 
An algebraic expression of two or more terms is called a polynomial 
By their definitions binomials and trinomials are polynomials 
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Examples 

NIonomiah a mn 6 **> and —4 
Binomials + 3 x - 2 - x + 7 mn+ac and 6 
TnnomvaU — m« + n* and — »;’ + 7 * + 2 
liLc Of similar terms arc those that hair the same literal factors 
Thus the terms 4 and 5x* arc similar and the terms 5o4*r and 
2 ab\ are similar 

Unlike terms are those that do not have the same literal factors Thus 
the terms 5 m and 2 « are unlike and the terms 2 and 3^ are unlike 
An eatwiient is a small fi^re or letter that is svrittcn above and 
to the ritjht of a number, which is called the bas< . Itt the depression 
X* the base is x and the exponent is 3 and in th^ expression 10* the 
base IS 10 and the exponent w 4 A positive integral exponent tells 
how many times the base n used as a factor Fof example, x* means 
X X X X, and 7* means 7 7 7 

fk no wee of a numbec vs the product or indiC<ned product when 
the number is used several times as a factor The second power of 
a number is usually called the square of the nufnber, and the third 
power of a number is usually called the cube of ihe number Thus 
9, or 3^ IS the square of 3, and 125, or 5* « the c'tbe of 5 
Order of Fundamental Oaer«tI«ntl*l 

If all members of >our class should simphfy the expression 
12 + 6 2, It IS doubtful ihat all would obtain the same result Some 

might obtain 9 as the answer, whereas others wpt^ld get 15 

It IS difiicult to give any concise set of rules fof *he order of opera- 
tions in such expressions but mathematicians have agreed that all 
multiplications and divisions are to be performed before the additions 
and subtractions The following directions will be helpful m simplify- 
ing algebraic expressions 

f Rult for Ord«r of Operotioni 
1 . First simpi fy all expressiont 

which ore Indvded by symbols of orooping 
and find the Indicoted powers 
2 Perforni all multiplicotons and divisions 
in order from left to right 
3 Perform all add tioni and subtractions 
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Example 1 Simplify 3 X 4 -- 10 •*- 2 
Solution 3X4— 10-I-2 

= 12-5 
= 7 


Example 2 Simplify 2 X 5* — 18 6 
Solution 2 X 5* — 18 6 

= 2x25-18-*- 6 
= 50-3 
= 47 

Example 3 Simplify (8 10 5)* 

Solution (8-1- 10-*- 5)» = (8-H2)»= 10*= 100 

In thu example the entire expression ivithin the parenth«cs 
u to be squared The expression can be squared more easily 
when It IS simplified 

Example 4 Find the value of ^ ^ ^ **' - 


Solution We first simplify the numerator, since the fraction bar 
acts as a symbol of grouping 

5X3-40-«-8 lS-5 10 , 

4 “ 4 “ 4 “ 


Simplify 

1 4X2+5X6 

2 8X7-6X5 

3 (16 -I- 2) 1-8 

4 3x4»-30 

5 8-f8-t-8 

6 ( 8 - f - 8)-^8 

7. 8 -f (8 -s- 8) 

8 2X5X4 - 20 --5 

9 60-1-4x3 
10 60 -*-(4X3) 


11 

12 

13 

14 

15 

16 
17 


(10 + 7 - 8) 1- 5 
?(6-h8)i-4 
14 - (80 1- 5) -h 2 
7x21-2-1-6 
10-44-6 
3 

3H14)»16-10 
7x6-^ 15 
10 


18 4201- 14 -35 1-7 

19 3 x 1 25* -4 2-4- 2 




Combining Like CSImllar) Terms^ 


Like terma can be added and subtracted For example, just as 
2 pounds -f 5 pounds = 7 pounds, ao2p-|-5/>=7/' 
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Combine like tcmu 

1 7fl + (-3fl) 

2 

3 — fli — 4 ab 

4 7e-<)e 

5 2x + (~-ix) 

6 ~Sc~e 

7 10^ -(-5>) 
a 24- (+3 6) 


9 2 4 + (- 6) - 3 4 

10 54 + 2A-3A 

11 7 k~~ 9 k-~k 

12 _ 5 ,_(_ 4 /) 

13 

U ix-(-ix) 
ip-ip+p 

16 X* - 6 x» - i X* 


M - iO X- — O X‘ — ^ X' 

Example ,4^ 

Solution 2 X* and - X* make X* - x^ and - 3xr make- 4xr 
and>*and2»»make3y Then 

2 X* - xr +y + 2^ - X* - 3 x» •* x» - 4 X/ + 3/ 


Simplify 

1 o- 4 +f- 3 j 

2 f»-e + 6-5f 

3 10x-3j- + ^-^ 

4 fl + 4-2fl-34 

5 V* - x_y +y - 3 x> 


6 <»-4frf-rf* + 4frf + rf» 

7 ^»-4^ + 2-^* + 4^-2 
a 4 + A — m — A — 5m 

9 >» - 1 +^ - 6 - 2 ^* 

10 x^ — S.y'* — 4 ^* — 


Addition of Polynomlois **• 

PrI!'rT“'T i'f’f + ' foot + 6 ,„chp, added to U,e « 

pression 3 yards + 1 foot + 4 inches as , 

shown Notice that like terms are in col M>d +lfc + 4in 
umns All polynomials arc added in the f +lft + 6 in 

I 5>d +2rt +10in i 

Rule for Adding Polynomials 

1 Wr te the polynom ofs in cofumn form 

w th I ke temii under one aiu^her 

2 Add eoeh column 

I - A tho r proper , gns 
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Example Add 3 + TP* 2 x* + 3 ^ and 

If - 6 - X* 

Solution. The polynomials should be arranged according to the 
descending (or ascending) powers of one of the letters In this 
solution the> will he arranged m descending powers of x IVc 
shall check the addition by letting x~ 2 znAy= 3 


Solution 

CHECK 


3 ,“+ ,y- y = 

12+ 6- 9= 9) 


2x®+3x>-4>® = 

8 + 18-36 = — 10 

= -23 

— x2-6xy4-2y® = 

-4- 36+ 18 = -22 1 


4 x® - 2 xji - 3>® 

16— 12 — 27 = — 23< 



Note Though theoretically any numbers could represent x and 
y in the check, most mathematicians hesitate to use 0 or 1 A mis- 
take could be overlooked when 0 is substituted, since 0 times any 
number is 0 When 1 u used, an expression such as 3 has the 
same value as either 3 x or 3 


1*1 

2 <f-3i+4f 

— la —6c 
5^- c 

3, t3-4,s_7x + 6,2x*-5x + 2,and - 5x3 + 6x» -8 
^ x* —f, 2 X® — — 2>3, x® — (>f, and 5 x*y — xy^ —f 
5. m* — mn + ti*i 4 n® + tn® “ 3 mn, and 5 m* + «* 

4 a® - 5 6® + 2 a, 6 a* - 5 o, and 7 < 1 ® + 9 6* - 1 1 a 

7 Jx + 3j’-|^,ix+^-i^, andjx-g^ — 

8 ia + “S'* ■" s ^ + 

9. 0 7x®-03^®-07,l 2x®-357»-03,and r®+y-l 
10 1 17m-2 ISn + l 31p and 4 52m — 5 65 r - 4 91p 


Find the sums 
1 2x^-3xy+f 

— 4 X* — 6 xy —y^ 
x®4- xv-y® 





Subtraction of Polynomials^*^ 

You know that 2 pounds and 7 ^<xs [,0^0;;:;^,-:;: u 
can be subtracted from 10 pounds and | 2 pounds + 7 ounces 
1 1 ounces, giving 8 pounds and 4 ounces, | g ^ 4 

as shown w — . 
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R«U for Sub»r«4lma On* fal^omlol from Anothtr 
] Write the polynortiiolj in colMnn form 
with IVe lermt under one onofber 
7 fAentolly thonse the t sntof th« termi of the «uhfrahend 
and proceed at in odd taon 



l« 

Subtract 

1 2*-3>+6^ 3 ** - y 

4«-5y + 2< - 2 + xV - + 2y* 

2 4 -la-i-lb- t 

4m— n + 6 — 3ft-4-4c — 8</ 

^ Subtract x* — 6 x + 5 front 2 x* — 4 x + 3 

6 From a* + + 6* take o' — o> - 3* 

7 What must be added to 2 x -• 6 to make x* + 3 x + 2’ 

8 The subtrahend is x* + 7 xy +^* and the minuend is 

3 X* 4- 6 591 What is the difference' 

9 By how much does o* — « exceed 0* + a -* 7' 

1^ By how much does x — 50 exceed x* + 50' 

1 1 From the sum of 2 o + 5 and 3 a — 4 6 take 5 a + 2 ^ 
o From x* — ^ subtract the sum of x* + lyi — y and 

x*-xy-y 

t3 Thesidesofa tnangle are 5 a + 4 2a — 3 6, aRda~74 
Find Its perimeter 

14 The penrneterofa tnanglc IS 5 X* — x4- 1 Ifonesidcu 
x’ + 2 X + 3and another isx* — 2x + 4, what is the third side’ 

15 One side of a rectangle is x and another side is 2 x — 5 
Find the penmeter 


MuttlpVytng MonomSoU^ 


Since x’ = XXX and x* = xxxx, x'x* = xxx xxxx = x’ Similarly, 
a*fl& = afloaaa fl<iaa<j=a” These two examples illustrate the fact 
that the product of two numbers having the same base is the number 
with the same base and an exponent which is the sum of the exponents 
of the two numbers 
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L aw of Exp on«n>< for Mvlliplicalion 
The exponent of a number in a product 

It equal to the turn of the exponents of that number in the factors 


Let US multiply — 3 a^b by 4 ofc®, (— 3 a*i)(4 ab^) = — 3 a^b 4 aft® 
By the commutative law of muhii^icauon this product can be wnt- 
ten — 3 4 a® a ft ft® By the associative law of multiplication 
this product becomes — 12 a®ft* 

Rule for Multiplyins One Monomial by Another 

1 Find the product of Ibeir nwnerieol coefficients 

to obtoin the numerical CoeMcient of the product 

2 Multiply the literal foctors of the mulliplicond 

by the literal factors of the multiplier 
to obtain the literol part of the product 

Example 1 Muluply 7 by — 3 xy . s-v 

Solution (7 3 jry)*a — 21 xV 

Example 2 Find the product (2 oft)(— 3 n*)(4 a’ft) 

Solution (2 ai){- 3 a®)(4 <i»ft) = (- 6 a®ft)(4 a^ft) = - 24 a«ft» 


(2x-)(-4x") = -8x*- 


Example S. 

Find the producu 

1 X* X® 

2 y y 

3 f* c* 

4. c c 

5 -6(2x) 

6 7{- 5 cd) 

7. (-3x)(4x) 
22.2x.3x-x» 

23 (— 6)(m*)(mn) 
26 <*'c* 


8 (-2c)(-4c) 
9. x«(3 x) 

10 10 ® 10 * 

11 (-aft)(oft») 

12 4m(-3n) 

13 (aft)(-aft) 

14 (-^)(y) 


(»1 

15 (aft*) (-Soft) 

16 (-2xj>)(-3xj>*) 

17 J(8i®) 
18.-.§(15c*r0 

19 (3a«)(5a) 

20 (~§Jf)(-|x) 

21 . 


24 (_3c)(-3c)(-3c) 
25. (2 oft)(- ftc)(- 5 aft*) 
27. a* 0 *' 28.x x" 


EXERCISES 
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Olvlilon of Monornlolt <*1 

S»ncc •«* t* = ** thtn »* 


33 2/' 4/>' 

34 7x‘{~ix 


Thu example illustrates the following law 

Low of CKpon«nl« for OivUlon 
Tha axponani of ony number in o quot enl 
1« equal to Iti eiponent In the 6 y dend 
mnui ti eiponeni in tha d ntor 


Let us (liMde 42 by — 7^4 
42 xV4 _ 42 ^**2* 


Rule for Dividing On* Monomlo) by Anethar 

1 Tnd lha qvot ant of the nvmcr <ol coafBc enli 

to obffl n tha coefRclant of tha quo) ant 

2 D V da lha I larol factors of the d vldend 

by lha T Icral foctocf of tha d v lor 
to obtain lha I larol foctors of lha quol ant 

Example 1 Dmde — IS by — 5 oe 
G I . -18a»4c , ,, 


1 Any number divided by itself equals I 

2 Division by zero u impossible 

moor Let x andjr represent any two numbers 
except «ero 

Suppose 

Then ^XO»x 

But jrXO»=0 

Then x «= 0 which is imposs ble 
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Example 4;»*(2x* - 5 ;t + 3) = 8*^-20*5 + 12x* 

Remember that a product of a polynomial and a monomial has 
ihc same number of terms as the polynomial 


1 4(a + i) 

2 -6(x->) 

3 *(2x-7) 


4 - 27(7 + 6 ) 

5 c»(2c-l) 

6 -x>(x-7) 
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7 abib~a) 

8 -xy{x*—y*) 

9 »n*(n^ — 2 m + 1) 

10 2 — 3 ;cr — sy) 

11. -3frf(2f» + frf-</*) 


12. 3r2{r»-4rx + i®) 

13 -4x*(j-4rx + x) 

14 -U''-J + 0 

15 2 xr(r + A) 

16 -x/(x*-2x/ + <*) 


17. Fmd theatcaof afloocdiatis4 * feet wide and (7^—1) 
feet long 

18. Find the area of a mangle whose base is 3 m -* 2 n and 
whose altitude is 6 mn 

19 «-(>=--,-+l) 22 -j.’0"-2y-6) 

20 y(y-3y + 4) 23 

21 **<*" + 3*"'* -7) 24 '-24''“) 


Multiplying Polynomial* by Potynomlol* 1*1 

KwU (or Multiplying Ono Potynomiel by Anethtr S 
1. Multiply ea«h term of the mulhplicond 
by each term of the muhiplier 
2 If potuble, combine the porliol produeti 


Example Multiply 4 o* + 3 i* — 5 ai by o* — 2 
SolutloD The multiplicand and multiplier should be arranged 
in descending (or ascending) powers of the same letter We 
shall arrange (hem ui descending powers of a 

4 a* — 5 ah + 3 h* multiplicand 

a*— 2 ah multiplier 

4a*- 5a*h+ 3a*h* 

— 8a»h4-IOa»h»-6ah* 

4 a* — 134*6+13 a*h*— 6 ah* product 


The solution can be checked by going over the work 
substituting values for a and h 



(2t+1)(x + 3) 
(3r + l)(c + 2) 


4. (a6-3)(«6 + 3) 

5. (*> + 7}(xy - 4) 


by 

w 
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7- (**-2j)(x*- 5>) U (a« + fl-l)(a*-a + l) 

8 (y^ + 2y + 1)C>' + 1) 12. (m* + «* — > + mn + n*) 

9 13 («»-5*4-4){*2-v + 2) 

10 (a + t)(a*-a6 + 6’) 14 (1 - 4 x + x3)(l _ *) 

15 Find the volume of a rectangular solid whose dimensions 
are 2 a + 1, 3 a — 5, and a — 2 

16 {a - bY - (a - i)(a - 5)(fl - 6) = ? 

I7.(«r-rf)» i9.(f»-rf)3 2, (^2-4.^+l)(y. + l) 

18 (x+;>)^ 20 C«'-6")(a* + A*) 22 + + 


If ^ = v2~Jyi+y, fl*3 
the value of 

l./l + S 4 BC 

2 C-‘B 5 AC 

3 2B + C 6 AB 


Ajr^ and C 


2 X +_y, find 


REVIEW 

EXERCISES 


7 A -‘BC 

8 A + B~C 

9 B^-C* 


Dividing Pelynemlalt by Men«mlaltl*l 


Rul« fvr Dividing o polynomtal by o Monomial 
Divide each lenii of the polynorniol by (he monomi 


iial 


Example 1 Divide 5 x^y - 15 *V + 5 Jiy by 5 .ry 




Note that the quotient has the same number of terms as the 
divicfcnd 

4x»"-6jr“**-8jr~ 

Example 2. 2 ;»*• 


Divide 

I. (5 o’- 20) -4) 

2 (18o-27)->-(-9) 

3 (8«-12^)-k(-l) 

4. 


= £g)gL 


5 (6a*-«12i») + 3 
6.(*t-x» + *a)-4-x 
7 (a* -- a* — a) -♦- («- a) 

8. (10x’*-12*» + 2x)'*-(2x) 


AlOEBRA, BOOK TWO 

■j 9 (5 + 2 «>4>) ->-(—>») 13 («’ «’■)+*'■ 

10 (16;ty-24xy)*(8»’^’) H 

1 11 (*2"* + *"')+*" 13 

J IJ (y._4y)»(_/) 16 (15(--l0e-'-«>)-n* 


Example 3 Divide (« - 1)* + 2Ce - % + e - 3 by a - & 


Solution The term <o — 6)x divided by (a - 6) equals Jt. 
term 2(o— divided by (u — 4) equals ly and o— 4 
vided by d ~ 4 equals 1 Then 


x.,v -W+’-'l)- '•’"I _ 

1 Divide 3(a — 6) + nb» *" *) by ff — 4 

2 Divide <0 + 6)* + «(a + 6) by 0 + 4 

3 UHx + 2>) -/(* + 2^)1 -^ (* + 2.y) 

4 Dmdcf»(2f-3)+2#(2f-3)by2f-3 


: dna~4>~2j(.r-4)+.r-4 


the 

di* 


Dividing Polynomials by Polynoml«ls**l 

If you have forgotten how to divide one polynomial by another, 
use pencil and paper in doing Examples 1 and 2 following, referring 
to the solutions in the text only when necessary 


Rule for Dividing One Polynomial by Another 

1 Arrange both dividend and dmsor 
in descending {or ascending) powers of one letter 

2 Divide the first term of the dividend 
by the first term of the dnnsor 

3 M.uUiply the entire divtsor by lUs result ) 

end subtract the result fron the dividend 

4 Consider the remainder as a new dividend 
and repeal steps 2 end 3 es fong os division is pos 
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Example I Divide — 2jr — r* + 8byx + 2 
>^~3x +4 

Solution xd- 2| x^~ — 2*+8 

x3 + 2»» 

--3x» — 2x+8 
~3x»-6x 

4x+8 
4x + 8 

cmcK Ifxs=2,x3 — *2 — 2x + 8 = 8 
Ifx=2. x+2 = 4 

Ifx=2, r*-3x+4 = 2 

8-»'4»=2 

The division can be checked by multiplying the quotient by 
the divisor, which should give the dividend as the pr^uct The 
division can also be checked by substituting any value otlusr | 
than — 2 for X However, 0 and I are not good numbers to'ro;^ 
Example 2. (x ^ 4 - 27 ) +■ (x — 3) 

Solution Since the dividend contains no x^ term and no x term, 
spaces should be reserved for such terms in case they are 
needed in the division 

■r^d- 3 x-h 9 quotient 
divisor x— 3lx^+ 0 + 0+27 dividend 

xa-3x» 

3x»+ 0 + 27 


The solution can be checked b> multiplying x* + 3 * + 9 by 
X — 3 and adding 54 to the product The final result equals 
X* + 27. The division can also be checked by substituting any 
value other than 3 for x, although 0 and 1 should not be used 

Divide 

1. (x* + 4x + 4)-t-(x + 2) 5 (^*-10^ + 25) I. ( 7 -5) 

2. (a«+6a + 9)i-(a + 3) 6 (x»- 17x + 60)-i- (x- 12) 

3. {m»-6n + 10)-».(m-3) 7. (4fl*-9) (2fl + 3) 

4. (f*_8c + 9)-t.(f-4) 8, (9l*~l6)f{3t-4) 



25 



ALGEBRA, BOOK TWO 


9 (inV-lOma + 24) + (mn -6) 

10 + 13 (x^+y) + (j'+^) 

11 (x«-13^+42) + (*»-7) 14 + 

12 ('t*-3x*-21) + (x«+3) 15 (c* - 27) + (f - 3) 

16 (A* - 64) + (A + 4) 

17 (6jr» + 29^ + 25)-(2x + 5) 

18 (a»-3a*A + 3a6*+ft3)^.(a_i) 

19 

20 (t* + Ji»y +y) -f. (t* 4- xy +yi) 

21 (*" + 4y) + (r* - 2 ry + 2^*) 

22 (3:«+jr<-4:» + ,' + l)^(*J + T+l) 

23 (23^+^-6*»+nt-10)4.(x» + 2-») 

24 (r»- + 5^--24) + (r* + 8) 

23 (*3- - - 6) + (,- + 2) 28 (x^ +^») - (* +^) 

26 (a^- + A**) 4- (a* + i*) 29 (*»' -y") t- (*« -_y») 

27 (,3“ -^3«) ^ 3J, 

; If synthetic divuion (page 525) may be amdied 


Symbols of Grouping ^*1 

•h'; ^racta, I 1. brace, ; ), a„d ,hc vaculam, or bar, 
of a fracrir ™ " I?. "omcrator and denominator 

™raS to b "“"■"S >!■■■ *. whole no- 

™.hc.e“ „,rd , 'i' ‘‘"“■"■aator The word "pa 

art Sr tJ™ '="'“^■''8 "tor. be treated 

L fonowtn ;™S c^TtS’" “■ P'“' “ “5“' 
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Rulei for Romovlng Paren<hetos 
K When removing porenthetes preceded by a plur sign, 
do rtot change the signs of the terms within. 

2 When removing parentheses preceded by a minus sign, 
change the signs of the temns within 

Example 1 Simplify 10 — 3(« + 2) 

Soluttoo 10 — 3(* + 2) means that * + 2 is to be multiplied by 
3 and that the product is to be subtracted from 10 Then 
10-3(.r + 2) 

*10-(3» + 6) 

«10-3jt-6 

*-3*+4 

We usually shorten the work by muhiplyinf * + 2 by ■- 3 and 
combining like terms Thu solution is written 
10-3(*+2) 

*10— 3jt-6 
= -3x+4 

Example 2 Simplify 3(2 a — b) — 4(a — 3 i) 

Solution 3(2 a — i) — 4{a — 3 6) 

= 6a-3^-(4a-I2«) 

= 6a-ib—4a+nb 
= Zti+9b 

The work just shown u shortened as follows 
3(2a-6)-4(«-3*) 

=>6a — 3t-4o+12fr 
=2a+96 

Example 3 Simplify («* — 3 c + 2) — (10 — 4 x*) 

Solution 1 Since 10 — 4 x* « to be subtracted, its signs must be 
changed Then 

(**-3x+2)~(10-4**) 
s=»*-3* + 2— 10+4*3 
= 5**-3*-8 
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Soluhon 2 The value of the expression .s not changed if the 
«dfic,ene I » wntien before each quant, t> m parentheses 

(x»-3sr+2)-O0-4x*) 

= I(ar*-3a: + 2)-l(10-4x2) 

= a*-3* + 2-10+4t* 

«5x*-3x-8 


Remove a>mbols of grouping and combine like terms ^ 

5 2 r 3(4*+ 

13 (2jr*-x + 3) + (,7.5^^.5j 
*4 (3-» + 2jr+l)_(,_2^^.3) 

15 a + 5+c-(2a + t-c) 

16 5x+(3ar-^) + (_^.3,) 

17 “ (7 a - 4 i + 5 e) (a 4. 2 i _ 

>8 “(*+^-4) + 0- + x~^) 

20 K6**-9ar+12)-i(4x»_i6^ + 4j 

Endo.lng i„„. b, j/mbol. Cro„pr„o 

of the iJnu ™h “ ST^rchaoiS” ” rt" T "S"' 

ceded by a minus sum are l parentheses pre- 
changed So when terms are eiiclc»^*k ^ 

lowing rules parentheses, we use the fol 


" rcrit’’ "r*”’ *■' " - 


- -siiwoiea oy parent 

without changing fheir s.g„, -' - e-. 

— ..n 
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Example I Enclose the last two terms of a + i — c by pa- 
entheses preceded by a plus sign 
Solution a-\- b — c = a->r {h-'i) 

Example 2 Enclose the last two terms of a + i — c by pa- 
entheses preceded by a minus sign 
Solution a+i“r = «“(— 4 + f) 

Why are the signs of b and f changed in Example 2 but not 
n Example 1 ^ 



lA] 

Enclose the last two terms of each polynomial by parenthe- 
es preceded by a plus sign 

1 m + 5 + / 

2 + ^ 6 *9_4x*-.6;r + 2 

3 4+** + 2x-3> 7 + 

4 flS-2a + 6 a 

Enclose the last two terms of each polynonual by parenthe* 
es preceded by a minus sign 

9 a-b-c-d 13x-I-«*+l 

10 d + 4-e + «f U + 

11 *«-6* + 9 15 

12 aH'‘ + ab-6 16 e-d^m + n 



Nests of Parentheses I*’ 

It IS often necessary m mathematics to enclose one symbol of group- 
ing by another When one symbol of groupmg is enclosed by another, 
either can be removed first In most cases, however, it is belter to 
remove the innermost symbol cS grouping first To avoid errors, do 
one operation at a time 

Example Remove symbols of grouping and combine like 
terms 5 x — l(3x + 1) — 3 — (2x — 3)] 

Solution t 5 X — [{3 X + 1) — 3 — (2 * — 3)] 

= 5x-[3x+l-3-2*-l-3l 
= Jx-5x-f-f J+Tx— 5 
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Solution 2 Some leachcrt prefer the following solution 
S*-I(3* + l)-3-(2*-3)l 
*5*-l3*+l-3-2s+3] 

^ix-[x+\) 

«4*-l 

Remove s)mboU of grouping and combine like tcrmn 

1 7d-|(2tf + 5)-6-(2j + 7)] 

2 ^ + (3r + (3^-4r) - 1) 

3 - (2 ^ -j*) - U »-(2.y -/)l 

4 3^_7~(,-5-2^ + 6) 

5 2« + {>2«-(3u + 2)) 

6 2^ + l3^-(^ + 5)l 

7 5t-2l6<-<-r + 2)) 

8 >n»-(2in>+6-2(m + 2-»n*>} 

Powers of Niimb«rsl*l 

Although find ng power* of a number is not one of the four func 
mental processes il is cons dered in this chapter because it is bas 
upon multiplication which is one of the four processes 

Since 5* = 5 5 5 » 125 the third power of 5 is 125 and sir 
(3 m^)* = (3 rt*)(3w*)(3»i«)(3m')(3 m*) = 243 the fifth power 
3 IS 243 m*'’ In the expression tO* the Cose is tO and the txpon 
IS 2 and m the expression (2 j)* the base is Zy and the exponent is 
The law of exponeno for powen can be expressed 
Jo")" = o'« 



Low of Sign* for Powers 

1 Even powers of any real number 

2 Odd powers of any reol number 

bove the same s>gn os the number itself 


FUNDAMEKTAL OPERATIONS 


Example. (— 6 ’ 

Solution (- 6 = (- 6 «6V)(- 6 tf4V)(- 6 uiV) 

= ~216flW 

The short method of finding the third power of — 6 aiV is as 
follows Since we arc finding an odd power of a negative 
number, the sign of the power is minus The cube of 6 is 216, 
the cube of a is a®, the cube of 6* is 6*, and the cube of c® u c® 

Then (- 6 aiV)* « - 216 a*6*<® 


1 What IS the meaning of (2 6)®’ of (7 c*)*’ 

2 Write (2 n)(2 n)(2 n)(2 n) using 2 n as the base 

3 Write (5 j:)( 5 *)(5 *) using 3 as the exponent 


Find the indicated 

powers 



9o(4)’ 

140(<-)» 

©(*«)’ 







lasWV"”" 



,c'* 

)a5(- j »"«’ 


y- 


19. Express as powers of 10 10, lOO, 1000, 100,000 

20. Express as powers of 2 8, 16, 64, 128, 256 


Roots of Numbers 

If a number is the product of two or more equal factors, any one 
of these factors is a root of the number Since 9 = 3 3, a square root 
of 9 IS 3 Also, since 9 = (— 3) X {— 3), a square root of 9 is — 3 
Then 9 has two square roots, +3 and — 3 Likewise, any number 
except zero has two square roots, which have equal absolute values but 
are opposite in sign The positive square root of a number is called the 
pnncipal square root of the numbar The principal square root of a 
number is indicated by the radical sign (V) negative square 

root of a number is indicated by writing the minus sign before the 
radical sign Thus VT^ means + 4 and — VT^ means — 4 
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If a number has three equal factors, any one of them is called the 
'he number Since 27 = 3 x 3 X 3, a cube root of 27 
IS 3 Since - 64 = (— 4)(— 4)(— 4), a cube root of — 64 is — 4 Any 
number except zero has two square roots, three cube roots, and n nth 
roots The principal cube root of 64 is indicat ed by^ , and the prm- 
cipal cube root of - 125 is indicated by v'- 125 In general, the 
principl nth root of a number R u indicated by In the expres- 
sion VR, n IS the index of the root and R is the radicanri The index 
IS ^ways written unless ,t i, 2 For example, VlS means 
the law of exponents for roots is 



Law at Signs for Roots 
1. An even root of a number 
moy hove either sign 
2 An odd root of o number 

hoj the tome sign os the number 


Example Find the indicated root >^125 

Th, ,„b« ,oo, ot 125 u + 5 .„d the cute mt of »• 


Then 


•V^?2n«=5x* 


Note to pupil in 
IS + * or — * unless 
For example 


We cannot tell vrhethcr the principal square root of 
® w ''h^*** * positive or a neganve number^ 


If* = 2.ihen-}-V?=,4.^^^^^^^2_, 

ir. = -2 ■hoo + V?- + VP2? = + Vl = +2 X 

.poeSrf ® •Utenmt mil hold ,hu book uofa oiheowoo 

radicand, cx«pOngih^'*^^cdj^'L^^ '"laser, all hicral numteia m the 

ate .„.h that L rL.eld^,^'"' 


FUNDAMENTAL OPERATIONS 



Evalutiiing Algebraic Expretslansl^l 

The value of an algebraic expression « found by substituting for 
the letters their values and simplifying the resulting expression 
Example 1 Find the value of 3 x’ + 5 v.hen x « 2 and 

Solution 3 + 5 x/ 

«3(2)9 + 5(2K-3) 

= 24-50 

Example 2 Evaluate + 2al> — when a = — 5 and 
b = 3 

Solution o® + 2aJ — ft* 

= (-5)*+2(-5)(3)-(3)* 

= 25-30 — 9 
= -14 


If a = 3, ft = — 2, c*= 2, and d = 0^ find the value of 
1. c* — 3 ft 8 {•* — fif 15 7 abc — a* 

2.2a* + ft» 9 Sf*-2oft ICa’ft-flft* 

3 c* + ftrf 10 o*ft - 6 17. i(ft - c - 2) 

4 6 a* ftr il be ad 18 (ftf + o® ■— 2) a 

5. 5c + 5oft 12 3(a + ft + f) 19 (ai)* + 2(ftc)* 

6 {7ft)8-5rf 13 abd-c 20 (4 o*ft) -i- (- 9 c) 

7 g^~-§ 14 + — 

7 a "4" ft — r e 
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This first chapter has presented the basic principles of op- 
erating with positive and negative numbers and with letters 
used to symboliae numbers These principles arc the founda 
tion upon which all the remainder of this course will rest so 
It is important that you understand the ideas presented, and 
be able to perform with ease and accuracy the operations 
mentioned Make sure that you 

1 Can add (page ft), subtract (page 9) multiply (page 
10) and divide (page II) positive and negative numbers 

2 Know the rcct^ued order in which operations should 
be performed (page 14) 

3 Can combine like terms m a polynomial (page 15) and 
can add (page 16) and subtract (page 17) polynomials 

4 Know the basic pnnctples for multiplying (page 18) 
and dividing (page 20) monomials 

5 Know how to multiply a polynomial by a monomial 
(page 21) and by another polynomial (page 22) 

6 Know how to divide a polynomial by a monomial 
(page 23) and by another polynomial (page 24) 

7 Know the pnnciples for removing parentheses (page 
26) and for enclosing terms in parentheses (page 28) 

8 Can find indicated powers (page 30) and roots (page 
31) 

9 Can evaluate simple algebraic expressions such as those 
given in this chapter (page 33) 

10 Know the meaning of the following expressions and can 
spell the words in them 

MAfMIMATICAl VOC*BinA«y 

absolute value 8 cube of a number 14 

addend 9 cube root 32 

associative law 6 difference 10 

base of a power U distributive law 6 

binomial 13 dividend 11 

coefficient 13 divisor II 

commutative Uw 5 exponent 14 



34 




FUNDAMEKTAL OPERATIONS 


factor 

13 

pnnapal root 

31,32 

index of a root 

32 

product 

10 

like terms 

14 

quotient 

11 

literal number 

13 

radical sign 

31 

mmuend 

10 

radicand 

32 

monomial 

13 

similar terms 

14 

multiplicand 

10 

square of a number 

14 

multiplier 

10 

square root 

31 

negative number 

7 

subtrahend 

10 

polynomial 

13 

sum 

9 

positive number 

B 

term 

13 

power of a number 

14 

unlike terms 

14 


Ml 

1 Define nunuend subtrahend multiphcand prod 
uct dividend 


2 What name is given to the parts of an algebraic exprcs 
Sion’ 

3 How many terms has a monomial’ a binomial’ 

4 State the law of exponents for muUipl cation for di 
vision 

5 Complete In the expression 4 x’ the 4 is the ’ 
of X* and the 3 is the ’ of x 

6 Complete In the expression 4 ab the 4 the a and the b 
arc the ’ of 4 ai 

7 Simplify 16 2 ~ 9 6 + 4(1 25) 

8 Simplify (8 + 2) - (20 5) 

9 Simplify 2(x’ — 6 x — 4) ^ (x* — 3 x) 

If It is given that — Smn + n* B = 2pi*— 3n* and 

C =: m’ + mn n*, find the value of 

10 ^ + B + C 12 vl-(B + C) 14 3B + 2C 

11 i4-B + C 13 2A-2B 15 C-A 


16 Perform the indicated operations 
(_6) + (-7) d 10x» 4x« 

10^1-10’ e 20” (-3a) 

-8 -(+8) f 6x”"-^(2x*“) 


h (r^)(-3r*) 

X (-2x^’)(x^) 



35 



ALGEBRA BOOK TWO 



Do as indicated 

17 (2m + l)(3m-4) 19 (tr* -Ara-f-*- 1 ) (a"-!) 

18 (a* — a + l)(o + 1) 20 {Sa*6"— lOOa^i) (Sai) 

Remove symbols of grouping and combine like terms 

21 10-(a-l) 23 ir(*-l)-2t:(x-3) 

22 3x + (7-2x) 24 (a-i) - [(i+c) - (a-f)] 

25 Enclose the last ihrce temis ofx* — 2x* — 4x* — x + 1 
by parentheses preceded by a minus sign 

26 Find (he indicated powers 

a (xi*)* c {2 ad)* e (10»)» 

h (-2x)» d (X-)' 

27 Find the indicated roots 

a ^64 c ^49 x*j>* e VTo* 

b -V25 d 'J'-8«W r 

28 [fx = — 3and^»4 find the value of 

a x> +7 c - e i(x ->) - 2 

d2/-x !(>-*)+■?(*+>) 



1 Perform the ind cated operations 

a 3-6+8 d-6 + (-7) g20C-?) 

b (30)-»-(-6) e (8a)(-4t) h{_4)-(-8) 

c 8-<-2) f I2x*^x I 3^* 2f 

2 Add a»-6o»-a + 3 a’-4a* + 8 andl2-a + a* 

3 From3x — 7_y + «take7x — 4_>-+6c 

4 Multiply ji* — — 3 by 2> - 1 

5 Divide6x3-x — 4- 11 X* by 2 x- 3 

6 Simplify 4(x - 1) + 2(3 - x) - 5(x - 2) 

7 Dmde20m» — 15m’-5/n by 5 w 
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8. If X =* 3 and_y — 2, find the value of ~~ 20 
9 From the sum of a* — a + 7 and 3 <i* — 2 a — 9 take 
-■ a* + 6 a — 2 

10 Simplify 12 + 2-8 1-4 
11. Divide _)>’ — 8 by^ — 2 

12 The length of a rectangle is 3 a — A and its width is 
a + 6 Find its perimeter and area 

13 Find the indicated powers 

a. (- 2yY c (- ac^Y e (x")- 

b d (10>)> f (4a*A)» 

14 Find the indicated roots 

a. V 49 c "Vx* e ■V'5^ 

h -^-27 d. - ^/36 f •yiJTiS 

15 Square x* -F ^ — 1 

16 Cube X —y 

17 Divide X® -1-^* by r -1-/ 

18 Enclose the last two terms of2a-|-A — cm parentheses 
preceded by a minus sign 

19 Subtract a* — 4 at -I- 6* from 6 ab 

20 Find the value of (4 aj)* — 40 when a — — 3 and A = 4 




First-Desree Equations 
in One Unknown 


In th$t thapler yov tfvdy 
W'we of boac pnrfaj^i 
of tquationx 



FIRST-DEGREE EQUATIONS IN ONE UNKNOWN 


In algebra we arrange numbers m patterns and study the relation- 
ships we find The equation is one of the most important of these 
patterns for it gives algebra amaring power to solve problems With- 
out equations much of our knowledge in saence, in engineering, and 
m industry would have been impossible You will want to become 
an artist in understanding and using this important concept 
The Meaning af ''Equatlon'MM 

An equation is a statement that two quantities are equal The two 
quantities are called mem- 
bers of the equation The 
statement 2jr — 3 = x + 4 
IS an equation because it 
says that the quantity rep- 
resented by the expression 
2 * — 3 IS equal to the 
quantity represented by 
the expression x 4 

It » easily seen, how- 
ever, that 2 X — 3 does not equal x + 4 for all values of x If, for 
example, we let x represent 2, the left member 2 x — 3 becomes 
2 2—3, or 1, and the 
right member x + 4 be- 
comes 2 + 4, or 6 Since 
1 does not equal 6, we see 
that the statement is not 
true when x = 2 It is just as easily seen that the statement is true 
when X is replaced by 7, for then the left member becomes 2 7 — 3, 
or 1 1 , and the right member becomes 7 -f- 4, or 1 1 

An equation which is true for some values of the letters it contains, 
but IS not true for others, is called a conditional equation A condi- 
tional equation is true only on condition that its letten represent par- 
ticular values 

Certain other equations arc true for any Nalues of the letters the> 
contain Thus, 3(x 4) ** 3 x-p 12 u true when x = 1, when x =s 2, 

when X =s 3, or an> other number Try substituting sanous values 
for X to conMnee jourself that the statement is alwajt true When a 
statement expressing equality is true for any \aluc of (helcitcn it 
contains {if it contains letters), it is called an identical equation 
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Some identical equations contain no letters The equation 2 + 5 
= 3 + 4 IS such an identical equation When svc replace the letters 
of a conditional equation by values which will make the equation true, 
we change the conditional equation to an identical equation 

Identical equations arc usually refccretl to as identities, and condi- 
tional equauons as equations In this book the term equation will be 
used for a conditional equation, and the term tdenlily will be used for 
an identical equation 


Which of the following are identities and which equations’ 
1 * 4-7 = 11 6 8 0 = 0 

23* + 2 = r-l-6 7(r4- s)(r - s) = r» - x* 

3 2 3 -l*5 Be* e*' = f**» 

4 3(* 4-2) = 6 + 3x^ ss csnErtL 

5 *(* - 6) = 5 XXX ON Tire oie 


The Beat on equation 

The process of finding the numbers represented by the letters of an 
equation is called solving the equation , and the set of numbers found 
IS called the soluuon The solution sausfia the equation, that is, 
changes it to an identity In the equation ^ = * -J- 2, the set of num- 
beTs,> = 5, * « 3 makes up a solution If the equation contains only 
one letter, we call the solution a root of the equation In the equation 
* -f 4 = 6, the solution * = 2 is a root Until we have solved an equa- 
tion, Its letters represent unknowns 

A first degree equation in one unknown is an equation m which 
the unknown has only the exponent I after the equation has been 
cleared of fractions, parentheses, and radical signs 3 ou will find that 
a first degree equation in one unknown has only one root 


Solving an Equation 

An equation relates the unknown to known numbers by addition, 
subtraction, multiplication, or division For example, the equation 
3 n -b 4 = 25 relates the unknown n to 3 by multiplication, and then 
ties the product to 4 by addition If we systematLcally undo the ties 
which bind the unknown to the other number^ being careful always 
to preserve the equality of rhe two members , we can obtain a simple 
equation with only the unknown in one member and only a known 
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number m the other In the equation 3 n + 4 = 25, we may proceed 
as follows 

psoimiojr'”^ ' T"* ■* 

[ Stfp I If we Su^tfact^4 nfanb^ w/t/btam 

i 

f Step 2 If wc then dmde each member by 3, we obtain , 

Did you notice that in the words underlined at the foot of page 40 
we proposed to do two things (1) to undo the ties that hold the un- 
known to other numbers, and (2) to keep the two members equal 
at all times’ 

To accomplish the first of these tasks, that is, to undo the ties, wc 
used the idea of inverse processes We know that an addition will 
undo a subtraction, and vice versa, and we know that a multiplica- 
tion will undo a division, and vice versa In Step ] of the solution we 
subtracted 4 because, m the original equation, 4 had been added to 
the term containing the unknown In Step 2 of the solution we dx- 
nded bj> 3 because, in the equation 3 ns 21, the unknown was muf- 
tipUtd by 3 

To accomplish the second task, that is, to keep the two members 
of each succeeding equation equal, we made use of statements 2 and 
4 of the following assumptions These assumptions (sometimes called 
axioms) are statements which everyone believes true, even though we 
cannot prove them 


Our Basic Assumptions about Equotion Solving 

1 If the some number Is edded to eoch member ol an eqvohon, 

the members of the resulting equation ore equal 

2 If the same riumber is subtrocted from each member of on equation, 

the members of the resulting equation are equal 

3 If each member of an equation is multiplied by the same number, 

the members of the resulting equotion are equal 

4 If each member of on equation u divided by the same number 

(except 0), the members of the residling equotion ore equal 

5 A quantity may be substituted for Os equal in ony expression 
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Proof In Equation Solving I*I 

When we arnvc at the statement n = 7, m solving the equation 
3 n + 4 = 25 on the preceding page, we have only shown that if the 
equation Ins a root then 7 is thil root We are still faced with the 
task of showing that 7 « a root To do so. we make use of Assumption 
5 by substituting 7 for h in the equation thus 

PROOF 
j Does 
; Docs 

Docs 


3 » + 4 . 
3 7+4 = 
21 + 4 = 


= 25 


Since ihc two member, of 3 , + 4 - 25 are equal when n = 7, we know 
that 7 is a root 

^metnlie^ Proof ^ 3 o,ta| pa., pf every complete solution of an 
^ ^ equation 

Prattlce In Equation Solving 

t.or’'sn!!r"h* >“'""»n,e the step, tn solving an equa- 
tors vou tS^.h ' eiamples which follow them be- 

lore you try the exercises to this section 


To Sol., o F„„ D.,„. lo 

1 the eqwatKsn eonto n, frocton* 

reduce each frooion to lowest lermi 

2 Tl fh" ™7r" “’Si! "" =■“ "" ''““'U"" 

i It there ore parentheses in the equal on, 
remove them 

3 II the,, or. 1 1, ten,. . 

comb ne the terms 

4 Uie the idea of inverse processes 

IS a root of the ong not equal on. 
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Example 1 Solve J x = J * — 2 


Solution 1 

*Mi3 4x=3*-24 

S 3 , x«-24 

PROOF Docj^(— 24)«4{— 24) — 2> 
Does _ 8 = — 6 — 2> 
Does -8 = -8’\cs 


You may prefer this so 
lution which uses an extra 
step 

SoluUotsZ ix = Jx— 2 
Mu 4x=*3x-24 
S4, 4x-3x = -24 

•CT x = -24 


PROOF Same as for Solu 


Example 2 Solve 2(ji + 1) 
Solution 1 

2(j'+1)=:4-(3^-8) 
2> + 2=.4-3> + 8 
CT 2> + 2 = 12-3^ 

S3 2>«10-3^ 

As, S^slO 

Di ^-2 

PROOF 

Doei2(2+n«4-(3 2-«)» 
Does 2(3) = 4-(-2)> 

Does 6 = 6^ Yes 


4-(3>-8) 

Solution 2 

20-+1) = 4-(3^-8) 
2 ^ + 2 = 4 - 3 > + 8 
CT 2^+2=t2-3^ 

Si 27=12-2-3^ 

CT 2^»10-3> 

As, 2 ^+ 37=10 
CT 57-*J0 

Ds y = 2 

PROOF Same as for Solu 
uon 1 


If you prefer the Sj and Aj^ steps may be combined The two 
solutions would then appear as follows 
Solve 20 + 1) = 4 - (3^ - 8) 


Solution 1 

20+1) = 4-(3^-8) 
2^+2 = 4-3jf+8 
CT 2^+2 = 12-3j- 
S2 A3, 5>=10 

Ds 

PROOF As above 


Solution 2 

2(j,+ l) = 4_(3^-8) 
2jr+2 = 4-3>+8 
CT 27+2=12-3> 

Sa A3,2/+3 j= 12-2 
CT 5j»=10 

Ds 

PROOF As abo\c 


•Ml, means rauluplying both menibeis of the equauon by 12 A S 
4nd D will be used for add ng subtracting and d vid ng respectively C T 
means coinbimng terms in each member 
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SqIv e the following equations 



13 0 52 V - 3 9 = 0 26 A' 

14 3 8^- 1 36 = 10 6^ 

15 4(:t-l) = 3(;t + 2) 

16 2-j: = 2y + 4y 

17 20 x= 10(5-^) 

18 9a-+ 1 =2(1 +x) 

19 (2*--5)-6(*-+l)=0 

20 i ^=10 

21 5 *-i = 3 ;v + i 

22 §x -7 = f* + 2 
23 f + !-!=7 

24 

2 3 


25 


Zi_5£ + I .2i+l x-2 


27 6(2* + 3) -3(*+ 1) =3(^ + 2) 

28 3(n+ 1) +.n* + 6 =n2 + 12 

29 096 *- 064 + 004*=11 46 - 1 72 :. + 0 14 

30ai^_8(^ + .)»5^+35 


Literal Equatloni end FormuleiliM 

"r ^4 “ rrrj,: 

known ' • '"“S'' ba,o and aU.tudo arc 
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Example 1. Solve 3(t 
Solution 


- rt) =» * + 3 for r 
3*~ 3« = x+ 3u 
3* — * = 3«+3a 
2x=6a 


PROOF Does 3(3 a — «)»3a+3u’ 
Does 9«-'3« = 6a’ 

Does 6 « = 6 a’ Yes 

Example 3 Solve /I = ^ W, for h 

Solution Kla 2 A = bh 

. 2A 


Does 

Does 


=»<¥)’ 


Solve for X and j> 
1. bx^lbc 

9. X -f- a sa 3« 

17 ax + a 7 a 

2 4xc--8m 

10 ax + b^b 

18 3{m — x) = X - 

3 or = & 

11 rxf ss < 

19 rx + s = 1 

4 \Jra = b 

12 yc^Z 

20 005x = 2A 

5 at = ab 

13. X -f 1 ^ a 

21 0 07^=»2i 

6 b->x = 3b 

14 i>=p 

22 

7. mt — am^ 

15. iy = t 

23. a"x = a*" 

8 5x-a=b 

16 ax — b = e 

24 m*x = m + 1 

Solve for the letter indicated 


25 ^ = i5Afor6 

33 

iS = 2 rrh for r 

26 pv — c for p 

34 

S = 180(r — 2) for n 

27. C«2irrforr 

35 

« = 5(. + 0fora 


29 

30 I = prt for r 

31 |fr=sPi?forii 

32 r=J6/iforA 


36 /t = p(l + Tl) for I 

37. / = a + (« — !)(/ for n 

38. ^ = iA(«+t) fori 

39 5 = 2 Ttfy + b) for h 

40 J = 4st*ror5 


EXERQSES 
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Evaluation of Formulas 

Evaluating a formula consists in finding the value of one letter of 
the formula when the other letters are known If we wish to find the 
value of one letter of a formula for several different sets of values of 
the other letters it saves time and is easier if we first solve the formula 
for the unknown letter If there is only one evaluation to be made, 
It IS usually easier to substitute directly in the formula and then solve 
lor the required letter 

Example Find the number of sides of the polygons the 

sum of whose interior angles are 720®, 1080°, 1260“, and 1620“ 

respectively 

Solution The formula u 5= I80 (b - 2), where S= the lum 
of the number of degrees m the interior angles of a polygon 
an R ■= the number of sides Our computation is shortened 
If we first solve the formula for a 

Now substi mte in n » ~ + 2 

\VhenJ*720 n=fJ^ + 2 = 6 

When,?B 1080, RaJ^+2 = 8 
When 5-s 1260, r = + 2 « 9 

When 5- 1620, b«^+2-11 




evaluations necessary to answer each of the follow ' 
ing questions Use ir = 3 14 

Wha, the voluTO of a ,ph,„ „ho,a rad, a. „ 2 

» y ~wTh (1 gallon = 231 cubic inches ) 
3 Ohaf, law .. ^ ^ | 

and E thr^tcno^iff ^ resistance m ohms, 

will flow through a lighrb^m 

ohm. and „ coLc.rf *■“ » ro>«tanec of 220 

no vot. 
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FIRST DEGREE EQUATIONS IN ONE UNKNOWN 


4 Find thcvoltagenpcessarytopcrmit a current of 900 am 
percs to flow through a wire having a resistance of 1 1 ohms 

5 In the formula ft =» PR II is the number of watts I the 
current in amperes and R the resistance in ohms Find the 
resistance of a 60 watt lamp if it requ res a i ampere current 

6 In the formula for the law of falling bodies / « J gt* 
s equals the distance the body falls in feet t the time the body 
falls m seconds and g the force of gravity equals about 32 2 
A stone dropf>cd from the top of a br dge struck the water in 
3 seconds How high was the top of the bridge from the 
water’ 

7 Some hydrogen gas had a %olume of 1843 cubic inches 
when under a pressure of 32 pounds \Vhai would be its vol 
ume when under a pressure of 100 pounds’ 

Use Boyle s law “ ^ 

ij pi 

£ 

8 Find E in the formula C « 7 :— — if C “ 22 = 4 

«l + 

and /?] a 6 

9 Use the formula C = 2 irr to find the radius of a circle 
whose circumference is 25 inches 

10 The formula for Uic area of a trapcroid is <1 »« J A(a + fc) 
where h is the height and a and b the bases If each of three 
trapezoids h'u its lower base 12 inches and its upper base 
8 inches what must be the heights of the trapezoids if their 
areas are 30 square inches 45 square inches and 70 square 
inches rrspectnely? 


Algebraic RepreientotlonlM 


In order to solve problems algebraically it is necessary to express 
number relations by the use of symbols The following exercises will 
give yxiu practice in expressing such relationships 


Express m symbols 

1 One part of 10 IS X \Miat 11 the other part’ 

2 The sum of two numbers is 12 and one of them is a 
W hat IS the other’ 
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3 The difference between two numbers is a and the smaller 
number is h What is the larger number? 

4 By how much docs X exceed^? 

5 How many cents arc there in d dollars’ 

6 If in a two-digit number the units' digit is x and the tens’ 
digit is_y. what expression represents the number’ 

7 How far will a car traveling * miles an hour go in (y -h 2) 
hours’ 

8 How long will It take a plane flying at the rate of (x+30) 
miles an hour to miles’ 

9 At what rate must an automobile travel to go a miles in 
k hours’ 

10 IfJT wan integer, what expression will represent the next 
higher integer’ 

1 1 If Tom is * years old and Joe is 5 years older than Tom. 
what will represent the age of each 10 years from now’ 

12 Write three consecutive odd integers if the smallest 
one is l 


13 How much will k pounds of coffee 
pound’ 


cost at n cents a 


14 If a flerer is (x -f. 2) feet wide and j- feet long, how many 
square feet of carpet are required to cover a’ 

15 Express in cents, a dollars, b half dollars, and r cents 


Verbal Problems^ 

lafomanon of tho right kind 
Str Ihc i,^ T '“lo' P™l>lc™ of ,h,. 

7 “°“ <■» 

solve the eqLim you ” 

mg, yo*oLiT,S!ira"^!^^!^’’ ” "P"’'” =“ 

tematically Thinkine ’Ti * ‘o sys- 

procedure A simple t following a pattern of 

Oudiuod „„ a: n£t%Z " P™““ '• 
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[. Determine the question asked or the direction given, 
t. Answer the question or follow the direction 

by using symbols to represent the unknowns to be found 

a. If only one number is to be found, 
let a letter represent it 

b. If more than one number Is to be found, 
let a letter represent one of them, 

ond then represent each of the others in terms of Ihot one 
i Study the statement of the probtern 

to find the relationships between the known ond unknown 
and organize the Information into equation form 
I Solve the equation, 
i. Prove that the numbers found 

satisfy the Information given in the problem 


From time to time, on the' 
be given to aid you in forming equations for the prol 
asked to solve 

By studying two examples, let us see how th^ general 

above are us^ m problem solving 

Example 1 If 2 is added to 7 times a n 

IS 23 What IS the number’ 

Solution 

WllAT Wl TUWK 

1 The question u, '^Vhat is 
the number’” 

2 We answer the question -- 

3 We study the information 
and form the equation 

4 We solve the equation 


V 

Wn/^wiitvRirr 


5 NVe prove that the value 
found saiisfin the problem 



rxoor ^Vhen 2 u added y. . 
times the number 3, the W 
2 + 21, cr 23 V / ^ 

Since the proWem sfites that i 
the sum should be 23, i*e ki^oiv / 
that the numlier b 3 / j } 
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Example 2 Separate 80 into two parts such that the sum of 

one sixth of the smaller and one seventh of the larger shall be 12 
Solution 

What %ve, think VNiiat vse write 

1 The direction is Divide *• 

80 into two parts 

2 We follow the direction Let s = the small part 

and 80 — r = the large part 

3 IVe study the information 

and form the equation 1 1 + — s) 12 

4 We solve the equation 7 6(80 •— i) = 504 

7j+ 480- 6/=S04 
j + 480=504 
j=24 small number 
80 — T >3:56 large number 

5 We prove that the value proof 24 + 56 *» 80 The 

found satisfies the conditions set sum of \ of 24 and ^ of 56 is 
forth in the problem J2 Hence we know that the 

two pans are 24 and 56 

In proving chat a soluuon obtained for a verbal problem is correct 
we must do more than show that it satisfies the equation formed If 
we form a wrong equation lU solution does not (except m a few rare 
instances) satisfy the conditions set forth in the problem VVe show 
that our solutions for verbal problems are correct by showing that 
they meet the conditions of the problem 

I« 

1 The difference between two numbers is 16 Three tunes 
the larger number is equal to 
Kven tunes the smaller number 
What are the numbers^ - — 

2 Findtwonvimbenwhoscsum 
13 58 and whose difference is 16 

3 Twoboy8havcatotalof5760 
One boy has $1 10 more than the 
other How much has each boy’ 

4 Separate 135 into three parts 
such that the second part is twice the fint part and the third 
part IS 10 more than flic second 
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FIRST-DEGREE EQUATIONS IN ONE UNKNOWN 


5 Alice and Jane collect plates as a hobby When the girls 
counted this morning, Jane had three times as many as Alice 
She then gave Alice 5 of hers Now Jane has only twice as 



In solving geometry problems you should keep in mind these facts 

1 The sum of the angles of a triangle is 180° 

2 If two angles are complementary, their sum is 90° 

3 If two angles are supplementary, their sum is 180° 

Example One acute angle of a right triangle contains 

five times as many degrees as the other How 
many degrees are there in each acute angle’ 

Solution Let x “* the number of d^^rees in the 
smaller acute angle 

Then 5 * = the number of degrees in the larger 
acute angle 

From the fact that the acute angles of a right 
triangle are complementary, we form the 
equation 
* 4 - 5*=90 
6 * = 90 

*=15, the number of degrees in the smaller acute angle 
5 * = 75, the number of degrees in the larger acute angle 
PROOF Docs 75= 5(15) and docs 15+75 = 90’ Yes 

1. Two angles arc complementary and their difference is 8 
degrees Find the angles 

2. Two angles arc supplementary and one angle exceeds 
3 times the other by 8 degrees Find the angles. 


T 
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3 One angle of a tnangle exceeds the second angle by 14® 
and exceeds the third angle by 22® Find the three angles 


4 The peninetcr of a rectangle IS 100 feet 
If the width IS doubled and the length is dc 

1 creased by 10 feet, the perimeter remains the 
same What are the width and length of 
the rectangle^ ^ > 

j 5 The difTerence between three times an 

angle and five times its complement is 30* 
Find the angle It 

6 The perimeter of a tnangle is 80 feet The 

sum of the two longest sides is 58 and the difference 
of the two shortest sides is 3 Find the length of 
each side ^ VH 1? 

7 The perimeter of an isosceles trapezoid is 56 
Each of the equal sides is 4 more than the shortest 
side and 4 less than the longest side Find the 
length of each side of the trapezoid 


Problems called age problems are those m which the ages of the 
same persons are compared at different times m their lives The so- 
lution of such problems is easier if we keep in mind three simple facts 

1 We all grow older together Each year each penon s age m 
creases one year 

2 If one man a age in years is three times as great as another man s 
age m years today his age one year from today will not be three umes 
the other man s age then 

3 The difference m the ages of two persons is always the same 
throughout life 


Example A man is 4 tunes as old as his son Sixteen years 
from now he will be only twice as old as his son How old is 
each at present’ 


Solution In wdcrtoformthecorrcct equation we need to repre 
sent the father t age now and in 16 years and the son a age now 
and in 16 years We can represent this relationship by the fol 
lowing diagram 
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FIRST-DEGREE EQUATIONS IN ONE UN/NOWNI 


ASC K0« I ACt M U TfARS 


<1 ' \4» + lS ^ 


Then from the relation, "Sixteen >ears from now 
twice zi old as hu son," we form the equation 
4e+16 = 2(x+16) 

Solving 4jt+t6=:2x+32 

Sesss* 


he will be onl^,/ 

f 


a = 8 


xl2 


At present the son is 8 \ears old and the man is 32 ^cars old 
PROOF 

Does 32 =s 4 X 8» Yea 

I Docs 48»2(24)» Yes 




Does 32 + 16 = 2(8 + 16)» ^ 


(*) 

1. A man is three times as old as his son Eleven >ears from 
now he will be only twice as old as his son How old is each at 
present’ 

2 A father is tv. ice as old as his daughter I n four > can the 
father's age will be three times what the daughter's age was 
SIX yean ago How old is each at present’ 


EXERCSCS 



3. The combined age of two boys is 25 >ean Three yean 
ago the age of one boy exceeded twice the age of ihe other boy 
by 1 year Find the age of each boy. 


4. The combined age of a mother and her bvo sons is 
50 y cars Four y cars ago the tnolhcr was B limes as old as her 
older son Four years from now she will be 4 times as old as 
her younger son Find the age of each at present 

5. The combined age of three brothers »s 45 yean Six years 
ago the oldest brother was twice as old as the youngest brother 
Six yean from now the combined ages of the two younger 
brotherjwiUcxceed theirolderbroihcr’sageby ISycars, How 
old Is each of the broihcn’ 


Motion Problem* 

Tlic relaiion between distance, time, and rate is given by the for- 
mula d n rl . where » is a constant rate This relation may also be 
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wntten f = ^ or t = ^ If the distance is expressed m miles and the 

time in hours then the xatc must be expressed m miles per hour 
(m p h ) / 

Example A train leases a station and travels at 45 miles an 
hour Three hours later a second tram leaves and travels at 
75 miles an hour How long will it take the second train to 
overtake the first^ 

Solution Let the tunc in hours for the second tram to oier 
take the first 


LeSTlDg , , 

tune In solving motion problems it u best to tabulate the data 



Since the trams travel the same distance, the equation is 
75* = 45(r+3) 

Solving 75 X* 45 *+ 135 


30**. 135 
X-4J 

Ic ih, Kcond i,..n <1 hour, lo ovm.ko tho 6ni 


«X7!.337! 75Xdi- 337i 
Each Icam iravcU 337i mile 
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2 Two planes which are 1060 miles apart leave at the same 
time and fly toward each other, meeting in 4 hours If their 
rates differ by 1 5 miles an hour, what is the rate of each plane’ 

3 One car traveling at the rate of 60 miles an hour is 4 miles 
behind another car traveling at 50 miles an hour How many 
minutes wll it take the faster car to overtake the slower’ 

4 A man travels from one city to another at the rate of 
40 miles an hour He returns at the rate of 60 miles an hour 
If the trip takes 8 hours, how far apart arc the cities’ 

5 Two men travel toward each other from points 540 miles 
apart If their rates are 48 and 60 miles an hour respectively 
when will they meet if they started at the same time’ 

6 A boy starts to walk to a town 15 miles away at the rate 
of 4 miles an hour After walking for a time he is taken to the 
town by a friend traveling by car at the rate of 40 miles an 
hour If the boy s total time reaching the town is hours, 
how far does he ride’ ^ ^ 



4 •> 4- 




7 A plane has a cruising speed of 280 miles an hour and the 
wind velocity is 40 miles an hour 

a What IS the rate of the plane with the wind’ 
b What IS the rate against the wind’ 
c How far can the plane fly against the wind and return in 
7 hours’ 

8 A plane can fly a certain distance in 6 hours with the 
wind but can return only three fourths the distance m the same 
time If the speed of the plane in stiU air is 200 miles an hour, 
find the velocity of the wind 

9 A man drove at the rate oC 50 miles an hour while out 
side a city and 30 miles an hour while vnibm the city If a trip 
of 30 miles took him 40 minutes, how much of the trip was 
outside the cu>’ 
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Lever Probtemt >^l 

A Irv-rr w a Inr which ran rotife on a of support called the 
iSikninj In ihr fijpirr Wow. point / mtl.ralrs the fulcrum ir, a 
^vcitjlit It the clisianrcrf, frotn /. 
and u> •» weit;hi at the siisiance 
dj from / NfT’lertm^ friction 
and the wcirIu of tfie le\Tr. a 
lever will bahnee wlien 

l<\di 



Hiample A bar 6 feel long « to lie used ai a lever UTiere 
would a man wrigliing 175 pounds have to place the fulcrum 
in onlcr to hfi an object weighing 1400 pounds* 


Solulic.. 

Ut * = ihc length of the lever arm fmm the object to die fukrum 

|„5,h ^ 

the mao 

The tv»t) weighu will lie Q 

in equilihnum vdkn ^ 

1400*-17$(«-,) 


1400 a 
1575 « 


* 1050- 
>1050 


175* 



175 a. 


ifT ^ •* • of J of . foot from the 

rir M »" "Tder to hft the object the 

would have to pbee the fulcrum Ina than i ofa foot from the object. 
MOOT Uft to iiudent 


' li ™r" 'fa 125-pounel ..cishl 

Olht^dr -S'- “ 


■he "^Shf » to ret oo a boao. 12 foot from 
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4. Rosemary and Constance together weigh 135 pounds 
The girls balance on a seesaw when Rosemary is 6 feet from 
the fulcrum and Constance is 9 feet from it How much docs 
each girl weigh’ 

5. How heavy an oil drum can a man, by exerting a forctS<s 
200 pounds, lift with a crowbar 5 feet in length if the fulcrum 
IS 6 inches from the drum’ 

6. Two boys balance on a seesaw when they are respectively 
5 feet and 6 feet from the fulcrum The larger boy tabes his 
little sister, who weighs 30 pounds, on his lap and has to move 
1 foot nearer the fulcrum iij order to balance the other boy 
How much does each boy weigh’ 


Mixture Profalems^F 

In solving mixture problems, you will find it helpful to use sketches'!^ 
and to imagine that you are actually blending the, ingredients, as ^ 
suggested by the following examples 


Example 1 How many pounds o£ cashew nuts worth 
75 cents a pound must be mixed with pecans worth SI 50 a 
pound to obtain SO pounds of mixed nuts worth $1 00 a pound’ 
Solution Let x s the number of pounds of 75-cent nuts 
Then 50 — x = the number of pounds of Si 50 nuts 



Since the value of the the value of the the\alueof 
X pounds of + (50 — x) pounds 50 pounds of 
75-cent nuts of $1 50 nuts the $1 00 mixture 

then 75 X + 1 50(50 -x) = 100(50) 

Mtoo, 75x+150(50-x) = 100(50) 

75x + 7500-150x=5000 . 

-75x« — 2^ i) 

X — 33), pounds of cashews 
50 — X = 16|, pounds of pecans 
PROOF Left to student 
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1 *ample 2 How much ptjre alcohol im»i l>c added lo 
3 Kjlloiii of a 12% solution to nuke a 28% solution’ 

“ tlic number of (tallont of pure alcohol required 


Solutioi 
Cl Alcohol 


n Other 


U.-h 6 j 1 

rsj + 

A!e(+<d 

isie 

1 

Ak»hoI 

•. 1 





• Cdlimt 
akulMil 


then 

Vtjoo 


rdlum of « 

12^1 lutlltlOIl 

I2(J) 

100*+ 12(3) 

100 . + 36 

22 . 


alcohol in t. + 3) ftal- 
“ loot of a 2fi''p sohi* 

- JV»+ 3 ) 


JV»+ 3 ) 

2^. + 3) 

’> 2 S.+ 8 f 


psfior I^ft (o ttudcni 


■* I ftallotu of puft alco* 
hoi to i< added 


’h' »nli!epuc lo- 

™ r M n '*"• ''■>* m.ich wtittr 

r5% , 0 !™.'“" 25% ,0 a 

I J' 500 gallons of alcohol that is 75% pure 

l"S”ddi. Ho„™ch»a,ca 

ml a'”'”'""’' '"O''' of Id'-' of 

at $1.5^1™ “ “ f”""* f-' 00" 

adf '”J“" " 25% but.crfat .honid bn 

1L“ ~briai“ “ ■“ - 

5 One alloy u 25 % silver and another is 40^ siK er How 
“ Pooof of a'n alloy 
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^"^st.degree equations in one unknown 

6 A confectioner wishes jq chocolates worth 80 cents a 
pound with 40 pounds of bonbons worth 65 cents a pound to 
make a mixture worth 75 ^ How many pounds 

of chocolates should he 

7. How much alcohol a mixture of 12 

ounces of alcohol and 30 otinccs of water to produce a mixture 
that IS 60% alcohol’ 

tT /& auitrtiit/diit‘iatdtn(jr 4" ^itbns ana' contains 

antifreeze How much of solution most be drained from 
the radiator and antifreeze tedded to make the solution test 35% , 

antifreeze’ 

9. How many tons of 8^ copper ore and of 3% ore should 
be mixed to make ^00 ton^ - ‘- 



If you expect to unde^^j^ algebra and to use it easily, do 
not move on to the neit jure that you 

understand this chapter 


Make sure that you knoi^ 

1 What an equation is Thu includes knowing thedif* 


ference between conditional gnj idenUcal equations 39 

2 What It means to solvg ^ equation 40 

3 What a root of an cqqajion is 40 

4 That a value found f<ip unknown m an equauon 
cannot be accepted as a roQj jjjg equaUon without proof 42 

5 What is meant by thi^ expression 

first-degree cquajj^jj jjj unknown 40 


ifi&x’e sure ulax'you’cairg^jy 

6 Carry out the steps m joiyjng a first-degree equation 

in one unknown This mclud^j literal cquauons 42 

7 Carry out the steps in proving that the value found 

for the unknown in an cqu^jj^jj ^ g root of the equation 42 

8 Evaluate a formula 46 

9 Analyze a verbal prob]gjjj trandate it into equa- 
uon form 48 
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Make sure that you understand the meaning of, and can 
spell the words in, the following ctpreasions 



assumption 
conditional equation 
formula 
identity 


Solve 

1 5*-8«x + 12 
2 , 20-.5) = 3^-2 
3.03* + 2*n 

Solve 

7. mr + 4* “ 3 «* — r for » 
6. n 4 4 for X 


member of an equation 39 
root of an equation 40 

satisfy 40 

solution 40 

IM 

4 . (2x-3)-3(x-6)«4 
5 3^~5-=37 + 4 

9. -4 « ;»(I + ft) for t 

10. /I = ff* + 2 rrk for h 


Evaluate 

11. V^t* whene 


41 

39 
44 

40 


12 / «= o + (n “• V)d when ff = 3, n^S, 4 



1 Give an eaample of a. An identity b. A conditional 
equation 

Solve* 

2.4x-7=*+n 6 r* + 5 = r» + I0r-l5 

3. 2 X + 4 = 14 - 3 X 7. 2(x - 5) - 6(x + 3) = 0 

4.0 52^-0 40=1000 8. i(x + 6) = i(jf “8) 

5 |>=12 

9. 2x(3x+ 4) + 9 = 3 x(2 X + 1 ) - 1 

10.i:ii_li+J.^2x::L3 . 7 
2 3 4 ''■4 
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Part n 

Solve for x 

1 ax + i = c 3 3(a-x)^4(x-2a)-10a 

2.sv~s3 
Solve 

4 F = J iA for 6 5 /I = ^*{1 + rt) for P 6 rsx = 0 for x 

7 5 = 2(fl + i)forR 8.P=|C + 32forC 

9 Using the formula 5 = 4 rr*, find the area of a sphere 
whose radius is 4 inches *= 3 14) 

10 Find n m the formula 5 = ]80 (r — 2) when S = 1440 


Porf III 

U How many gallons of pure alcohol roust be added to^ 
^alfons of a 10% solution to make a 20% solution’ 

2. How much orange juice at 90 cents a gallon should be 
mixed with grapefruit juice worth 60 cents a gallon to make 
100 gallons of a mixture worth 80 cents a gallon’ 

I 3i A motorist drove to a certain city in 3 hours, and returned 
tiy^olhcr route which was 22 miles longer On the return trip 
he traveled 10 miles an hour faster and it took him 2 hours and 
50 minutes Find the length of the shorter route 


4 Weights of 60 and 90 pounds arc placed at the ends of a 
lever 9 feet long Where should the fulcrum be placed to make 
the lever balance’ 


5 Sam IS twice as old as Joan, ^nd next year the sum of 
their ages will be 5 times as much as Joan’s age was tvm years 
ago How old are Sam and J6an’ 



lATHEMATICS IN ENGINEERING 


In r*<enl yean there hot been on Incresting demond for leicnhtti 
engineeri, te<h«ieusftt.oftd crofttnen Much of th.i demand hot com* 
from indvrtry and hot been touted by the ropid etpent>en in the 
manufatfure of methoneol oppl.oncet ond by the monufacturert' 
Inereating mlerett m Improv.ng the.r metbodt of produet>otv 
There ore many Afferent k.nd, of eng.neeru Among them are 
eleetfiMl engtneert. mechomeol engineer,, eivi? engineer,, eheitncal 
eng.nem, ond engineer, with mony other kind, of tpeoalited 
knowledge. t«h o, the oeronou,<ol engineer, h Ae picture 

o o owing high tchool tvb|ect, ore uieful for future engineers 


^"Slith Ttrgonomefry 

Algebra Fhywe, 

Plane geometry Chemittry 

Solid geometry Mechomcoi dra 

Soeid itudie. 


Foreign language. 
Industrial art, 
Solesmanship 
Typewriting 


of th!m ha*'"r7#^* groduatet. and a consideroble number 

Z!nee, 7 : »wo yeor, in on 

tngonome^ tditil --H/ studies college cigebro, 

require fh7 ,tudeni fc «>'e''los. but some colleges 

before entering All thw'T'eow »r‘8onomelry 

■^dvonced cour^.e.m ™:Lr; ^ 
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Type Products, 
Factoring, Equations 


In Ihit chopfer yov (nvUip]/, 
end you analyze mvltiplieohen 


> 
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TYPE PRODUaS, FAaORINO, EQUATIONS 


In your first course m algebra you learned short methods of find- 
ing products such as (^ + 3ji)(5 * — 2_y), (« — 6)(a + 6), and 
(m 2)(m 4- 2), and could state the products without the use of 
pencil and paper Products which can be found by short cuts are 
called special products The products above arc of three types, the 
second and third products being special types of the first In the first 
part of this chapter you will study special products Then you will 
make use of special products m factoring In the latter part of 
the chapter you will use special products and factoring in solving 
equations 

(«i 

Find the following products 

1 8(a-A + c) 6 -Ax^ix^ + x^i) 

2.*’C*“-j+3) 7 

/^^pbe(a'+b-c) “ 2 X* - 3 *<) 

4 5x)p(x’+y) 9 

5 Sfl'Ca'-ha"-*) 10 

Product of Two Blnemlolt'*' 

If two binomials have no like terms, their product is a polynomial 
of four terms 



For example, (a -h 6) (c + d) ®» or -h 4c -h tfc/ + W 

If two binomials have like terms, their prrxiuct is either a binomial 


or a trinomial The product at the ngh! is a tri- 
nomial 

Let us see how this product is found mentally 
The 2 x’ IS found by multiplying 2 x by x, the first 
terms of the binomials, the — tzy is found by 
multiplying 3,^ by — Ajr, the last (enns of the bi- 



nomials, and — 5 XT u found by adding 3 xy and 


— 8 which are the cross products of the multiplication 


Example 1 find the product (3 a + i){2 a — 5 4) 

Solution The first terra erf the product IS (3a)(2«) «a 6 0*, the 


last term of the product u (6)(— 54) 
es 5 4*, one cross product u 2 «4, the 
oiherii— I5fl4, theirsumis — J3*4 
Then 

(3o + 4)(2a-5 4)a6<i*--13fl4-54’ 
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The product of two hlnomioti hoviAO »><« f««™ (a* + by)(cx + dy) 
equolj the product of the two ftcrt t*rm», 
plui the algebraic turn of the cro«( product*, 
plui the product of the tw^ lost term*. 

LxampleS Find the piodoct (2 x — ^)(2 x +-^) 

Solution. The product of the two fint lerhns u 4 x*, the cross 
product* are — 2 xy and +2 jo ' attf their lum u 0, the prod- 
uct of the two fast (ermi is — ji* 

Then (2 x-^.yXi x+j-) = 4 x* 

The product u a binomial, since the sum of the cross products 
vsatio 

Example 3 (Sc — <0* *» (S e — d)(5 « — d) ’ 

Solution The two factor* are identical (5c)(5 0 ** 
{5<)(-d)4-(-d)(5#)»- lOrd, and (-d)(-d)*-d* Then 
(Sc-d>(5c-d)*2Sr»- J0fd + d» 

Do you see that Examples 2 and 3 are special cases of the 
general type (dx + + dy)* 


1*1 

Study the examples above and find the following products 
mentally Check the fifst five products, using the long method 
of multiphcauon 


I. (n + 3)(a + 2) 

2 (a-3)(o-2) 

3.(* + 4)(x-3) 

•* (c-5)(c-2) 

5 (l-7x)(l+9x) 

6. (x-|-3)(x + 3) 

7. (2x-l)> 

8. (2 X -1.4)* 

9. (7c + 3d)(7c-3i0 

10 (3x^-I)(4xy + 2) 

11 («-|-3){rx-l) 


13 (m»-n»)(m>-l-n*) 

14. (c« - 8 d)(e’ + 8 *0 

15 (3x-5>)(2x-}-7) 

16. (*:->)(r+x) 

17. (2a-3)(3-|-a) 

18. (2x-3>)(5x-^) 

19. (x»~l)(x» + l) 

20. (a>-3)(ni + 3) 

21. (aa-5)V'--S\ 

22. (a5 - 9)(ab + 10) 

23. (m*« + S)(m*n-6) 

24. (3-cV)(5-4f»d) 



TYPE PRODUCTS, FACTORING, EQUATIONS 


25 (7^-^»)(3x + 2y) 

26 (x-i)(^ + 4) 

27 (a-J)(a-i) 

28 {c-^d)(c-\<0 

29 (fl+ l)(a+ 3) 

30 (6 - 2)(6 - 3) 

31 (x+ 5)» 

32 O’- 1)* 


33 (2<w-i^)(3ar + 5f) 

34 (a5~f<0* 

35 (fl- + lKa- + 2) 

36 (x- + 2)(V+3) 

37 (a*' - + 3) 

38 (x--^*)^^T.-+2y) 

.40 (x*+‘-2)(x"+> + 5) 

0 


Squaring a Binomial 1*1 


If we square x +>, the result is 1 
** + 2 ayr +^*, and if we square x —y, 1 
we get X* — 2 jy +>* These two 
products are special types of the form j 
(ar + iyiXex + dy) 



**+ ry ,r»- xy 

ry+y* ' — xy4--y* 

*» + 2jry+y I x‘'^2xy+y* 


The iqvcre el the ivm (er d ffertnee) of twe numbers 
IS equal to the squore of the first number 
plus (m nus) tvnce the product of the two numbers, 
plus the square of the second number 


[A] 


Find the squares 


1 (x + 3)* 

10 (x-3j)» 

19 

2 (*-4)* 

11 (flb + 1)* 

20 

3 (a + 5)> 

12 (nf-9)» 

21 

4 (c-6)»C-6 

13 (ni» + 5)=» 

22 

5 {k+iy 

14 (rt* + 10)» 


6 Cy-8)* 

15 (*~q5)» 

24 

7 (Ji-xy 

16 (^-4)* 

25 

8 {l~yr 

17 0-+J)* 

26 

9 (2 + m)* 

18 (2*^4)* 

27 


(3c-4d)a 
(lx+ 5yy 
(*•+/)» 
(m'-y)® 

(3a*«-4i*)» 
(10“--10^)» 
(10' -fS*)* 

(4 m»~iyy 
(2ff'-4i')* 




67 



ALGEBRA, BOOK TWO 


Product of tho Sum end Dlfferoneo of Two Number* I*l 


Whtn ihc sum of two numbers js multiplied by their 
difference, the sum of the cross products is zero, mak- 
ing the product a binomial 




The prodvd of Ihe sum and diffetonte of two numbers 
IS equal to iho d fference of their squares. 



! — ( 
-S’l 


Example Find by inspection (x — 6y){,x + 6>) 

Solution The square irf jt is a* and the square of 6j' U 36^ 
Then (x — 6ji)(* + 6ji) — x*-~ 36 jr* 


Find the products 


1 

(•» + 


14 

(^- 

’V(V + V 

2 

(ir- 

2)(* + 2) 

13 

(1- 

f*)a+c>) 

3 

0 + 

• 5)(y - 5) 

16 

(m - 

• np)(m -h Ttp) 

A 

(<“ 

8)(c + 8) 

17 

(2- 

rs)(2 + Ts) 

i 

(5« 

-*)<5d + *) 

18 

(i- 

P)(i+P) 

6 

(*- 


19 

(* + 

5)(x - 5) 

7 


20 

(ai- 

- 3)(ai+ 3) 

8 

(m - 

~ 3 n)(m + 3 n) 

21 

(*•- 

-4)(x*-h4) 

9 

(r*-b6){r*-6) 

22 

(/- 

■3)(y + 3) 

10 

(■»*- 

-7)(*» + 7) 

23 

(■«-- 

•/)(*-+/) 

11 

(^- 

• J)(x+i) 

24 


12 

(3 c 

+ !)(3c-3) 

25 

(4 a* 

-5/3(4 A* + 5/) 

13 

(al> 

+ l)(a6 ~ 1) 

26 

(«-6 

‘ 4- l)(a'3* - 1) 


Binomial* Used os Monotnleli PI 


Sometimes a secmmgl) difficult multiplication can be done men- 
tally 

Example 1 {(r -f «0 + Ulfr + rf) - M =» » 

Solution Lcfxar-p/ 

Then rr-{-d).f.ll{f* + ^-ll«Ie+l][r-.lJ-s*-l 
Replacing* by r-f-d a*— 1 + 1 I 

Then l(r + d) + l3llf+^-l)-.<> + 2rd+^-l 



TWE f*RODUCTS. FAaORING, EQUATJONS 


Example 2 Tind by inspection [(a + 1) — 3) 1 (a + ftl + 5) 
Solution. This example is like the cxcrcues on paijc 66, except 
that It contains the bmomitl a + i instead of a monomial 
Let a-^b = X 

Th™ [(, + i)- 3]I(, + i)+5) = U- Wx+ 5) = + 2 15 

Replacing a by a + 5, 

a’ + 2«-15 = (a + 4)’ (-2(« + 4)-15 
Then [(a + i)_3K(a+4) + 5]*a^ + 2a5 + »’ + 2a + 2 4-15 
After you have had sulficicnl practice, you iviH be able to 
find products of types tibc Eramples J and 2 ivilhout substi- 
tuting a monomial for the binomial 


Find by inspection the following products 

I !(r + d)-51l(r + d) + 5) 

2. [(e-d)-t-31((r-i0-3! 

3 [(2a-S)-iti|((2a-S) + mI 

* ((«-h>) + 21 !(» + ») + 31 

3 ((„.-a)+4||(m-li)-2i 
6 [r -f (ei + n)I(lr — Im -h n)i 
7.[2m-(n+p)n2m+(n+p)l 

8 (4-(3c-l)ll‘l-(3r-l)l 

9 ll-(t-<)J|l+2(r-t)| 

10.I5-{*+,»))l‘'-{«+>» 

Example 3. Multiply (x -t p ~ r)(x +p + c) 
Solution 

Than cJCx -f _j> + = Cm — Wf m + ~ ^ 

Replacing w by jr 



;^ - ^* ** (*4-^)* ~ e> * x» + 2 Jjy 

Then 


Find the products 

1- (x-hj'-b3)(»+_y-f-3) 

2- (a -h 5 — c) (a 5 ■}- r) 


3. (»-j.-h7)(x-7-h2) 

4. (r-hr-Ofr-ht-hO 
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[ j 5 (3r + 2j + 7)(3r + 2*-8) 8 (x- 2j>+ 3)(^-2^- 6) 

j 6 (x~2y~A)(x~2y + 4) 9 (x» -x- 6)(x* -x + 6) 

! 7 (m~n+p)(m-»-f') lO (x* + 2*- l)(x» + 2x + 5) 

Example 4 Multiply x +j' — / by x — 7 + / 

Solution The signs of^ and I in the multiplicand are opposite to 
the signs o!y and t in the multiplier By using parentheses pre- 
ceded by plus and minus signs the product can be written as the 
sum of two numbet* times their difTercnce 

[r -h 7 - tKx - > + <1 = Cx -K> - t)![x - (y - 01 

***-(y*-2/7 + <*) 

«**-7* + 2/7-i* 

C*1 

Multiply by inspection 

1 (a-f6-r)(a-« + f) k + 4)(h + k -4) 

2 (c - 1 +7)(e + < -7) ^ {m + 37— 2c){m-f-37-l-2^) 

3 ^ (m -I- 2 n -f 4) (m -f 2 n + 3) 

7 (3x-47-5c)©r-l-47 + 5c) 

8 (ia + k + <00>>~l>-<0 ^(■r* + x + l)(t» + x-j-l) 

0 (x>-x7-h7»)(x*.».^-|-7*) C? (x»-x-H)(x»-f-x-i-l) 

J ^ 13 (x*-x-|-l)(x* + x-I) 

foetorlng**' 

Factoring a number is the process of finding two or more expres 
sions whose product equals the number Thus the factors of 10 are 
5and2 since the product of 5 and 2 is 10 Also, the factors of a* — 
are a + A and a b since (a + b)(a — A) = o* — i* 

Th« Common Monomial Factor**^ 

If the expression a* — aA -F A* is multiplied by 2 a, the product is 
2 a® — 2 a®4 -f- 2 ai* In this case we are finding the product when its 
factors are given Factoring is the reverse of this operation If we are 
asked to factor 2 a* — 2 o*A -h 2 aA*, we must find the monomial di\ isor 
2 a as one factor and then by divisioa find the quotient a* — oA -f A* 
as the other factor 


TYPf PRODUaS, FACTORING, EQUATIONS 
Example 1 Factor 7 x* — 21 r 

Solution The largest monomial factor (divista’) of 7 r* — 21 x 
u 7 X The quotient found bv di\idmg 7 **— 21 t by 7 x is 
* “* 3 Then the factors of 7 — 21 * are 7 t and * — 3 The 

solution « written 

7x2_21x = 7xU-3) 

Examples Factor 6 - 12 a’A + 30 

Solution The greatest common dnisor (G C D ) of 6, 12, and 
30 18 6 The G C D of a-, a*, and a* is a- The G C D of i®, 

6, and 6* is t Then the largest monomial factor is 6 a'b 
Then C a^fc* - 12 a®6 + 30 a»6* = 6 aH{b - 2 a + 5 ai *) 

In factoring algebraic cxpressiom we usually do not factor 
ihe monomial factor into its prime factors (a prime factor is one 
that cannot be factored) Notice that 6a*h is not written 
2 3 cab 


• lAJ 

Factor the following polynomials 
1. 6x— 12 11 trr* 4- ‘’Tfh 


12 J irr^ + J ifR^ + J vtJi 

13 *" + ' -x" 

M y"->" 


a x*-x 

3 irf? — irr 

4 4a»6x-4 6x 

5 a*i)C — afc* 

6 5 m* — lO « 

7 7cd-14c»<i» 

8 8 a® -16 a* 

9. x^ — xy® 

10, 15x3-10x» + 5x 


15 c*-3c»* 

16 

17 2a®-6a®^ 

18 r*-6 r**’ 

19 

20 I8m* — 27x*“ 


EXERQSES 


Fottorlna Trinomials 

Some trinomials can be factored and some are prime (cannot be 
factored). We shall nmv factor trinomials which are the products of 
two binomials If a trinomial of the form ax* + btj -f can be fac- 
tored into two binomial factors, wc can factor it by the gutss method 
Study the two examples and their solutions 
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E^aniple 1 Faclorit* — 2* — 15 

Solution 1 If tha trinomial can be factorec' binomials 

iawsa.ws^v%sA.«. 


3 


Since the sign of IS ts nunus one of 
the signs of (be second terms u 
plus and the other b minus 
Since the absolute value of the prod 
uct of the second lenns of the bi 
nomials is 15 these terms may be 
5 and 3 or 15 and I Let us try S 
and 3 The sum of the cross prod 
ucw IS + 2 * It should be 2 x 
Then x + S and a — 3 are not the 
factors of r* — 2x — 15 


(x+ )(x- ) 


(r+5)(r-3) 


i Let us try chaaging the signs of the 
second terms of the factors Now 
the sum of the cross products is 
'/ —2* Suite (s — 5)(s + 3)»** 

—2^—15 thefactorsof**— 2a— 15 
are r — 5 and jr+ 3 Then 
a*-2*-15*(*-5)(*+3) 


(,-S)(* + 3> 5 


^sample 2 Factor 10 - 23 + 12/ 

solution 1 We can factor 10** m.. 

5 * and 2* or 10* and * Let us 
try 10 * and * as the fim terms of 
the factors 


2 Since the sign of 12/* is plus the 
signs of the second terms of the fac 
tors are alike Since the sign of 

ond terms of the factors are minus 


(10*- 


i 



3 For the second termsofthefactors we 
may use — 6^ and — 2ji — 12^ 
and — ^ or — 4;r and — 3^ Let 
us fim try — 37 and —4^ The 
sum of the cross products u — 43 *r 
and not —23;^ So we must try 
another combinatioa 


i 

(10,-3,)(x-4,)j 


L 
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^ Let u5 try 2* and 5x for the fint 
terms of the factors and •— 3^ and , 

— 4y for the second terms The , (2 3ji){5 x— 4j) ' 

Sum of the cross products a— 23 sgr * 

Then t 

10 t»-23»^+^2y=:(2*-3^.)^Sx-4y) 

If the product of 2* — 3^ and Sx—4y were not 
10 X* — 23 12>*, we should continue with other com- 

binations until we had the correct one or until we had tried 
all of them and knew the pol>nomul was prime 


Factor the following 

1. + 2 x + \ 

2. e» + 6c+\6 

3. - 2 X -1- 1 

4 x’-8x-H6 
5. m* - 2 m - 24 

6 - 4^ 32 

7 e*-12-4c 
(Rearrange into de- 
scending powers of e ) 

8. b^ + \2-^1 
, 9. A* - 9 A + 20 
10. A* - A - 6 

11 3o*-f7fl-f4 

12 x2-3x-70 

13 2x*+7x + 3 

14 10 X* 4- 17 X -1-3 

15 — 6 — 5^ 

16 aa-10-3a 
17. x» - 1 

(The sum of the cross 
products is zero ) 

18 4x2-9 


C*5 

19 f*-64 

20 y - 20 

21 y-36-|-9/» 

~6x-|-9 r* 

23 1 -10f-1.25f* 

+ 2 ed-^d^ 

25 

^x’-i-2x>--15y 
27 x*«-2xr-15y 
(g) m* — mn — 56 n* 

29 3xS-l0x-l-8 
^8a»-f-2a-21 
31 2y-3/i-5 
^3c*-h4e-7 
S3 13x*-5.9>-8y 
^ 3x*~2x^-S 
35. a**-|-4a« + 4 
55x»-l2x«-h36 
37.2c»-'3crf-2</» 
3x»-t-2xy-y 
39 2a*-5aA + 2A» 
^3-2fl“8«* 
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43 

4 

45 


l-6a + 9a* 

47 *’“-*“-20 

5 x’j’ — *5> — 4 


j.iyi — 7 xy + 10 

^49 9fl”+l2a*i‘' + 4i’>' 

c’<i*-l0cd + l6 

5® a«* - 6 a®* + 9 

a®- + 10 a" + 16 

51 3 *’"-13 *">' + 4/ 

c”‘ + 8c*+12 

^2 *“ + *“- 3 


Perfect-Squdre TrlnomtaltW 

If the two binomi^ factors of a trinomial are alike the tnnomial 
u the square of cither of them Since ** — 8 * + t6 = “*)(* — 

« (j- •- 4)s It IS a perfect square trinomial A perfect square trino- 
mial IS easily recognized since it has two positive perfect square terms 
and has a third term whose absolute value is twice the product of the 
square roots of the perfect square terms 

Example Is^* + 4 + 4/ a perfect square’ If it is what w 
Its square root’ 

Solution u ihe square of^ and 4 u the square of 2 Two 
times times 2 is 4 Thcny + 4 + 4jns a perfect square 
>* + 4>+ 4 sa (_;> + 2)* and a square root is> + 2 


Which of the following tnnonuals 
:or the perfect squares 


perfect squares’ Fac 


1 

2 y + 6y + 9 

3 x^ + ix + 25 

4 y- 10^-1-25 

5 A’ + 4A + 8 


6 4^’-h4^-f- 1 

7 9a’“12fl-t-16 

8 25 -10 a’ -h 4 

9 4c*-20n/-f25d’ 
10 4 a® -28 * + 49 


Assuming that the cadicands are positive numbers find the 
principal square roots 

11 V^'-Sa+IB 15 V25 - lOw+T 

16 


*+16 

12 + 4 A + 4 

13 V9^ 


x+ 16 

14 V36T36T+TJ* 


17 VTT 

18 


^+* + i 

’ + 4irf + l 

Tr+9 


TYPE PRODUCTS, FAaORINO, EQUATJONS 
The DJMerenee of Two Squoresi^ 

If the sum of two numbers, a and is mufliphcd by 
their difference, the product is the difference of their 
squares, a* — fi 2 L— 3 

Then 0 * “h ai 

a® — fc 2 = (a + b)(a — b) ^ 

Since the first term of the product is the square of the j 0 * —b^ 

first number, the first number is the square root of the t 
first terra of the product Likewise the second number is the square 
root of the second term of the product 


The difference of the iquores of two numbers 
U equal to the product of 

the sum of fhe numbers ond the difference of the numbers 


Example 3 Toctor 9 — 25 

Solution. A square root of 9 ** u J t and a square root of 25 
IS 5 One factor ofO** — 25is5t+5 and the other u 3 * •- 5 
Then 9x*-25«(3x+5)(3x-5) 


Example 2 . 
Solution r*" 

Factor t*' — \6y^ 

-4^) 

Factor the following binomiak 
L^'‘~4 9. 4 x2-1 

1*1 

17. 1-100 X* 

2 

10 9f2-l6 

18 9-64c< 

3. m* — 1 

il ^2- 25 

19. 25 - o» 

4. 1 

33 ; 2 _ SJ 

20 l6o*-49t«"‘ 

5 ci-<p 

13. 

21 4o*'-81 b^ 

6 X* - 49 

14. x^2 — n* 

22 - .01 

7. A * -25 

15 9a*b^-^ 

23 

80 '' -36 

16. 16x«y»-25 
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Th« Swn an<* PIffereiKe of Tw Cub«i W 
Study the n^ultiplication and dtvuian below 
a* — <ji + ) — a6 

a 4- ^a+-t.la»-V-0 +0 

— a^b + a6* y 4* 

a^b ab^ + b* — a*A + 0 

fli " -- o*b - 

aft* + ft* 

aft* d* ft* 

Fixini either" of these operations we know that 
a» + ft* = (a + ft)(a» - oft + ft*) 

In iike manner tt can be shown that 

a* - ft* * (a - ft)(a* + oft + ft*) 

You should remember these formulas 


o* + b»-(o + W(o»-efc + b») 
o* — b* » (o — b)(o* + ob + b*) 



C*} 

These exerascs refer to the two formulas above Supply the 
nusssng words 

L 4* — ft* IS the difference of the of a and 6 

2. 0* + ft* IS the of die of a and 6 

3. The sura of the cubes of two numbers is divisible by the 

_ . * of the numbers, and the difference of the cubes of two 
numbers is divisible by the of the numbers 

4 How can you remember the signs of aft in the second fac- 
tors* 


Example 1. Factor 8 ** — 27 

Solution The cube root oTB x* u 2 x and the cube root of 27 is 3 
"Then 2 X — 3 IS one &ccnr The first term of the second factor 
If (2 x)*, or 4 X*, the second term of this factor is (2 x)(3), or 
6 X, and the thud term of this factor is 3*, or 9 
8x*-27 = (2x-3)(< x» + 6* + 9) 


Then 





T'/pE-PRODUCT^ FAaORING.^qUATOMS^^ 


Example 2. Factor^ + 64 
Solution ^ + 64 s= (^+ 4)(/* 




451^3-125 &< 


i3,»«+y> 

G>jf+s 

15 »3 + 125V.21 


5.13+27 ll.8*3_i 17 

6,«|3-27 6^8y+27 4 TO" 


n 

^ooif®- OOStP ^ 


Complete Factoring Ul 


I. .h. p.,«d,ng PXFrc«3 y«u have 
mial, Of tea *= parfac^^iuara mnomial and the d,ftaa«^t 


miais ut tnese uic peueva-^PM**— - - —n 

iquares were spee.al casea b. ,,e,t.Ted. « tenldll 

Prom now on, when any expression , 


From now on, when any express>o«' j 

taetored completely Tins means that any factor nt^t 

should be factored Then all the tacloro are prime 


Sngjettiee* <»' Comptele Pnetadot 
1. Remnse the tnroeil eeseoeiwl feeler (it enyl | 

1 H the polynorwol •* « l>»nom'ot, 

I tt muy be the difference of two iq.orer. 
b It moy be the difference of ^ cubes 

t ltnioybethe»u«'oftwoc«.be» 

3 If the polynom-o’ .. . . 

^ be foclored by the ’««'«•* 

i Special cose i* the perfect rquore trlnomiol 


Example 1* Factor a* — 

Solution. Th=..r.«tmonom«l ^-pe Then 
s _ 1 <i a ss fl(e* 

" ^a(e»+4)(-*-4) 

»<(.f>+<K»+7Ka-2) 

Esample 2. Factor 6 ^ TJVL 

Solution. 6 s’ + 7'«’"'' '"3,(j,_3K. + 5) ' 
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Erampic 3 Factor -y 

Solution Thu exprrsuon can tic factored as the difTcrence of 
cubes or as the difference of squares In a case like this aluiars 

factor first as the difference of squares Why’ Then 
= U -^)(«* + ey +y)(» y2) 

r actor into prime factors 


“30 
f 36 


1 Ax . 

2 a^b + ab^ 

3 m’-D 

4 4i*-16 

5 2 a* -2 

6 3 a* + 24 

7 5mS-J0n 

8 4f* + 24eH 

9 m’- 125 

10 3fn* + 192 

11 «*-4r 

12 4f«-4<« + 4f 

13 3f* — 24 fi + 48 

14 3a» - 15*jr-42y 

15 6y-9^4-15^s 

16 3«* + 5« + 2o 

Factoring by Grouping!*! 

^ e"“P‘"e «"» I-*' 

icy are Of the types which vouhav..=>i»-,j„....j.-_. t., . .. 


17 0bx»-30bx + 2Ab 

18 abx* - 27 ai 

19 9r*-72 

20 4a» + 20a« + 25a» 

21 10r*-40/?* 

22 2fi»-2f» 

23 x*~a* 

24 

25 a» + ,» + x 

26 ab* — a*3 + eb 

27 9e»- 18e*<f+9«f5 

28 o»* - 

29 

30 128- 2 a» 

31 108- 4 e» 

32 


thev an. nf tV- . ^ ^ . laciorcd by grouping thetr terms so i 

1 With Kt™ having a common bmomialfaclor 

2 ^ the difference of two aqua™ 

J lotheformofaquadraocmnomial 

Common Blnomlol Factors 1*1 


Factoring c 
mial factor 


a binomial factor is stimlar to factoring o 
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Example 1 Factor a(x —ji) + b{x ^ j) 

SoIufioQ 1. Let X— = r 

Then a{x~ji) + b[x—y)~ ae+bc 
^t{a + b) 

Replacing ehyx—ji, e(a+ 6) = (*— ji)(a+ M 
Then a(x— >) + iOt — j-) = (x— >)(«+ 6) 

Solution 2. X —JI u a divuor of a(x + b(x —y) 

The quotient u 0 + i ->£ 

* — + H* — >) 

Then a(x ->) + 5(x ~^) = (x -7)(« + *) 

Example 2 Factor (x + 2j')* — 3(x + 2^) 

Solution x-l'2j' IS a bmomta! divisor of (x+ 2 J')* — 3(x4' 2^) 

The quotient IS x+ 2> — 3 ^x+2j' ~3 

x+2j|(x + 2>“^3(*+2;y) 
Then (* + 2 ji)a ^ 3(x + 2^) « (t+ 2^)(x + 2^- 3) 


Factor into prime facton 
1 a{b + e) + b{b + c) U a(b + 3) ~ c{b + 3) 


2 x(a->)-<;(fl~>) 

3 e(fl-i)+d(a-6) 
4. (x-.l)A-2(x-l) 


12 m{x» - 9) - (x» - 9) 

13 ^»(x + 2)-x*(x + 2) 
U f»(f + 3)-9(c+3) 


3 r>(n-l)+if5(ffl-l) IS /i»(*-4)-25(*-4) 

6 *2(x - 4 ) -jHx - 4) 16 (x* - 9) -y(x* - 9) 

7. x’(x - 1) - 4j*(x - 1) 17. r*(a + b) — y* (a + b) 

Z.m(,a-2)-n(a-2) 18 a»(x-~y) -<»(x“-y) 

9 2c(x~5)-c*(x~5) 19 (x-y’ + 2(x~y*-- (x-y 

10. 4(/>+2) — ^(/i + Z) 20 «(»n+»i) — S(m+n)— c(m + n) 

In the preceding exercises the polynoimah were grouped so 
that the binornial divisors could be easily determined In most 
cases the polynomials are not so grouped 
Examples Factor 3 x - 3^-ax + «yr 
Solution. Thu polynomial can be wUtcn as a binomial 
3j,_3j.= 3(x-y and — <w+a^ = — 

Then 3x-3^*-<w+«rf = 3(x—jr) — tt(x —j) 

” (*~y(3— «) 

Do you know why — ax + ay was not written «(— x +^)'» 


EXERCISES 
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Factor into prime factors 

1 + y + &r + ^ 7. a*x - * - 3 a* + 3 

2 TKt fny —Kt 8 2 »»■* — \8 — 9 « w*' 

9 x* + 2x* + 3x + 6 

4. x* + x + x* + ! 10. ay — a— y+t < 

5 3y-6y-3/+6 11 x^-sx+yy-s^ 

6 5 a’ + 2 a* - 15 « - 6 12. c»x> -c» ~ x^y + cx 

Can you factor the following’ 

13 x^+y + x*-/ 15.m»-8+m»-4 

14 y + i« -2(o + *) 16 i»-f*-46 + 4f ' 

Polynomtat* That Con fia Grouped at the DIfferenca of Two Squoretl*’ 

If a polynomial can be expressed as the difference of t^o squares, 
It can be factored like x* — 7 * 

Example 1 Factor (x — 7 )* — 9 
Solutiaa Let x— 

m»-9s.(n + 3)(m-3) 

(m + 3)(m - 3) at (x -j, + 3 )(x - 3) 

(' - J-)* - 9 * (x -> + 3)(* -3' - 3) 


Then 
Factoring 

Replacing m by x— 
Then 


Factor 

1 . (*+>)* -r* 

2 . (m-R)«-y 

3. (a-i)*-4d» 

4. {a + i)»— <P 

5. (i-4)*-a» 

Example 2 Factor e* — 9 - 


6. x»_(^ + I)* 

7. a »_(6 + 2)* 

8 

9.4A»-(/t-3)* 
10.9a»-(a + 3*)* 
2crf + rf* 


Solution. Three of these terms form the perfect square trinomial 
e* — 2 <4 + 4* The rcmauiu^ term, 9 , with its ngn changed 
u the square 3 

Then r* — 9— 2«rf+rf*=(<*— 2f4+rf*) — 9 

\ =(e-j>»-3S 

= Ke-<i) + 3][(f-d)-3j 
= [c“rf+3][f-<f-3] 



TYPE PRODUCTS, FACTORING, EQUATIONS 



Example 3. Factor 4 ** — 4 . 4 _y — 1 

Solutloa If the signs of the tenmoT- 4^ + 4j— I are changed, 
the trinomial u a perfect square, 4 y^ — 4^+1 
4,>-4y+4j,_,=4^_(,y_4,^.,) 

\ =4,^-(2,-1)! 

i, ^ =[2>+(2,-irai»-(2,_l)l 

^ =.[2 4+2,-tK^-2,+ ll 

Factor (V® 

^a*+2464-4>-ti 

^ j’-ax + sJYy 

n c»~Zcd + d^-f* + 2fg-g^ JJ 

(0 ^a- 6 > + 9-x»-l0*-25 -S') j 

13.m2-A> + n4~2mn + 2 M~i* . L, 

^.,a + /3_4^3^4„_t-2rt 

/' 

*’*>lynornlal* Thqt Con B© Grouped Info the Form ox* + b* + et*l I 

» A' 

Example Factor (x +^)* + 3(x 4-^) - 28 
Solution Let *+j' — "» < 

Then f4+,)!4.3(e4-_,,_2j=.„e + 3„_2e 

=,(„ + 7)(r,-4) 4, 

Replacmg m by X =b C*+J'+ 7 )(x;t^-" 4 



Factoi 






¥ 


. :y jT 

'21 V. ’ ^ Wr 

l.(o+T)J + 7(a + J) + 12 6 (7-1)»-80'--1) + 12 

2 (x+jt)»4-2(x+j') + l 7. 3(x~j')*~H(x-j')+8 

3 (m-n)2-5(m-n) + 6 8 4C/ + 3)»+ 19(7+3) ~5 

^ (*~27)*-3(x- 27)-18 9. a»-2a(*+f) + (6 + c)* 

5 (c + d)*-4(f4,j)_2i 10 x»-x(x+7)-20(x+7)* 


/ (hfl 

'mm 
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Polyncmlol* That Con Be Changed Info the Difference of Two 
Square* 1*1 ^ 

Binomials and tnnotniaU which have the forms x* + 4jf* and 
X* — 7 Cat* often be factored by changing them into the 

difference of two squares Study the two examples 

Example 1 Factor «* + 4 ^ 

Solution «♦ and 4 4* arc perfect squares ' 

If 4oV ts added to a* + 4 4* we 
obtain a* + 4 a*4* + 4 4*, which |fl* +44* 

« a perfect square innomial By {• 4 a*4* — 4 ii*4* j 

adding 4 o*4* to «* + 4 4* and I a* + 4 4*4* + 4 4* — 4 a^fc* 
then Subtracting it, as ibowfi at ““ 
the right we obtain a* + 4 a*4* + 4 4* — 4 a*4*, which may be 
expressed as the difTercnec of two squares 
4< 4- 4 4* - a‘ + 4 a»4* + 4 4* - 4 a*4* 

-(a» + 2 4*)*-(»a4)» 

« (a» + 2 *» + 2 a4)(a» + 2 4» - 2 a4) 


Example 2 Factor a* — 7 + b* 

Soluiioo a* >■ 7 a*4* + 4* can be made into a perfect square iri 
nomial by changing — 7a»4* to 

either + 2 a»4» or - 2 o>4* Ut | c _ 4 a»4* 

us try adding and subiraciing / . « o a*4* + 4‘ - 5'a*4* 
5 a’4* to the tnnomlal ' ^ ^ 


2a*4* + 4‘ 
7a»4» + 4* 




The first three lenns of the sum from [ 
a pierfect square but 5 a*4* u not I 
a perfect square Ut us try adding 7 2 ' a«4* '+' 
and subtracting 9 «*4* as sho*vn — ' t_- ~ ^ 

This result may be expressed as the difference of the two s 
(a* + 4*J* and (3 a4)* 

a* - 7 a»4» + 4« = + 2 a*4* + 4* - 9 a*4* 

«(a* + 4*)>-(3a4)» 

»{a» + P + 3a4)(a* + 4*-3a4) 


>■ 9 fl*4* 

. 9 4*4*5 


(*! 


Factor 

1 X* + 

2 4x*+y 

5 a‘ + a* + l 
4 e* + c* + l 


5 a* + a*4* + 4* 

6 x* + xV+y 

7 4 X* + 3 X* + 1 


9 9c* + 5c»+l 

10 4 *« + 4 ** + 25 

11 4 X*- 29 ** + 25 

12 y* — My* + 64 
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Ihe Remainder and Factor Theeremsl^l « 

Two theorems, the remainder theorem and the fartor theorem, en- 
able us to factor some potynormak which do not yield to any of the 
factoring methods mentioned thus far The protrfs for these theorems 
arc given on page 524, but for the present we shad content our^' 
selves svith a study of what the theorems mean and how they can be 
used 

The polynomial — 3 * — 18 is a function of x, since lU value de- 
pends Upon the value of x The words "function of mav be abbre- 
viated /(r), which is often read "/ of x ” 

If /(x) = — 3 X ~ 18, then /(2), the value of the function when 

* == 2, is found by substituting 2 for it in the polynomidl, and/(— 2) is 
found by substituting — 2 for x in the polynomial , 

l*t Vis now make a study of some divisions and evaluations 

= ’ 7(2)V4-6'-r«V320 

<«•- 3 , - 38) - (« + 3) = «- 6+ ' A-i) -V + 9 -Is -T5 J 

Compare the three remainders in the divisions with the 
uea of the polynomial Can you tell how to find the rcmarndtt'^llen 
t’- 3*- 18 IS divided by* + 6’ byx-6» by * + lO’^lieM di^ ■ 
visions and evaluations illustrate the reroafBder theorem.^ ! 
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^ ' 

Faaor Tha 


Th« Fa4or f haoram 

If o polynomial in x equols zero when a ii tubthMed for 
then X — o II a factor of the pofynomiol 
In other words, if f5oi*=0, x— 


o factor of 



Let us now sec how the factor theorem ian aAd^^S?fhi^6ring 
Suppose we wish to factor jr* — 5 x + 6 If factor 

of the type x ~ a, then d ts an exact divisor of 6 frhe possil^lics for 
a arc 4- 1, — 1 -h 2, — 2, + 3, — 3, + 6, and — 6VTofip<fwhJch of 
these wiU make the value of the polynoimal zero, w^jjaltC/t^se of the 
factor theorem 


Then x + 



/(x)«x*-5x* + 6 
/(1)»1 -5 + 6-2 
/(-l)«-l-5+6 = 

X* — 5 X* + 6 

By division ** — 5 x* + 6 — (x + l)(x* — 6 x + 6) The tnnomial 
X® — 6 X + 6 IS prime 

Then x> - 5 x* + 6 - (x + l)(x* - 6 x + 6) 

^ Exampte Factor x* + 32 ^ 

Solution /f*))*'**+ 32 

/0)^=.l + 32-33 
/(-l) = -l + 32 = 3l 
/(2)-32 + 32=6A 

/(-2) = -32 + 32 - 0 Then x+ 2 is an exact 
divisor of x®+32 

By divuion, *»+ 32 — (s + 2)(** — 2x» + 4x»-8j+t6) 


Factor, using the factor theorem 

l.x»+x* + 4 (S)2x»-54 

2x* + 4*-5 9x*-x-2 

3. x»-2xS+3 © x*-9 

4. x*-2x-4 11 xa + 2x-3 

5 2x*-x-l 0 x^^4x~5 


7. a® -r* 


13 x®-2x®-15x+TCi 

14 x’ 



TYPE PRODUCTS, FACTORING, EQUATIONS 
Olr«rtlon» for Complete Factoring W 

^Vc shall now revise the directions (or factoring found j>n page 77 


Directions for Complete Factoring 
^ J^gffiove the loroett fnorwmiol factor, if ony 
® To factor ony polynomial, count the nimber of >t» termi 
1» If It n g binorntol . 

a. It may be the difference of two iquoret 

b. It may be the difference of two cubes 

c. It may be the sum of two cubes 

d. by the oddition and subtraction of the some rr 

the binomiol may be cbonged 
into the difference of two squares 
R- If it IS g trinormol , 

a If may be a generol quadroticof the foim ox* + b»y + ey*, 
of which o perfect-squore Intiomiel is o special type 
b By the oddihon and subtraction of the some monomial, 
the trinomial may be changed 
into the difference of two squares 
3. If It IS o polYnomial of four or more lerms . 
a It may be grouped to show 
b It may be grouped os the d 
<> It may be grouped m lbe|f< 

C, It may be factored by thi 




Factor into pnroe factors 

1 **-7x 

2 x^ + 9x 


4. 5 X* + 35 X + 60 

5. 

7. 40 x* - sy 




(m + n)* 
x» + 2xy+y-c 
11 + « + 

12 flV ~ 4 a* - i*c> 

13 2yy-.8;9,3 

14 3a*B + 3,a6* 

15 x»+*»-2 

16 0*^—6*" 
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17 s»*+y“ 

18 r‘-4j* 

19 b*~<* 

20 4x«-4 

21 5x*-405 

22 3>s-6^-3j> + 6 C 

23 2a*-6a»-2a + 6 

24 am*-ll m + 3 

25 14 n*- 10 b -4 

26 a — a* — a* + a* 

27 a»-4a*«-a + 4 

28 I6-*« 

Factor 

41 ;»«-9** + 16 

42 19^ + 9 

43 *‘-l4*»+l 

44 ** + 4 


29 (* + 3)»-(* + 3)-56 

30 (t-l)2-2(«-l)-35 

31 

32 f* + — 5 c — 5 

33 5 ac — 5 arf + 5 4c — 5 if/ 


37 *»*‘-5*"-36 

38 a»* + 4a*-21 

39 27 ^* + 64^* 

40 4 - 500/* 

(II 

45 a»-l 

46 a* + 1 

47 *»-3** + 3*-2 

48 y “ 81 



34 aV-x + aV’-/ 
^ /Jj5 a»4* + a4»-a4* 
^ I 3p 



Lowest Common Mu(1lp(«li( 

The lowest common nmltiple (L C M ) of two or more numbers 
IS the expression with the least number of factors which will exactly 
contain each of the given numbers It is the expression having the 
lowest degree and smallest numerical coefficient that can be dividwl 
by each of the numbers and have integral quotients Thus 12 is the 
L C M of 2 4 and 6 ** is the L G M of x*, x*, and x and 15 ac 
istheLCM ctf3f 15c, and 5 a 

To Find the L C M of Two or More Expressions 

1 F nd the pr me foctors of each express on 

2 Then find the product of oil the d fferent factors 

us ng eoeh factor the greatest number of t mes it occurs 
In any one of the g ven express ons. 
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Find the lowest common multiple of 4 a®, 

le lowest common multiple of 4, 7, and 2 is 4 X 7, or 
28 The lowest common multiple of a*, and ana® The 
lowest cojpimon multiple of b and A is 6 Then the lowest com- 
mon multiple of 4 a®, 7 a®i, and 2 aA is 28 a'A ^ 

e the lowest common multiple was found by in- 



1 


Find the LCM or2a»-18fl, 4a*-l-6 
5^a + 9 

^se the rule to find the lowest common mul-|^ 


In this exat 
ipection 

Example 2y 

— 18, and a* • 

Solution We si 

tiple of these po^omials 

a=»2a(a+3)(a-3) 

4«= + 6<.-18 = 2(« + 3)<2^-3) n 

„!_6«+? = («-3)» 

By the rule above, the factor 2 should be used once as a factor of / 
the L C M , the factor u should be used once, the factor u + 3 
should be used once, the factor 2 u - 3 should be used uoce, 

- and the factor u- 3 should be used tuice 

Then the L O M = 2 «(a + 3)(2 e - 3)(« - 3)* 


Find the lowest common muluple of 
1 20, 30, and 45 4 15 4>k»and20n>4r< 

2. 18,27, and 36 5 (o +»)(c-<0*and (m + n)(e-d) 

3.8:^,lL»,andl8/ 6 s:> -y, 2 . + 2>, and «» + 2 x, +y 

7 a» — A*, 0® “ 

5 ,. + 3x,tf'-9,and«--3x 

9 (u + by, (u - 6)’r (“ + *)(»- 6) 

10 (x+y, 2(4 +->■)’. +3’) 

11 OT»-5CT + 6andm*-4m + 4 

j2 ^j-16,f*-c-12,ande*-9 
13 X* + ^ +-^' and X* “ ty +>» 

j4 and2o’ + 2aA-f 2A» 

,5 2," + x-3andx*-xS-x+l 
(« us + u’-u-l andu>-2o + l 


EXERCISES 


y 
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Equations That Contain Typ« Products ■*! 

Equations that contam type products can be solved more quickly 
because the multipbcalions can be performed mentally 


Example Solve (2x — 1)’ — (r + 1)* » 7>{x + 2 )(r — 2) 
SoluUon The multiplicatians should he done mentally, and the 
products should be placed irt parentheses 

(2 X - 1)» - (* + = 3(x + 2)U - 2) 

(4 4 x+ 1) - (x*+ 2 x+ 1) = - 4) 

4x»-4x+l-**-2x-l = 3**-12 
3**-6x = 3x*-n 
-6 * = -12 
x = 2 

PROOF Does {4-|)*-(2+1)*=3(4)(0)» 

Does9-9 = 0» V« 


Solve and check 


1 (2*-l)*-(*-3)(3^ + 2) = **-5 

2 (* + 6)(2* + 3)-(x + 5)(2x-l)-Jl 

3 (m 6)(ni — 6) — m(»n — S) = 29 

* 0 + 3){p-l)-(A + 2)(^-2) = 0 

5 (*+4)(*-5) + (x + 2)(*-6)»2*»-2 

6 {2x-l)(*-3)-3(x-l)(x + 2)=29-x» 

7 (*-4)(2*+l) + (x + l)(3x-2) = 5a»-30 

8 (*+l)(*»-x+l) + 3x=x*-5 


w 


Literal Equations 1^1 

The solutions of the literal equations given in Chapter 2 did not 
involve factonng We shall now solve literal equations which require 
a knowledge of factonng 

Example 1 So!ve« + 4* =a* -f 6* for * 

Solution ax+i*s=a^+tx 

a* — 4* = a* — i* 

Factoring (a-i)x= («+4)(a-i) 

D. » *=sa+ 6 

PROOF Doesa(«+4)+4» = a*+Kfl + 4)’ Yes 



TYPE PRODUas, FAaORING, EQUATIONS 


Example 2. Solve for x 6(x — 6) = x — (2 — i) 


Solution 4(x — i) = *— (2 — ft) 

Removing parentheses — i* = x — 2 + A 
Ai*. S. bx-x=bP‘ + b~2 

Faetormg *(6 - 1) = (ft + 2)(6 - 1) 

D»-i x = ft+2 

PROOF Left to student 


Solve for x orj> 

1 iJJT ~ ftx = a* — 2 aft + ft2 

2 mx + 4=:x4-4m’ 

3 {c-.d)j> = c*~2cd + <P 

4 « + x«(f4.i)(e-.i) 

5 fix~fta»a3, + ft-l2 

6 O' - I = e* + 2 e 


7 jn(ia — t) = n(H — x) 

8 b^ay — 1 ) = a®(l — ay) 

9 fl»-ax-ft*«ftv 

10 ft* — a* =ai*y — 

11 — bx ax — 

12 at-8»a»-2x 



Solving Formulas 

The formula A^p-Vprt tells how to find the amount when the 
pnncipa!, rate, and time are known In this formula A is the subject 
and u the predicate Let us solve the formula tor p, 

that IS, make p the subject 

A^p+ptt 
- /-ft = - d 
p A-prt * A 
^(l+rO = /l 
^ d_ 

^"1 +rl 

PROOF Left to Student 

This formula tells how to find the principal when the amount, rate, 
and time are known 

gggg 

1 Solve d +/>r/ for /, and state the rule for finding ■ ■■ 
the time when the amount, principal, and rate are given 

2 SoU c the formula d = jft -^pn for r, and tell how to find 
the rate when the amount, pnncipal, and time are known 

3 Solve d = fcA for ft, for k ^ 


D^t 

Factoring, 

Uuh 
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T 4 Solve A ss ^bh for b, for A 

5 pi = c exprcsws the relation between the pressure and 
volume of a confined gas Solve the formula for p, for v 

6 9*4 irr* is a formula for finding the area of a sphere 
Sohe It for r* If you know the value of f*, how can you find 
the value of r'* 

7/1=4 A(6 + b') IS a formula for finding the area of a 
trapezoid Solve il for A and change the resulting formula 
into a rule 

^ 8 C = irD How can you find the value of r when you 

I know the values of C and D* 

9 Solve T ^ mg ~m/ (or / 

10 Solve T mg — mf for m 

11 Solve 2 d » A(6 + r) for A 

12 SoUe d + fl + C® 180 for d 

13 d ® Tft* - srt* » a formula for find* 
trig the area of a circular ring 

Factor the nght member of the formula 
If you know the values of A, ir, and R — r, 
how can you find the value of R + r* 

14 Sm rrl + *t7 is a formula for find- 
ing the lateral area of a frustum of a cone 
of revolution Solve it for/, the slant height 
of the fnisCum 

15 Solve T = 2 *t* + 2 rrk for A 

. 16 Solve for s r(f — /)=/ — a 

SoIvIrq Quadratic Equation* by Factorinst^l 

Factoring is useful ui solving some second degree equations in one 
unknown A second -degree equation in one unknown vs an equation 
which contains the second power of the unknown and no power of 
the unknown higher than the second Second degree equations are 
called Quadratic equations 

If a quadratic equation can be reduced to the form /(x) = 0, where 
/(x) IS fai-torable, the equation can be solved by factonng The solu- 
tion depends upon the foilovnng fact 




Pi 

TYPE PRODUaS, FACTORING, EQUATIONS 

If the indicated product of two or more factors is zero, at least one of the 
foctors IS equal to zero 


For example, i[3 3y = 0, then x =* 0,j> = 0, or both x aiidj equal 0 
The third factor, 3 obviously cannot be zero If z = 0, then 
3 0 _j> = 0 for all values of > = 0, then 3 x 0 = 0 for all val- 

ues of X If both X = 0 and — 0, then 3 0 0 = 0 


Example 1 Solve6r* + 15x = 9 
Solution 6<*-l-15x=9 

6x*+15x~9^0 
3(2x>-l-5x-3) = 0 
3(2t-l)(x+3) = 0 


If 2 X - 1 = 0 
2x=l 
x = i 

PROOF that i 13 a root 

6(i)«+15(i) = 9> 

Does l + 


Ifx+3«0 
x = -3 

PROOF that — 3 u a root 
Docs 6(- 3)»-H5(- 3) = 9’ 
Does 54-.45 = 9»Yo 


Example 2 
Solution 
Then 
Factoring 


Solve v’ es 3 r 


x»*3x 
x4-.3x = 0 
x(x-3) = 0 


PROOF that 0 M a root 
Does 0* a* 3 0’ Yes 


Ifx-3 = 0 
x=3 

PROOF that 3 IS a root 
Docs 3*=3 3’ Yes 


Rule for Solving Qvodroiic Equations by Factoring 

1 Reduce the equotion to the fonn o«*+ bx -f- e = 0 

2 Factor the left member 

3. Set each foctor thot contains Nie vnlcnown equal to zero 

4 Solve each Iineor equotn>n obtained In step 3 

5 Prove that each volue found Is a root 
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Solve by factoring 



1 z»- 10z-l-24=0 

11 

80 + 2 X = *» 

2 y* + 8y + 7 = 0 

12 ,(,-7 ) -44 

3 c»-b5« = 24 

13 

x(x+n) + 18=0 

4 z* = 3z-2 

14 

4 X* + 49 = - 28 X 

5 ** + 5 = 6* 

15 

3c»-6f + 3 = 0*''' 

6 -2m- 15 = 0 

16 

x*-36=sO 

7 >~6 = -y 

17 

4f«-36 = 0 

8 15y**=> + 6 

18 

y + 8y = 0 

9 2y» + 5= lly 

19 


10 >* + 12>*-32 

20 

7x» + 7«=50x 

Solve for x or/ 

21 8y’ + 5<y-3f*»0 

24 

5x*-2a»»3« 

22 2y»-5iy-“7«*»0 

25 2(3*»-l)-5*»64r 

23 z> + 7*z«-106* 

26 

4(2’+2) + 3“-''2' 


/’’ciiecJt 

I JOOTitJU 


Chapter 3 was designed to help you develop skill in multi- 
plying and facionng At this point you should check your 
ability to cany out the following processes easily 

1 You should be able to multiply ,^01 

A polynomial by a monomial dS 

Two binomials 65-68 

Thu includes ability to recognize the spe- 
cial product which results from squaring a 
binomial (p 67) and the special product 
which results from multiplying the sum and 
difference of two quantities (p 66) 

Two polynomials which can be treated as 

two binomials 6S 
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TYPE PRODUaS, FACTORING, EQUATIONS 


2 You should be able to factor a 

Polynomial containing a monomial factor 70 

Trinomial which can be factored 71 

Trinomial which n a perfect square 74 

Binomial which is the difference of two 
squares 75 

Binomial which is the sum or difference of 
two cubes 76 

Polynomial containing a binomial factor 78 

Polynomial whose terms can be 

grouped to form the difference of two 
squares 80 

or 

changed to form such a diflercnce 81 

Polynomial whose terms can be grouped to 
form a factorable quadratic tnnomial 81 

Polynomial which fends itself to u<c of the 
factor theorem 84 

3 You should be able to find the lowest common 

mutiiple of tv>-o or more numbers 86 

4 You should be able to solve 

Linear equations which contain type products 87 

Literal equations which involve factoring 88 

Quadratic equations which can be mluced 

totheform/W = Owhere/{*) u factorable 90 


S You should know the meaning of the following phrases 
and be able to spell the v>t)rds in them 

MATHtMATICAt VOCAlUlAtT 
lowest common multiple (p 86) 
prime factor (p 71) 
quadratic equation (p 90) 
second-degree equation (p 90) 
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1 If one number is divided by another, the divisor and 
quotient are ’ of the dividend 

2 Is « + i a factor of a* — 2 ab^ — 4*’ 

3 Is CT — 2 n a factor of m* — n* — 3 1« — 2’ 


Find the following products mentally if you can 


4 — vR) 

3 J x(4 - 8) 

6 ( 2 e-d)(« + 3 d) 

7 ix~ab}(x-i-el>) 

8 + 


9 

10 (*»-2;r + 4)(x + 2) 

11 (a* + 2a3 + 44*)(fl-24) 

12 (o — 4 + f)(a — b — e) 

13 (* + 2>’-c)(x-2> + «) 


e» + 6e-16x* + 9 

-jfl — 4 x + 4 

4 _ 5 *a - 6 * 

4 ^ iy 

1 - 8 aH^ 

^_3rfs_4rf+l2 
(m ~ «)* + 8(»n — n) + 15 

30 Show by the remainder theorem that x + 2 is a factor of 
X* + 4 X* + X — 6 

What are the prime factors of x* + 4 x* + x — 6’ 

3 1 Show by the factor theorem that x is an exact divi 

sor of X* + 3 x^ + 3 +j>* 

Solve for x 

32 (2x-l)(x + 5) + (x + 3){3x-l) = 5x» + 26 

33 (3x~l)*-(x + 5){x-4)=8x»-7 

34 mx + f=:mf + * 

35 Solve for 4 <*— 64 = 3e — 2 6f 

36 Solvcforx af+a — ar' + rJ 

37 Solvcforx «(x — a) +4(x-- i) = i(i +x) — (a -f 4) 


Factor into prime factors 


14 a* -16 a 22 

15 27 4* - 3 f» 23 

16 27 m*-n* 24 

17 (x +jiy - 4 25 

18 ex + o- — nx — »y- 26 

19 p*-29p* + i00 27 

20 x« + 3x*-28 28 

21 ff-t/*" 29 



TYPE PRODUCTS, FACTORING, EQUATIONS 


38 Square the binomiah as indicated 

a. c {2m~3ny 

h.ia-Zby d(x-J)’ 

39. TcUwhich of the following trinomials are perfect squares, 
and give the principal square roots of the perfect squares 


a. A* - 6 A + 9 

b. c»-10c + 25 

c. 4 p* + 4 p + 1 

40 /(jr)s=2a>-5x + 6 
how much,/(2) or/(3)^ 

41. Solve by factoring 
a A*-4:r~21*0 

b m>-13m**-36 

42. Factor 

*. m* — <i pm + 9 p’ — n* 

b, a* — 4 4* +p* — 2xy 

c. p»-3y- lOp + 24 


d. m» - 8 pj + 4 

e. >*-4^+16 

f 9**-30x + 25 

Which IS the greater, and by 


c — 4p «= 0 
d 2x*-Sxxx\2 

itj 

d **-64/ 
e x«-22*» + 2l 

f. f» - 3 r» - 9 r + 27 
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1 Simplify (*-r)(**+v+>*) ~ ('c+y)(x^~v+y) 

2 Factor 

n + c <i*-a 

b 27 -y d mx + my ~ nt - ny 

3 Find the value of — (•9')* when x = 3 and ji := ~2 

4 Find the total area of a rectangular solid whose length 
i%2o — b width a + 6 and height 3 a 

5 Find the volume of the rectangular solid in Exercise 4 

6 place all terms except the first inside parentheses pre- 
ceded by a minus sign t* — a* + ai — 3* 

7 /(x)»4**-6x + 3 Find/(-l) 

8 If/(x) IS divisible by x — o, what » the value of /(a)’ 

9 Multiply X** -F X* — I by X* -F 1 

Solve 

10 3(x-F4)-2(7-x)aO 12 106^-38^-136 

U (2x-l)»-10-4x» 13 009;»-128-13 

14 (2x-l)(3x + 2)-<x»-x)-5x» 

15 4(x-2)»-(x~3)(Sx-F2)-x»-F7-0 

16 Frank has five limes as much money as Bill If Frank 
should give Bill $20, he would have $21 more than twice as 
much as Bill How much money docs each havc^ 

17 How much water must be added to 10 gallons of a 4% 
saU solution to make a 3% solution’ 

J8 Show that — 2 is a root orx»-F3x®-F3x-F2 = 0 

19 Solve S = 180(« - 2) for n 

20 A salesman drove 90 miles going half the distance at 
30 miles an hour and half the distance at 60 miles an hour 
If instead he had dnven half the time of the trip at 30 miles 
an hour and half the time at 60 miles an hour, how much 
driving time would he have gained or lost’ 




TYPE PRODUCTS FACTORING, EQUATIONS 


Find the products 

1 x-^iZx-l) 

2 (2x-I)(x + 3) 

3 (m* — l)(m® + 1) 

4 (2c-f3)Cc-?) 

5 (2x-y)(;c-3y) 


Pari i 



6 (x- + 3)* 

7 (fl**-A*^(a« + t^‘') 

8 (fl + A-3c)2 

10 4(7c + 6)(2<r- 1) 


Port n 


Factor into prime factors 


1 m* — 64 

10 5 *8^ + 20 */ + 20^ 

2 a6»-2a»6 

11 d« + 5o* + '» 

3 4 jt* + 12 ^ + 9^* 

12 1 -6/ + 9F* 

4 

13 m'-n*+l0n-25 

5 

14 48t'+36« + 6 

6 e« - 13 fS + 36 

15 f* - d' 

7 

16 ax* + 2 ar* — 24 a 

8 *8-27 

17 (a + l)*-3(a + l)- 

9 a3-2a* + 3a~6 

18 ^-2jr + J 


Pari li( 


&olve for X 

1 (x-2)C2*+I)“(*-3)*«^'-I7 

2 ot + G<is= — 2x — 3«* 

3 SoUefor^ A—p~prt 

4 3 r*~21 x + 36s=0 


97 



Mathematics and thi tciephonc 


Research eng neers ond field in«s ore eontinuolly try ng 1o mereose 
the ease and effic ency of lelefrfione commun cal on In recent years 
they hove lorgely el m noted nterference and d stort on they have mode 
great mprovements m long dstonce commun cot on through the use of 
ompliflers and they hove learned how to ncrease the number of com 
mun cations by us ng d fletent frequencies on the some e reu I and by 
enclos ng a large number of two w re and four w re c rcu ts m cobles. 

The eng neers of o telephoise system ore h ghi/ tra ned in the 
sc ence of electric >y portcutorly n the branch known os commun eo 
tons. Ther work requres two or more years of college mathemotcs 
ndud ng college olgebro If gorsometry onalyt e geometry and 
calculus. 

The rema nder of Hi s art cle d scusses n deta I a s mple problem of 
the type that telephone field men constantly have to deal w ih and sug 
gests the lerv ce rendered by motbemol cs In Ih s k nd of work 

Our ng o storm a defect occurred In a two w re e rcu I |0 n ng po nts 
A end t wheh were 60 mJes oport The problem woi to locote the 
trouble 


One method of locating a defect of this hind ts the Murroy loop 
Test, a diagram of ^Ktch is shown below 'nie (ormulo y , ■ si ^ 

gives the relationship between the resistances Ai ond Ki, measured m 
ohms, and the distorKes I and x, when the resistances of the two wires 
(omvng A ond fi ore equal The disSonce, represented by x hr the 
formula, from the point A to the defect m the wire can be determined 
by computation when the values of t, fti, ortd ft ore known 

In this ease the engineer sent one of his men to moke a cross of the 
Wires at B He connected o Wheatstone bndge to the two wires at A 
He used 1000 ohms resistance for Rt and adjusted the resistance Ri 
to balance the bridge The bridge balanced when Ri was 146 
ohms. By substituting krrown values m the formula given obove, 
X 14d 

he obtained the equolion yJo'^x'^TOOS ^*’'“'9 found 

thot the defect wos IS 19 rmles from A 

Ordinarily the procedure is much mere complicoted For example, 
the wires do not often have uniform restsfonee 


R 



Ftactttms 

and Fractional Equations 


In fhit dtopfer yov wif/ tfvd/ 
operofiont with fmdiont 
and sofvn eqwo/ron* tonlaining fractiont 


FRACnONS AND 

An tmportant PrimIplelM / '0 # 

In order to soKc many problems occurring in (c: 4e and 

other fields, u is necessary to use fractions A fracu^ ijw^n^i^ted 
quotient of two numbers or expressions ^ \ 


V'A 

Fundamental FrincipU of Fraellons 
Both terms of a fraction may be inuttiphed or divided by the some r 
ber (riot including jero) without chaitgtng the value of the fraction 




Two fractions are said to be equivalent when one fraction can be 
changed to the other by cither multiplying or dividing both terms of 
the fraction by the same number 

Signs of Q Fraction <*I 
A fraction has three signs associated with it (1) ihe sign of the frac- ' 
tion, (2) the sign of the numerator, and (3) the sign jof the denominator 
If we multiply both numerator and denominator of a fraction by J 
— I, both terms of the fraction have their signs changed but the value f 
of the fraction is unchanged If we multiply the fraction by — 1 and H 
itt numerator by — 1 , the sign of the fraction and jihe sign of the num- ' 
erator are changed but the value of the fraction i£ unchanged, and if 
we multiply the fraction by — 1 and the denominator by — 1, the 
sign of the fraction and the sign of the denominator are changed but 
the value of the fracuon is unchanged Then w^ may state 



Any two of the three vgeu ojjoootedwiffia frocfion moy be changed wifhowf 
changing the value ot the froction 

See how this rule applies to the fraction whose value is 3 


j— CHANCE TO-j 

+ iJ +i6 

^+2 ^-2 

^CHANCE TO^ 
j — CHANCE TOt 

4.ii 

r+2 t+2 

I — CHANCE TO -I 

1+6 

+ 2 

t— CHANCE TO-I 




+ 5| = + (+3) = 3 


_^.-.(-3)«3 


-(^3) = 3 
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If the numerator (or denonunator) is a polynomial, its sign is 
changed by changing the signs of aji its terms If m the fraction 
* we change the sign of the numerator and the sign of the 

fraction, we have 

x+y~i ^ _ - (» + y - ^ __ z^x-y - 

X— 3 *— 3 X— 3 X— 3 

When the numerator is m factored form, the signs of an even num- 
ber of factors may be changed without alTccting the sign of the numer- 
ator But when the signs of an odd number of factors m the numerator 
are changed, the sign of the numerator is changed The same, of 
coune, IS true of the denominator 
Verify the fact that 

(a ~ Dib - 3>(f - 4) (2 ~ o>(5 - b)ic ~ 4) 

6 6 


You will notice that the signs of the first two factors of the numerator 
have been changed That is, 

-(a-2)*-a + 2 or 2-0 
and - (ft - 3) * - * + 3 or 3 - i 




Supply the missing terms or factors 


— 64 

‘ 2-x 


; ^ + y ^ ^ x-f> 

x-y-z “ ’ 

: 


7 ? 

b~ e - 3 

L. (o-ft)(o + ft) 

2-x 4 

(fl+2)(3^o) 


(2-o)(o + 3)(o-4) (a-2)(o + 3)(a 


Reducing Fractions fo Lowest TernisM 

A fraction is in lowest terms when its numerator and denominator 
have no common integral factor emxpt I In algebra the word tirm 
has two meanings The terms of a fraction arc the numerator and 
denominator of the fraction 
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FRACTIONS AND FRACTIONAL ^QUATIONS 

To reduce a fraction to lowest terms, divide t’ 
nominator by their common factors 

Example I Reduce \ to lowest terms 
e ab* 

Solution 2, «, and b are factors common to both 
denominator Dividing both the numerator an 
by 2 ab, we have 

2a»fe a 
8a62 4 6 

Example 2 Reduce ~ ^ . to lowest terms 

a* —ab — 2 

Solution \Vhen the numerator and denominator are polyno 
cftials, « u much easier to lecognue the common factors and - 
the resulting quotienU if we first factor ibc numerator and 
denominator 

(a + 2b)(a-2b) 

a*-«6-.26» (e + 6)(e-26) 

Now we see that the numerator and denominator contain the 
common factor o — 2 6 1 hen dividing both numerator and 
denominator by a — 2 6, we have 
\ 

g-ftT a + 26 

+ a + 6 

X 

The oblique lines in the fraction above are called cancellation 
marks 

Cancellation marks arc used m mathematics with two different 
meanings In the above example we divided both numerator and 
denominator by o ~ 2 6 In the numerator, 1 was placed above 
a — 2 6 to indicate that the quotient of a — 2 b divided by a — 2 6 
was 1 Also, 1 was placed below a — 2 6 in the denominator to indi- 
cate thst the quotient of a —2b divided by a — 2 b was J 

In the expression 2 a + i " 2 a, oblique lines may be drawn through 
2 a and — 2 a indicating that 2a — 2a^0 Thus 2'a'+ b b 

Avoid drawing lines through identical expressions without thinking 
what operation you are performing and knowing the correct result 
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Example 3 Simplify ^ 

Solution The word smptifji in mathematica means to put the 
given expression >n smiptest form Here s\mplify means to 
reduce the fraction to lowest terms 
Arranging the numerator m order of descending poivers of x, 
then changing the sign of the fraction and of the numerator, 


FRACnONS AND FRAaiONAL EQUATIONS 



20 

15 + a-2a* 

■** + x+l 

a* --27 

fl* + 2d*+a + 2 

21 


a* — 5fl*-4-a--5 

2;r*-2y 


22 


’ a’x* — ax 

xy* + ')xy + 2f)x 

' ’ 



2 + o+2<i' + «> 

f 

2 /* + 5 ** - 3 

■ ■ a’ - 5 a> -h a - 5 

/ 1 -4 r« 

n| Ba'-hSa^-hSa 

27 

a* + 3 a*A + 3 ai* 4 

• 3a»-q-10 

a* + 2 a*i + aJ* 

25 


ir* ~ 2 jry + V* - 

a* + 64 


{‘-x* +y + Zyz 


Multiplying Fra<tlon»l*l 


l»l 






The product of two or more fractions Js a fraction whose numera- 
tor IS the product of their numerators and whose denominator is the 
product of their denominators 

I If any or all the numerators or denominators are polynomials, we 
first try to factor them, and if there are factors common to both terms 
/of the fraction, we divide both terms by the common factors The 
] product of the remaining factors of the numerators forms the numer* 

( ator of the resulting fraction, and the product of the remaining fac« 
rDTr of the dcnominatoTs forms the dcnominaXDr of the resulting 
fraction ^ I \ 


Example 1 

2 ay 15fe» 

3 ^ 8 a 

Solution 

2o» 15i*_30o*ft*_Sfl6 

3 A 8 « 24 oft 4 

Example 2 

nft — 6* 2a + 2 4 

2 a a*b~b^ 

Solution 

11 It 


I III 
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[*) 


Multiply as indicated 

j ^ 4^ x*~8»4-15 6 

Sb 18a» 8 ■x*-!0r + 2I 


7<»*» 132 a* 
11 a* 56<*^“ 


■(Tin) 




y 


o y-y-6 6 

’2>» + 8/ + 8 36-4/* 


10 . 

11 . 


(a 4- ^)* a* — fli + b* 
e* + ft* ' a* + 2 afi + i* 
;,»-2^-6 »«-4«« + 4 x 
x*-x* 5 x* - 30 ST + 40 


S 


,2. -2__ 


6 3 


0-6 18 

7 a + 6 

'a* -6* 4a6 


13 **+ 1 ^ X* -- 3 X + 3 

2 X* + 4 X (2 X + 4)\t-AV3i) 

14 27 a* + 8 4 a* - 25 

6a»+J9o + 10 9a»-6o + 4 


x»-6x + 5 

XV 

X/* -/* 35 

-2x — X* 

a* + 6* a — b 
a*'-b* a* + 6* 
a6x* — a6»* 


x* + 2xy+/» X- 

‘-2xy+/» 

x*|i — 16 y* 


X* + 3 X/ - 4/* 

X/* - 4/* 

o»-3o*-8+3 

21 0*6 

14 a6* 

a*-2o*-2o-3 


X* — xy + v* X* — V* 

2 XV 

xy xy 

X* +/* 

a»-2o6 + 6»-f* a 

4- 6 + f 

a» + 2a6 + 6*-f» c 

+ 6-0 


Dividing Froctlonti*! 

To divide one fraction by another, multiply the dividend by the 
reciprocal of the divisor This means "invert the divisor and proceed 


FRACTIONS AND FRACTIONAL EQUATIONS 


as m multiplication ” The reciprocal of -j- is and the reciprocal 


Example 


flS - ah^ - 1 ah + 


Solulion 


{a - b) 


^^2ala + il 


6xV 2xv 


3 ^±2^’^ 
y*x y42 


ffi* — mn m 


b^-2b + \ 

6 

, <fi + b* a^ + b^ 
' 18 a 15 a* 

t . t* 

/-3 2 


-(a^-4) 


9 2lZ-*!^£+2 
> 2^ 

10 r' ‘ " ■* 


14 


21 


11 

(6«-l) 12 


i^n 


w«- 1 


m-3 I2m-36 

2< , 6<» 

4<»-l 6f + 3 
It 4x» + 8x + 3 1-4 

2**--5x+3 6x»-9x 

14 (a - a» ~ 2 a& + 
i» + «» i» - if + e* 


.a4.y2-^2~2.ry ^ x-y-z 

* +>* - 4* + 2 (* +/ - c)* 

*-fc» g» - fli + . gJ + 6» 


' ArV^M 


m* — 16 ^ re^ — • 2 m — 3 

i* — 3>n — 4 in*_p, 


:» + 2CT + t 
m® + 4 m 

j* — 4a — a6 + 4t 2 a* — 8a + a6 — 4fe 
a* — 6a — ai + 3fr a* — 4a 


.vti 


Adding and Subtracting Fractlomi'* 

Fractions may be added or subtracted if they have a common de* 
nominator In order to add or subtract fractions that do not have a 
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common denominator, it « first necessary to change the fractions to 
equivalent fractions having a common denominator To keep the 
work as simple as possible we use the lowest common denominator 
(LCD) TTicLCD isihcLGM of the denominator (see page 86) 
To find the lowest common denominator 


1 Factor each dcnommalor 

2 Wnte the product of all the different factors, giving each factor 
the largest exponent of that factor in any denominator 


Rul« for Adding (or Subtracting) Fractions 
T Chonge them, if necesiory, 

to equal fractions having the some denommotor (usually the UC D) 

2 Place the sum (or difference) of the numerotori 

over the common denominator 

3 Reduce the resulting froction to lowesi terms 

Example 1 Combine — — ^ + | 

Solution By inspection the L C D u 10 

¥- 17 +^ 



Solution ractonng the denoimoators we have 

a ha 6 

a* - 2 o5 + ■■ a* - h* “ (« - fe)» (a + f>)(a - 6) 

The different factors arc (a — i) and (a + 4) The highest ex 
ponent of (a — 4) is 2, and the highest exponent of (a 4) is 1 
Therefore the L C D tj (a — 4)*(a+ 4) Changing each frac 
tion to an equivalent fraction having (a — 4)*{a+4) as the 
denominator we have 

a 4 afa^ 4) 4(a — 4) 

(a - 4)2 ■“ (a + 4){*- 6) " (a - 4)»{e + 4) (d - b)Ha + b) 
a»4-fl4-a4 + 42 a»4-b^ 

“ (a-4)*(8-f4) {a-4)2(a+4> 
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FRACTIONS AND FRACTIONAL EQUATIONS 

In adding or subtracting fractions, the answer should be 
given tn lowest terms Study Example 3 


6*'3(*-2) 2(x + 2) 

_ (x + 2^(x-2T 2»(t+2) 3s<r-2) 

6»(x-2)(x + 2) ■^6x(x-2)(x + 2) 6x(x-2)(x + 2) t. 

_ x^-4-b2x»4-4x-3x»d-6x _ tOx-4 ^ 

6x(x-2)(*+2) 6x(t-2)(x + 2) 

5x-2 

3x(x-2)(x + 2) ^ - , 


e -3 ^ 

T+l X+1 

^ b — c b — t 


1.24 -4-- 
2^ 4 ^6 


2A~S . 4^-1 
’■ »2 2f> 

x-S 3t~l 




5 g 4^ 3 jl 4- 4 t 
«** 
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* jc~S- 
> 2 + 5a 


12 a + ^ 

13 1 + - 


- 2 x + 3 

^+1 
** + * + 1 

■r+l 


;i + ;nro 


2£zl 1 . i±i_z±I 


**-16 ^»- 5 * + 4 

V /.-‘•■'V/ \ 

01 t-i 1-2 


1 


+ • 


1 


x-_y^ x^-y 

l-i 


>31 + 2 t»- 4 l +3 /»- 5 l + 6 


4<~5 


3 f -6 


23 


f* - 9j + 20 ■'■f* - 8^ + 15 j*-7x+12 

— 5 _ + ,3 *-3 

3 - 2^^2 


24 


2 _ 3 

la 
■y 
2 


^ x- 2 v 2 x+v 

** + 4 x^ + 3 >» 


+ 2 ^- 3 ^ 

_2_ , 1 

1 o»+«+l 

Mlx«d Expreialonsl*) 

"P™" '• containing a fraction and one or more 
terms that are not fractions 


2i, - + fl, and 2x — 3 - 


5 

X -I- 4 ®*^ mixed expressions 


'hoi;Wfi'rrh‘"'’H''‘"®a “'”■1 ettp^^ton. 

Should first be reduced to fractional forni 


Example Simplify 0 - 4. j ^ 1 ^ 

Solution 0 - 1^,-1- + 




are complex frtcuQns The mam fraction Ime is either jhade heav-j/ 1 
ler or longer than the others to avoid confusion We can change//* 
complex fractions to simple fractions (I) by multiplying both nu- 
merator and denominator of the complex fraction by the L C D of 
all the fractions in both the numerator and the denominator, or 
(2) by simplifying both numcratOT and denominator and then dunjUn^— ^ 
the numera^^by the ^ 
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Example 

Solution 1 

Then 

Solution 2 



Simplify the following complex fractions Use either the 
method of solution 1 or the meihod of solution 2, as directed by 
your teacher 

The numcTKal exercises m Exs 1-B arc of the type that 
occur in checking fractional equations v 
t\ - 


i+l 


7 



3-§ 

3 


-^-1 

1 + i 


3 

i + i 

• 

•1-1 

i-i 


1+i 

9-i 

3 + i 

8 



V 


-^y 

I - . 


1 +i 


11 - 
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In solving fractional cquatitMis we multiply both members of the 
equation by the L C D in order to clear the equation of fractions 
In solving fractional equations each fraction should first be reduced 
to lowest terms 

Multiplying both members of an equation by the same expression 
containing the unknown may introduce solutions of the new equation 
that are not solutions of the original equation 


EquWolenl Equations 


Two equations are equivalent when they have the same solutions 


The four equations given at 
the right are equivalent cqua* 
lions, each having the root — 2 
Each of the following opera- 
tions on equations leads tocquiva- 
lent equations and may be used 
in the process of a solution 



1 . 


1 Addition of the same number to both members 

2 Subtraction of the same number from both members 

3 Multiplication (or division) of both members by the same num 
ber, provided that this number is not zero and does not involve the 
unknowns 


When one equation is changed into an equivalent equation, no 
toot ts introduced and no coot is tost 


defective Equations 

Now let us see how a root is lost m a solution 
Consider the equation x* — 4x = 0 Factoring the left member, 
wc have x{x — 4) = 0 Dividing both members by x, we get x — 4 = 0 
The roots of the original equation are 0 and 4, but only 4 is a root of 
X — 4 = 0 The root 0 was lost when wc divided b> x 

Again, consider the equation x* — 3x-l-2 = x — 1 Factoring the 
left member, we get (x — l)(x — 2) = x — 1 Dividing both members 
by X — 1, we get x — 2 = 1 and x = 3 The roots of x* — 3 x -1- 2 
= X — 1 arc 1 and 3, but x — 2 « 1 has only the root 3 When wc 
divided by X — 1, the root 1 was lost 

With respect to the equation x* — 4 x = 0, the equation x — 4 = 0 
IS defeclue, and with respect to the w^uation x^ — 3x + 2 = x— 1, 
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the equatfon x^2 = I is df/eeltce When a derived equation lacks 
one or more roots of the original equation, it is defective 

Dividing both meinbers of on equalMn by the lame rotioool inlrgrol 
function of the unknown leads to a defective equation 


Redundant EquetlontlM 

^lometimcs derived equations have roots which are not roots of the 
Original equations Let us sec how such a root is introduced 
Consider the equation 3 1 = X + 3, whose root IS 2 Multiply- 

ing both members of the equation bv x — I we get 3 x* — 4 x 4- 1 
+ 2 X 3 This equation has the roots 2 and I With respect 
to the equation 3 x — 1 = r + 3, it is tedundanl 
A derived equation is r^undant if u contains all the roots of the 
original equation and one or more addUionil ones The derived 
equation 3x’ — 4x+l esv* + 2x — 3 was obtained bv multiplying 
memben of the onginal equation by t — 1, a function of x 
Wultiptying both members of on equolioo by the lome inlegrol function 
of the unknown teodt to e redundont equotion. 


Redundant equations often occur in solving fractional equations 
sod radical equations In such cases not all the roots of the derived 
*<luations are roots of the onginal equations 
A number which is a root of a denved equation but not of the ong- 
inal equation is sometimes called an exuantoux root 


£xample 1 


Solve — — ^ + 


2 

x + 2 


x» + 4 
x»-4 




Solution Multiplying both members of the equation by the 
LCD, (*-2)(x + 2), give* 

*fx-L2>fv-2) . 2fr-2dx+2)._.(i^-i;.4}(x-h2Hx--2) 

~ x-2 x4-Z («-l-2)(x-2) 

x34-2x-h2x— 4 = x*-l-4 

X— 2 


Substituting this value of x m the original cquaiion, we get 
2 Z_ , 4-h4 2.2_8 

(»« sn t 116} 
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Since division li> zero u an excluded operaiion, 2 is not a so!u 
tion of the original equation The original equation has no 
solution The apparent solution x=2 was mlrodutcd when we 
multiplied Ixiih members of the equation by (t+ 2){x — 2) 

The example aliovc help* to explain why no number can 
be called a root of an equation until it has been proved a root 

Example 2 Sol\e ~ ^ ~ ^ 

Solution IheLCD is2x(r+l) 

Multiplying both members by the L C D , wc luve 


4r‘s»4** + 4x-5x-5 


Docs 2js»2J» \n 

Therefore x » — 5 a a solution ^ the equation 

Example 3 Solve f ^ * as — “ 

^ x*-9 x» + 3jt z + 3 

Solution ^ ^ * Es — 3 — 

(r+3)(s-3) *(x+3) x+3 

ThcLCD isx(x+3)(*-3) 

3x »fx-h3K»-31 (6-,Wx4-31fx-31 4xfx4-3)fx-3) 

(*+3)(*-3) x(»+3) x+3 

3x* + **-9x+18 = 4x*-12x 


PROOF Docs — -• — . T** — . ^ 9 

36 — 9 36 — 18 —6 + 3 

Docs = 

Docs = \cs 

Therefore x = — 6 u a solution of the eouation 
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3 ^ = 1+1 

. li_2x^^U 
X 4x 4 
K , 3x-2_, 


‘ i a- 2 x + 2 
, 6 1 14 

■ 3;f-l "^2 6 r-2 

^ _J 1 

r* + 8 t* + 4 V + 4 

; = 3 

7-1 7 

6<-2 _ 01 
’ 2i~\ 3 / 4-1 

1 . 2 3 


7.i^^^l + ± 

y 7* 7’ 37 

ft r-1 

Ar-3“t + l 

9 — 

7 + 1 7 + 3 

10 2*-3 _ 2x4-1 
3* + 2 3t — 2 


r + 3 

. 3_5 5 _ 1 

*»"j + I>“»» + 6t 

^ ;r4-20 

< + 2 x-2 *»-4 


21 _1-L±A_ + £Jli = — 1- 

21 ,._,-6+t + 2 «-3 

2a !i±_l 2 £_ 

*3 - 1 t + t r~l 

23 3£^_ .3t ^0 

4 t* -9 4«»-16 t4'1‘> 

*AU frditton* in nnations »howU tr ttdiKrd w loxTnl «rrtm befiwt 
clrarins of fractioni 
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Solve the following literal equations for the letters indicated ^ 
1 - = biorx 3 R 


2 - = ifQrjt 4 : 

* J 

- 1 1 I 1 , 

7 - - for j- 

y b <t y 

8 ^ = 5-t(a-i)forr 

y y 

9 F= — {org 


= 5 for^ 

= cfory 6 2 — ^for. 

< r 

13 l = i + -l + ifor« 

/t fi fa ra 


i-T 

16 £*«/ + - 


for I /iy 


10 a = ^ ' for Ho 

11 r-2_2r„o 

ri r* ^ 

MUcellaneout Problems (*) 

Example 1 Using a tractor, Frank can plow i ^eld m 
18 hours If Frank uses the tractor and his father uses horses 
to pull the plows, working together they can plow the held in 
15 hours How long will n take the father using horses to plow 
the field’ 

Solution 

let * « the number of hours for the father using horses to 
plow the 6eld 

tI = the part of the field Frank can plow in 1 5 hours 
”~ = the part of the field the father can plow m 15 hours 
Since they can plow the whole field in 15 hours 


Mis< 

Solving 
The father c; 

PROOF In 15 hours Frank can plow ^ or f of the field and 
his father can plow iS. or i of the field 4 + f = I 



\ plow the fieW in 90 hours 
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Example 2 The denominator of a certain fraction is J ^ ' 

than the numerator If 3 is added to both terms of the frar.imn \ 


the resulting fraction equals ^ Find the fraction 


Solution Let x = the numerator of the fraction f 
Then x 5 = the denominator of the fraction V 


* + 8 2 
2«+6=x+8 


The fraction is ? 
PROOF 


7 + 3 10 2 


1 The numerator of a certain fraction is 4 less than the de- 
nominator If both numerator and denominator are increased 
by 6, the resulting fraction is | Find the fraction 

2. The denominator of a certain fraction is 3 less than twice 
(he numerator If the numerator is increased by 8 and the de- 
nominator by 35, the resulting fraction is ^ Find the fracuon 

3 Two men can do a piece of work in 8 Iiours If one man 

can do the work alone in 14 hours, how long would it take the 
other man alone to do the work’ y, ^ 

4 Ann can do a piece of work in 8 houn and ^ 

can do the work in 10 hours How long will it take them to- * 
geihcr to do the work’" 

5. John and Harry working it^elher can paint a house 
10 days WTicn working alone, John can pami the housc\n 
30 da>‘s How long will it take Harry working alone to paim 
the house’ 

6. If 12 Is subtracted from both terms of a certain fraction, 
the saluc of the fraction liccomes ^ If 5 is added to die 
numerator the salue *>f the fraction becomes J Find the 
fraction 


7. A man works forT2dayson a job and is then joined by 
anoihermm, they finish the work in B more days Thcsecond 
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man could have done the job alone m 40 da>-s How long 
would It have taken the first man lo do the work’ 

8 Fred averaged 48 m p h when driving from his home 
to th^Rose Bowl and 40 rrup h when returning home on the 
same route Find the distyiwe along this route from his home 
to the Rose Bowl if his time returning was 1 hour 4 minutes 
longer than his time going 

9 A pilot has safe fi^ng time of 88 minutes How far 
cast can he when there is no wind if his air speed going is 
300 m p h and his air speed returning is 250 m p h’ 

10 How far west can a pilot go and return in 3 hours if his 
speed m still avr ts 450 m p h when the wind is blowing from 
the west 50 m p h ’ 

1 1 One boy can mow a lawn in I hour He and his brother 
working together can mow ihe lawn in 20 minutes How long 
would u take the brother to mow the lawn alone’ 

12 Two pumps when working together can fill a swimming 
pool in 24 hours When operated alone one pump requires 
20 more hours than the other to fill the pool How long will it 
take each pump to fill the pool’ 

13 A tank can be filled by an inlet pipe in 4 hours and emp* 
tied in 6 hours by a dram pipe How long will it take lo fill the 
tank if both pipes are open* 

"S tank can be filled by an miet pipe m 8 houn when the 
dram pipe is open and in 5 hours if the drain pipe is dosed 
How long will It take to empty a full tank when the inlet pipe 
IS closed’ 

IS] 

15 d can do a piece of work in 5 days Bin 4 days and Cm 
3 days How many days will it take them to do it working 
together’ 

16 Albert, Bob and Charles can do a piece of work in 3 
days If Albert can do the same piece of work in 8 days, and 
Bob in 10 days, how many days will it take Charles to do the 
work’ 

17 A cistern can be filled by 2 pipej^ 4 hours and 5 hours, 

wjjR!y.'wthj , and. ^an. *ae. •oy t, ‘ftini •pipe -ni 4, h/aint. 
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How many hours will jt take to fill the cistern if all the P'Pcf\l|ip^ 
are running’ I I'WW 

18 How many minutes after 5 o’clock u#ll the hands ' / iJ 
clock first be together’ l| 

Suggestions Let ir » the number of minute- yh I 

distances that the minute hand goes 

Then ^2 *= the number of minutc-dts- <y 10 2- 

tances that the hour hand goes ^ From // g « 
the figure, r - ^ « 25 iLs i 4^ 

7 \ S A 

19. How soon after 7 o’clock will the hour and 
minute hands of a clock first be together’ 

20 How soon after 8 o’clock will the hand* of ‘yt^ 

a clock first be opposite each other’ 

21. How soon after 3 o’clock will the band^ of a clock first 
be 5 minute-distances apart’ 

22 If 260 IS divided by a certain number, the quoiient is 15 
and the remainder is 5 What is the number^ 

23 One automobile travels 10 miles an hfur faster than a 
second automobile The first automobile tra'^cU 320 miles m 
the same time that the second automobile tra'ch 2-10 miles 
Find the rate of each automobile 

24. The sum of the numerator and dcnommaior of a ccr- 

tain fraction IS 104 The value of the fracrion w iV Find the ,j 

rrac.,„„ ^ 

25. Frank can walk a mile in 3 minutes Ic** time than hisitj il 
sister and he can walk 5 miles while his sistef walks 4 miles ply’ 

Find the rate of each 1 I \« 'U 

26 \S’hcn working together Anne, Uctiucc* and Cl ristinr § 

can do a piece of work m 1 hour and 20 minUtc'* To io tlm f 

work albne, Chnsiine would need twice as much t^tic aj.\ 

Anne and 2 hours more than Bernice Ho>'^ long would tt 

lake each girt working alone to complete the v'ork’ iW 

27. Two boy's, one starting at one end of a ctader tracK^nd 
ihc other starting at the other end of the track, run toi^rd ^ 
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each other and meet m 12 seconds If it takes the slower boy 
10 seconds longer than die faster boy to run the length of the 
track, and the rate of the faster boy is 9 yards per second, how 
long will It take each boy to run the length of the track’ 



You should now determine tf you have mastered Chapter 4 
Be sure that you know 



1 The fundamental principle of fractions 101 

2 How to reduce fractions to lowest terms 102 

3 How to add, subtract, mulitply, and divide 

fractions 105-108 

4 How to simplify complex fractions 1 1 1 

5 How to solve fractional equations 113 

6 How to solve verbal problems 118 


7 How to spell and use the following expressions 


MATKCMATieAl VOeABl(?|^0 


complex fraction 

III 

numerator 

102 

defective equation 

114 

reciprocal 

107 

fractional equation 

113 

redundant equation 
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^ » + ?^ + 3+-^ 

3 — <2 a + 3 

8 2+i , _1 + 

a — b a + 6 a® — fc® 

11. Solve f~ 


y~^' f~ly\-\Z y-\ 


13 One pipe alone v-iU fill a tank m 10 hours A second 
pipe alone will fill it in 7J hours If the first pipe were open for 
8 hours and then closed, how long would jt take the second 
pipe to finish filling the tank® 

t»J 

Simplif> 

14 a ~ A + a® — y — V® •f r® 

a® + 2ai + 6®-l (y _2^+ l)(t® ->») 

jg at — ay + ir — bv ^ ay -» ay — 5y + by 
a* + 2 ai + 6® + a + 6 a* + a^ + a 


x+y x—y 2x 


t 0 — 2 * S 

20 SQUc;-^ + r-r-Y^^ + r^»0 

1— 3j> 3y— 7^ + 2 2—j 

21 The denominator of a certain fraction is 5 more than 
twice the numerator ITS is added to both terms of the frac* 
tion. It equals ? Tind the fraction 

22. The quotient of «escn tunes a certain number and a 
number which is 3 more than the first number is 4 Find the 
number 
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Simplify 
x + x* 


1 


+ - 


2x 


AT* - X + 1 x+y x’^-xy +y^ 

» 2x* + 5x-3 P + 27 
^ ■ 4x‘^-T 1+; 

4 ^ -5 — 

X^-xy y*~xy y^ 

E _ R + t 


'• Solve tot R — = - 


9 Solve 


2x 


x»+6 _«+4 


x + 6 x» + 6x X 

10 Mr Adams and his son v/orkjng together can paint a 
house in 3 days Mr Adams working alone can paint it in 
5 days How long will it take the son to paint the house’ 


Simplify 


- 2x’-7x-- 15 9x» ~ 1 x» + 3x--lQ 
3x’-8x-3 4x*-9'*’2x»-9x + 9 

^ (-+'-,+T)(''-'+rtr) 


a+l 
5 Solve - 


Jr-4 t+3 ^x»-x--12 
fi Sofveforit F^RI + ~ 
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7 The denominator of a certain fraction ii 5 less than the 
numerator If the numerator is increased by 9, the fraction is 
equal to f Find the fraction 

8. The average speed of one airplane is 200 miles an hour 
faster than that of a certain tram If the tram starts at 2 a m 
and the airplane starts from the same place at 10 a m , they 
will have traveled the same number of miles by noon Find 
the rate of the airplane 


n 



Functional Relations, 
Graphs, 

and Linear Functions 


In Ihs chapter 
you wifl stud/ 
related changes 



FUNaiONAL RELATIONS, GRAPHS, AND LINEAR FUNaiONS 
Changing Quantltlesl*! 

Have you ever observed any object or quantity that does not 
change’ At first you may answer in the affirmative, but, after care- 
ful thinking, you will agree that almost everything changes We can 
truthfully say that we live in an ever changing world 
A change in one quantity is usually accompanied by a change m 
some other quantity For example, a change in the price of gram 
is usually accompanied by a change in the price of meat Also, an 
increase in the amount of employment in a community is often the 
cause of an increase in the population of the community 

Scientists are constantly studying changes, endeavoring to discover 
the laws which show the relauons of one kind of quantity to another 
Many of these relations can be expressed mathematically Such re- 
lations arc called functional relations As an example, let us consider 
one of the three laws of motion discovered by Sir Isaac Newton (1 642- 
1727), the great English physicist The second of these laws, which 
expresses the relation between (he change of velocity of a body and 
the force that causes the change, can be stated mathematically by the 
formula ^ a, 

Fi at 

Ft and Fa representing the forces and at and aa representing the 
changes m velocity 

Newton’s second law of motion may be stated "Forre is that which 
produces acceleration, and is jointly proporuonal to the mass, m, of 
the body and the acceleration, a, of the body ” The formula ^ — 

applies to bodies having the same mass 
Ways of Expressing Funcllonol Relations!*) 

There arc four ways of expressing functional relations These re- 
lations may be shown by statements or rules, by tables, by graphs, and 
by formulas For example, suppose that we wish to show the relation 
between the Fahrenheit and centigrade thermometer readings Wc 
can express this relation by the following four methods 
1. Th« stolement 

To find the cenUgradc temperature when the Fahrenheit tempera- 
turc IS known, subtract 32 from the Fahrenheit reading and multiply 
the remainder by 5 
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2 The table 

The same rclationshtp can be expressed for a limited number of 
cases by the following table 


fstiiMiWet [ 

-» 

-t 

s 

“ 

n ' 

' 

SO 

Ctnt 1 

-n 


-15 

1 -“1 

1 

_LJ 

to 


3 The graph 

The graph expresses the relation 
ship between the two scales better 
than the table above It shows the 
relation between the quantities for 
all values within its Umiu and pic 
lures the relationship The tem 
perature on either scale can be found 
immediately when the temperature 
on the other scale is known 



4 The fomwia 

The formula C « |(F ~ J2) gives us the fourth method of showing 
functional relations It expresses the rule by using algebraic symbols 
Each of these four fonns of expressing functional relations has fea- 
tures that are not properties of the others In most cases any one 
these forms can be used to show a relationship In this chapter you 
will learn how to sufasUtutc one form for another 


MoMng Formula* from StolemenSsIM 


When a rule is changed into a formula, words arc usually repre- 
sented by letters that identify the wordr For example, interest is usu- 
ally represented by i, jmncipal by p, rate by t, and time by t 


Make formulas for the following statements 
I The area of a regular hexagon equals one half the prod- 
uct of Its perimeter and the radius 
of Its inscribed arcle 

2. The area of a trapezoid is equal 
to one half the sum of ms bases, b and 
b', iMuhiphcd by its altitude, k 
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3 The cost of an article equals the selling price decreased 
by the margin 

4. The selling price of an article is equal to its cost plus the 
profit plus the overhead 

5 To find the volume of a cylinder, multiply its altitude 
by the area of its base 

6 The volume ol a pyramid equals one third the product 
of Its base and altitude 


7 To find the amount, add the principal and interest 

8 To find the diameter of a circle dmdc the circumfer 
cnce bv t 

9 The sum of the angles A, B, and Cof a triangle is 180“ 

10 To find the number of degrees in the sum of the angles 
of a polygon subtract 2 from the number of its sides and multi 
ply the difference by 180 

11 The average of four numbers is found by dividing their 
sum bv 4 

12 The square of the hypotenuse of a right triangle equals 
the sum of the squares of the two legs 

13 The square of a tangent from a pomt to a 
circle IS equal to the product of a secant from the 
point and the external segment of the secant 

14 The number of watt hours of electricity used 
IS equal to the number of watts multiplied by the 
number of hours 

15 To find the number of lines that are deter* 
mined by a given number of points, no three of which are 
collmear, subtract 1 from the number of points, muluply the 
remavnder by the number of points, and take half the product 



Making Formulas from Data 1*1 


In the exercises above you made the formulas from given relation- 
ships In the following exercises you are to determine the relationships 
and make the formulas 


W 

Wntc a formula diowing the relationship in each exercise 
1 The number of scats m a room having 8 scats in a row 


U 
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2 The cost of n arucles at 10 cents each 

3 The distance when the rate and time are given 

4 The number of gallons that will flow through a pipe in 
k hours if 18 gallons will flow through it in 1 hour 

5 The hypotenuse c of a right triangle 
whose legs are a and b 


6 The cost of sending a package weighing 
more than a pound if the first pound costs 18 
cents and each additional pound costs 1 45 cents 

7 The cost of a taxi fare if the first mile costs 25 cents and 
each additional mile ccsts 10 cents 


Write in simplest form the formula for the colored area in 
each exercise 



Kind* of Formulas'*^ 

Any formula is cither mathemaucal or empirical A formula 
which expresses a general law, such as the law of falling bodies 
= or which IS based upon mathematical calculations, is 

mathematical 
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A formula that ts derived from experiments is empirical The word 
empmcal means '"depending entirely upon observation without due re- 
gard to science or theory ” For example, the formula / = which 

states the relation between the pressure and volume of a confined gas, 
18 empirical because it was developed from experiments 


Constants and Varlobtos 1*1 


The formula C ^ d tells how to find the approximate value of 
the circumference of a circle when the value of the diameter is known 
The table below contains six pairs of values of C and d that satisfy the 
formula There is an infinite number of pairs of such values 


Ifds 
then C *« 


22 


M a M 

44 66 no 


42 

132 


49 

IH 


For each value of d there is a corresponding value of C When d 
IS doubled, C is doubled, and when d i$ multiplied by a number, C 
IS multiplied by that number Since C and d can have different val- 
ues in the formula, they are called variables The number ^ does 
not change in value It is called a constant The of the formula 

IS C, and V ** ^he pudicau 

Tlie formula tells what must be done to d to find C The 

value of C depends upon the value of d We call d the independent 
variqbU and C the dependent lanablt Some formulas contain more than 
one independent variable For example, i ssptt contains three inde- 
pendent variables, p, r, and t 

An independent variable in a formula is a variable which is free 
to change A dependent variable in a formula is the vanable whose 
change is caused by the change of the independent vanable A con- 
stant IS a number whose value does not change during a discussion 


[*l 

Upon what docs each of the following depend^ 

1. TTie area of a rectangle, the area of a trapezoid whose 
bases are 10 inches and 14 inches 

2. The circumference of a aide, the area of a circle 
3 The cost of 5 pounds of meat 

4. "The time required for 10 men to do a piece of work 


ORAL 

EXERCISES 
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5 The time needed to travel 120 miles 

6 The interest on SlOO for 1 year 

7 The interest on $200 at 4% 

8 The amount of fence needed to enclose a rectangular lot 
50 feet wide 

9 The number of gallons of pamt needed to cover a dwell- 
ing if one gallon covers 200 square feet 

10 The volume erf' a rectangular solid having a given height 


In the following formulas name the constants, the independ- 
;ni variables, and the dependent variables 
llf«|C+32 16 A =p+M 

12 C’^S^Al 17 ««100r/ 

13 A^irr* 18 A^p + t 

14 C-2 rr 19 r- 16t* 

15 y^luh 20 C = A7» 


What th* Ward "function'* Mocmi 

The word "function” has several meanings Sometimes it means 
"duty”, sometimes « means "social gaihenng”, someuenes u means 
"ute”, but in mathematics it is used to indicate "dependence ” 

For each value of x in the equation j> ■* a* there » one value of x* 
and one value of which equals x* Then the value (and x*) 
depends upon the value of x We say that^ (and x*) is a function of x 
In the formula F—^C+ZZ, the value of (f C + 32) depends upon 
the value of C Then | C + 32 is a function of C Why is Fa function 
of (P In the formula A = ar* both /I and irr* are the same function 
of r 

If two variables ore so related thot for any value of one fhere is o value (or 
values) of the other, then the second variable Is a function of the first variable 

As you know, the words "funcbon of x" can be represented by the 
symbol /(x) Instead of sayu^ "function of x,” we can say "/ of x ” 
Thus, instead of writing^ = 2 X* — 3 x,wc may wnte/(x) = 2 x* — 3x 
and say that "/ of x = 2 x® — 3 x ” You should remember that in this 
case /(x), jf, and 2x* — 3x arc the same function of x Again, if 
r = thenr=»/(0=i^<* 


132 



FUNaiONAL RELATIONS, GRAPHS, AND LINEAR FUNCTIONS 

You should understand the difTerencc between a function and an 
equation The expression 7 — 3x + 2isan equation, while each 
of Its two members are functions ot x 

If an algebraic expression contains more than one independent 
variable, the expression is a function of all the independent vanables 
Thus in the formula A = W, the expression M (or A, which equals bk) 
13 a function of both b and A Then A h) — bk 

If a function increases when the independent variable increases, it 
IS an increasing function , ifit decreases when the independent vanable 
increases, it is a decreasing funenon 

Evaluating a Funetlon<*) 

EoaluaUng a function is the process of finding the value of the function 
for some particular value of each letter 

Example 1 Find the value of the function 4^ — J when 
xs3 

Solution Substitute 3 for * m 4 * — 1 If * = 3, then 

4x_l«4(3)-l = i2-l-ll 

Example 2 Evaluate /(x) = x* — 5 x + 2 for x 2 

Solution y(ji) = x*— 5x+2 

/(2)«2®-5(21+2 
-4-10 + 2 
= — 4 

Example 3 /(r) ** 4 irr* Evaluate/(r) for r » 5 

Solution /(r) = 4 irr* 

/(5)«4ir5* 

/(5)>=J00ir 

t*l 

1 Find the value of the function 5x + 7 when x=!4, 

xas2, x = — t, — 3 

2 Find the value of the function 8 — 2 x when x =: 1 , 
x«0, x = 4, x = -5 

3 /Cx) = 2x» + x-I nnd/(2). /(O t) 

4 /(x) = x» - 2 X - 24 FiDd/(6), /(- 6). /(O) 

5 f[j) « 10 -y rmd/(3), /(-3). /(4) 
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6 /(O Find/(7), /(21). /( H) 

7 f(.y)=)' Find/(3). /(-3), /(O) 

8 /(*) Fmd/(«). /(-a). /(I - o) 

9/0>) = ^ Find/(20), /(lOO) 

P 

10 yW = 2** - < + 6 How much greater than /(—I) 

IS /(I)’ 

11 /(jr) = - 6 JT + 3 Find the change in f{x) when at 

changes from 2 to 3 For the interval x « 2 to r = 3, iif(x) an 
increasing or a decreasing function^ Find the change in /(*) 
when X changes from 3 to 4 For the interval x = 3 tox = 4, is 

J /(x) an increasing or a decreasing function’ 

Tundlonnt Changes 

Sec if >ou know the following facts which are needed for the exer- 
cises below 


Sem« Important Foeli 
I If tha nvmerotor of <t froction 

Is mulripliod («r dvided) by o nomber (eidvding zero), 
the fraction <s multiplied (or divided) by thot number 
1 If the denonwnolor of o ftociion 

IS multiplied (or divided) by a number (excluding zero) 
the fract on is divided (or mult plied) by thot number 
3 If one foclor of on mdicoled product 

IS multiplied (or divided) by o number, 

the product is muttipSicd {or dmded) by thot number 


Example 1 F = luA How is V affected when / is doubled’ 
Solution From statement 3 above we know that Iwh is doubled 
Then V is doubled 

Example 2 F = •! viP How does V change when d is 
tiplicd by 5’ 

Solution d u used three umes as a factor So i rriP » muUipUed 
by 5 three time* Then V is multiplied by 5’, or 125 
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[*1 

1 How does the expression 6x8x4 change when the 
factor 6 is multiplied by 4’ when it is divided by 3’ 

2 How does the value of the fraction ^ change when 
the 4 IS doubled’ when it is hahed’ 

3 A^\bh How does A change when h ts halved’ 
trebled’ cubed’ 

4 -S' = J IS a formula for finding the distance an object 
will fall from a balloon For a given place on the earth 5 is a 
constant How is S' changed when t is doubled’ trebled’ 

5 r = r’ shows how to find the volume of a cube whose 
edge IS # The edge of one cube is 4 times that of another 
Compare the volumes of the two cubes 

6 C 2 irr If the radius u multiplied by | what is the 
effect on 

7 F = jrr’A tells how to find the volume of a cylinder A 
wholesale merchant changed the size of metal cans by making 
them I as high and their diameters J as large How does the 
volume of the new can compare with the volume of the old one’ 

8 h{b + b‘) IS 3 formula for the area of a trapezoid 
Is A chang^ when the increase m b equals the decrease in i'’ 
Is A changed when the increase m A equals the decrease m the 
sum of b and A'’ 

9 d = ^ + 03 ^ shows the amount of p dollars for 1 year 
s\hcn the rate is 3% Factor the right member of the equation 
and tell how A changes when the pnncipal is decreased 20% 
(made | as large) 



10 If two pulleys with diameters d and D inches, 
respectively, arc connected by a belt, the pulley wnlh 
diameter d makes n revolutions per imnute, and the 
pulley witfi alamcter t? mailer revoibnons iw 
minute, then DA = dn Solve the equation for A 



What arc the independent sanablcs m the derived 
equation’ If b is doubled, how is A changed’ HowcanA'bc 
increvied without cliangmg « and d’ Ifd.n.and Dare trebled, 
how is A' affected’ 


i 
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11 2 = ^ IS a formula used in electricity 

a If £ IS made | as large and R is not changed, how is I 
changed’ 

b If 2? IS halved and £ IS constant, how is /changed’ 

c If both £ and £ are trebled, how IS 2 affected’ 

12 F = IS a formula in physics 

i' 

a If both W and o are doubled and g and r are constant, 
how IS F changed’ 

b If r IS increased by that is, made f as large, how is F 
J changed’ 

Making Table* from Equatlan*l*l 

A table of values that shows the change in the population of a city 
or state does not contain ttUud values, because the change in the 
population does not depend upon the time element, but any table 
that IS made from an eouation contains related values The relation 
between the values is expressed by the equation Related numbers 
follow some law which can be expressed by an equation 

To make a table based upon an equauon, we assign values to one 
(or more) of the variables and solve the equation for the correspond 
ing value of the remaining variable 


yz=Ax—^ 

Copy and complete the table 





b Name the independent variable, the dependent vanable, 
the constants 

c How does^ change when k is increased’ 
d l5_ji doubted when t is doubled’ 

2 ^«10-5:r 

a Copy and complete the table at the top of the next page 
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-2 _l 0 12 3 4 

y= 7 7 1 1 7 f ~ r ~ j 

b How docs ji change when X IS increased? 

c. Is y doubled when x is doubled? 

3. 4 » 16 <* expresses the law of falling bodies 
a Copy and complete the table 

lit* 0 1 2 3 4 5 6 j j 

4= ? J j ? 7*^1 

b If 1 IS doubled, how is s changed? 
c If i IS increased by 1 , can you tell how much s is increased? 

d. If I IS trebled, how is t changed? 

4. xy « 36 

a Copy and complete the table 

When I a i 2~ 3 ~4~ 6 V~ ? 7 

y c 7'~ 7 ‘~t~~ ~T~ 4 3 2 

b How does> change when X IS increased? 
c If X IS doubled, how docs^ change? 
d. Solve the equation for x, for^ 


tt| 

3. P*a26 + 2Ais the formula for finding the penmetcr of 
a rectangle 

a Copy and complete the table 


10 7 

S ( 

"T” ^ 


16 

42 


n IS 

4 7 

"i w 


b. What are the independent viriables? 

c. If both b and A are doubled, how u P afTcc ted? 

d If one independent vanablc » halved and the other is 
doubled, is the value of /* changed? 
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6 » = pit 

a Copy and co^^lIctc the table 



b If r and p are constant and I is doubled, how is i affected’ 
c If r and tare doubled and constant, how is t changed’ 
d Complete If one factor of a product is multiplied by a 
J number the product is ’ by that number 

Ratlanal Expressions 

A rational expression is one in which the exponents of the letters 
involved are positive integers Thus a rational expression does not 
contain any indicated root of the unknown For example, 2 x®? S 

jfS 

and X® — 4 r + 5 are rauonal expressions 
Integral Expressions >*1 

An integral expression is one m which xbe letter, or letters, involved 
docs not appear m a denominator Thus 2 x, and are inte- 
gral expressions, while is not integral Do you see that a poly- 
noinial is both rational and integral^ 

Degree of a Term end Fun«tl«nisi 

If a term contains only one variable, its *gr« equals the exponent 
of the variable Thus 2 x is of the first degree and 7y* is of the third 
degree If a term has more than one variable, us degree equals the 
sum of the exponents of all the variables Thus, xp is of the second 
degree m x and^, and x^ is of the fifth degree in x andj/ The defi- 
nition of the degree of a term applies only to integral rational expres- 
sions 

The degree of a function la the same as the degree of its highest- 
degrcc term Thus x* — * -h 6 » a second-degree funetion of x, 3 ^ *h f 
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IS a first-degree function of 7, and — 3 is a third-degree function of 

X and 7 

A first-degree function is called a linear function , a second-degree 
function IS called a quadratic function , and a third-degree function 
IS called a cubic function 

The degree of an equation is the same as the degree of its highest- 
degree term 


[*] 

State the degree of each of the following, considering both 
X andj* as variables 


1 2 *- 1-5 
2. 4 r - 3 
3 ir+7 


4 

5 xy 

6 l0-4x 


7 y^x + 2 

87 = ^»-3 x 
9 7 s i r3 


EXEROSES 


Forming Equotlont from Tables 

We have made tables from equations and now we shall make equa- 
tions from tables It is not always easy to form the equation whicli 
Will be satisfied by all of the sets of values m the table The task is 
not too difficult, however, if we know the degree of the equation 

Study the following example 

Example. Write the linear equation which shows the re- 
lation between x and 7 as shown in the table 


0 j 2 « 

Hj _« 0 


Solution. From the table we see that 7 = — 8 when * = 0 Thu 
means that 7 =» ?(0) — 8 It means that 7 equals a term con- 
taining *, decreased by 8 

From the table we observe that as x increases by 1,7 mtreases 
by 2 In other words, 7 increases twice as fast u x 
From these two observations we believe the equation to be 
7*a2x — 8 Then we check the equaiion7 — 2x — 8 by tub- 
tuiuung each set of values given m the table. tVe find that 
each set of values is a solution of the equation 
Then the required equation U7= 2 a— 8 
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Write the hnear ecjuations vihich express the relations be- 
tween s and j> as shovm m the following tables, and then find 
the values needed to complete the tables 



Cropha'*) 

Graphs are used in mathematics chiefly to show the relation be- 
tween two varying quanimes, to solve problems, and to interpret data 
They help us to understand relations between vanables 

The graph of an algebraic equation » a geomemc figure, such as 
a straight line, a curved line, a circle, or a parabola You learned m 
elementary algebra that the graph of a first-degree equation is a 
straight line For this reason first-degree equations are often called 
linear equations 

You are already faimtjar with die rectangular coordinate system 
The next paragraph vnli enable you to recall the terms used in con- 
nection with this system 
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Rectangular Co ordinates 


On a sheet of squared or cross section paper two perpend cular 
1 nes one horizontal (ATA'O the other vertical (VY) are drawn XX' 
IS called the horizontal axis and YY the 
Vertical axis Together they are referred 
to as the co-ordinate axes Their inter 
section IS the origin (0) They divide the 
plane of the co ord nate system into four 
quad rants the first second third and 
fourth as shown by Roman numerals n 
the figure 

The distance of any point such as P 
from the^axis is called its jr-distance or 
abscissa and its distance from the x axis 
IS called its ^-distance or ord nate These distances are wntten m 
parentheses m the form (x jr) and are referred to as the co-ordinates 
oiP 

X 18 positive in the first and fourth quadrants and negative in the 
second and third y is positive m the first and second quadrants and 
negative in the third and fourth 

In the figure the co-ord nates of P are (4 3) of (J, (- 2 3) of 
/?(_3 _6) and of 5 <3 -2) 



M) 

1 Write the co-ordinates of ^ F T and i) from the figure 
above in the form (t y) 

2 On squared paper draw a set of co-ord nate axes label 
them and plot the follow ng points ^(—3 5) /?(— 4 —2) 
C(4 8) Z)(3 -5) andr(-3 -6) 

3 On squared paper draw a set of co-ordinate axes label 
them and plot the following points (5 0) (ij 1) (If 4j) 

(-i 2) (*-4 3) (-2 0) (-4 3) (-i -2) (li -4j) 

Oi —1) Now join them m order by straight lines 


U 


Graph of a First Degree Equation*** 

We shall assume w thout proof that the graph of a 1 near equation 
IS a Sira ght 1 ne 

In a first-degree equation like2x-fj«6 for any salue ue assgn 

to X there 1$ always a corresponding \aIoe of jt andcon\enel> \n> 
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set of values of jc and> which satisfies the equation consists of the co 
ordinates of a point of the line We can cAitain any number of points 
on the line Since two points determine a line, it is only necessary to 
find the co ordinates of two points However we usually find a third 
point as a check 

In graphing an equation in two variables it is usually easier to find 
co-oidmatcs if we first solve the equation for one variable 


Example J Graph the equation 2 x — 4 
Solution Solving the equation tory we have 


2x->=4 

-;-=-2x + 4 

Ifwele{x«s— 2 then^^—B If 
xeQ >«!-4 ifx = 2 >a.O 
We place these co>ordinaies in a 
table as shown below 

I 0 42 

r ^4 0 



Plot (he points and draw a straight line through them 


Example 2 Graph the equation x «= 5 


Solution The equation x=:3 u 
equivalent to the equation 
x + 0ji=3 Since 0 ^ = 0 any 
value ass gned toy in the equa 
Uongivesx = 3 Hence a graph 
IS a line parallel to thc,r-axis and 
three units to the right of it 

*=3 



Following the method of Example 2 you will find that the 
graph of> = — 2 IS a hne parallel to the x axis and two units 
below It 
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An important relation between an equation and its graph is 
Every point vrhose cO'ordinatei satisfy the equation lies on the groph of the 
equotion. 

And, conversely, the co ordinates of any point on the graph of an equation 
laiisfy the equaticrt 


Draw graphs of the following equations 

Ia:+7 = 5 Qx = 6 

0!/r-_y = 3 


3 2x+y*=.S 

4 2x-^«5 

5 V + 3>i=: 10 


8 x-3 = 0 

9 ^ + 4=0 

{^y^x 


1*1 


11 

12 r~3^ = 0 

13 3 t - 4^ = 4 

14 2x + 3>«12 
@ 5 v-2ji = 4 


EXEROSES 


Hovr to Groph a Function ^^1 

The method used to graph a function 
can be learned by studying the following 
example 

Example Graph the function 3 x — 2 
Solution We first let^, or /(*), equal the 
function Then we graph the equation 
^=3x-2 



T 

V— - 

-*• 

k 

z-4 

-- 




iz:= 

■HMB 


'■IWMH 

Man 

HUB 

■■■■ 


[*) 

Graph the functions 

1 2x + l 3 -3x + 4 5 x-4 

2 x + 3 4 2^ 6 8 -X 

7. On the same set of axes draw the graphs of 2 r, 2 x + 6, 
and 2 r — 4 What do you know about the three graphs'* 

8. On the same set of axes draw the graphs of J x + 4, 

3 X + 4, and x + 4 Where do these graphs intersect each other’ 
9 a Graph the equation fix) =2x4-3 

b Fmd /(4) — /(I) c- Find the value of 


EXEROSES 
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Graphs of Formulas'*) 


In most cases the graphs of formulas (equations) which are not of 
the first degree are curved lines 

Consider the two graphs below These graphs were made from the 
following tables 



The graph of / « 4 w shows {within limits) the dimensions of any 
rectangle that is 4 times as long as it is wide The graph of «=■ 3 14 f* 
pves (within limits) the area of any circle whose radius is known and 
the radius of any circle whose area is known 
The graph of a first-degree equation, such as / = 4 w, is a straight 
line For this reason we need plot only two points of the graph of a 
first degree equation to determine the graph We often plot a third 
point of the graph as a check of the other two 
j equation which is not of the first degree, such as 

— f , is usually a curved line Many points are needed to de- 
termine the graph when it is a curved line 


To Make the Graph of on Equation Not of the First Degree 

1 Make a toble of set, ef Votue, sc.fy.pg ,he equation 

2 beleet suitobie scales for the ones 

3 Plot the points of the gropl^ 

using the pairs of values given in the table 
1 Draw □ „„„,h 
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tAl 

1 a Graph the formula t = Oip Let p have the values 0, 

10, 20, 40, 60, 80, and 100 

b How many points are needed to detemune the graph^ 

2 a Draw the graph of C = 3 14 d so that it may be used 
to find the circumferences of circles with diameters from 0 to 6 
inclusive 

b Use the graph to find the circumference of a circle whose 
diameter is 4 

c Use the graph to find the diameter of a circle whose cir 
cumference is 15 

3 a Draw the graph of / *» which shows the number 

of ampieres, 7, that will pass through an clccinc circuit when 
the number of volts is 1 1 0 and the resistance in ohms is R 
Note that 7A= 110 is a second-degree equauon in I and R 
b From the graph find 7 when 7? *» 5 
c From the graph find R when 7=11 

4 Draw the graph of/ = 6 ir* 

The X and y Intercepts 

When studying equations and their graphs it is often desirable to 
Itnow where the graplis intersect the x and/ axes 
The X intercept of a line graph is 
the distance from the origin to the 
pomt where the graph intersects the 
a: axis, and the /-intercept is the 
distance from the origin to the point 
where the graph intersects the/ axis 
In the figure shown here the x 
intercept of the line AB 18-1-3 and 
the / intercept is —2, and the 
X intercept of the line CD is — 1 and 
the / intercept is -h 2 What is the 
value of the x where the graphs 
intersect the / axis’ What is the 
value of/ where the graphs intersect the x axis’ 
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To find the K-mteteept of a bne, 

subtt'tule y °= 0 in the equation ond solve for x 
To find the y-mtereept of a bne« 

subshlute 0 in the equation end $oWe for y 

Example. Find thc_y-intcrccpt of the graph of_y = 3 x — 6 
Solution j> = 3x — 6 

Substitute 0 for x, _y « 3(0) — 6 

^ — 6, tbcji intercept 

1 E 31 f ttid the X and_y inteicqjjts of the graphs of 

l;' = 3x + 6 3.2x-j- = 7 5.2>-“5x=10 

2^a-x + 4 4.^s.2x'-l 6.x -^ = 6 

7 Which of the following equations have the same 
intercepts* 

a/*s6x — 3 c.^* — x + 3 

J b + 3 d.^»3 

Th« Step* of a Una^‘1 

No doubt you have heard some one speak of the slope of a roof, 
the slope of a hill, or the slope of some other object If you will as- 
sociate the word "slope” with the word "steepness,” you will find 
the following discussion easier to follow 
In I, dS IS the graph ofjis-x 
Let a point move along 4B from the ?!_ 

origin to the point C When the point _ _ 

moves from 0 to C, its x value increases fi 

from 0 to 3 and its_y value increases from — — 

0 to 3 The X change in value is + 3 and — —.J — ♦ 

fc,chanB.» + 3 Therano-jJ^ Z~ZZZZZZZZ 

13 the slope of the line We define the y 

slope of a line as follows ta-J — I — I — i — I — ■ — — 

The slope of a line is the ratio of the * 

change in j) to the change m x We abbreviate the change in by 
Ay (delta _y) and the change in x by ilx Then the slope of the line 

Ax\ 3 

In Fig 2f^DE IS the graph of ji = — I As x increases from 
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0 to 3, ^ increases from — 1 to 0 Then when dr = + 3, Ay = + I 


when X increases and that the slopes are positive 


In Fig 3, as r inrr<arti from 0 to + 4,^ decreases from + 2 to 0 The 
X change is + 4 and thc>- rhange is — 2 Then the slope of the line 

FG « ^ a* sa — ~ The function — i r + 2 is a decreasing func- 
A* + 4 2 * ^ 

tion and its graph has a negative slope ^ 

Any line which is not parallel to 
either of the x and y axes has either a t, 

positive Or a negative slope Any line, ^ 

such as /i m the figure, which is parallel O 

to the r-a*is, has a zero slope, and any 

line, such as h, which is parallel to the j 

^-axis, does not have a slope TTiis is so * 

because ^ ^ and division by zero is not possible 

4r 0 


Give the slopes of the lines in exercises 1-6, assuming that 
each divnion on the axes is 1 unit 


■■■■■■■■■■I 




Graph the foHowing equations and find the slopes of their 
graphs 

7 y^Zx-1 9 = 6 116 > = 12 

j 10 2 *+> = 0 n x=y 

Equations of Straight Llnoal^ 

The graph of a first-degree equation is a straight line, and con 
venely the equation of a straight line is of the first degree We can 
write the equation of a straight line if the condiiions which deterrmne 
It are known 

In this text we shall consider three forms of straight line equations 
— the slope intercept form the point slope form and the two-point 
form 

The Slope-Intercept form, y mx + 

Let the line I have (he slope m and let Us graph have the ^intercept 
i Let the point P{x j>) denote any other point on the line except 

(0,i) 



j/ = mx + b I 

This formula can be used to I 

form the equation of a straight 
Jjnc when the slope and ^y^saercept arc known 
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Example. Find the equation of the line whose slope is — § 
and ^intercept is 4 

Solution. y = mx + b, and y^A, 

Substituting, J' = - I * + 4, or 2x + 3> = 12 
The Polnl-Slope Form, y - y, « in(x - xiJ 

This formula enables us to form the equation of a straight line 
which passes through a given point and has the slope m 

Let the point Pi (xi, j^) de- 
note the given point and let the 
point P(x, y) denote any other 
pointon/ Letm = theslopeof/ 

Since m « m = •- 

ax t — xi 

or y-yt^m(x-*i) 

Example Form the equation 
of the line passing through the 
point (2, — 3) and having the 
slope 2 

Solution y~yi^ '"(* "* *i) 

ji = — 3, *1 = 2, and m — 2 
Substituting in the formula, we have 

_y-(-3)«2(,-2). orjr- 2xa-7 

The Twe-Peint Form, ^ ^ 

* - Xi Xj - XX 

This formula enables us to write the equation of a straight line 
when the co-ordmatcs of two of its points are known i 

Let i4(;r,,_yi) and B(t 2 , denote two given points of the line f and 
let P(x, y) denote a variable 
point of / The slope of the 
line segment and 

the slope of the line sepnent 

BA = “ . y* . Since both line 

*i —xi 

segments have the same slope. 



y -yi , 

X-Xi 


yi-yi 

Xi-Xi 



Y 



! 







X 
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Txample Form the equation of the line passing through 
the points (3 4) and (— 2, 1) 


SoluMon T=7“ 7r=7, 

Lei (»i n) be (3, 4) and {xj.jn) be (— 2, 1> 
Then lutjstuuUrtg v»e have -*~^4 ** TXj 


Simplifying 3x— 5/ss—ll 



nu 

Form the equations of dtc hoes having the following slopes 
andj'-intercepis 

l>n = 3, 6=*0 5m = -J, **7 

2m = i6 = -2 im = lb=0 6tb = 0,6 = -3 

Forrn the equations of the lines passing through the follovnng 
points and having the given slopes 

7 9 1 1 (-2,-5).m = i 

8 (2,0),m«1 10 (2.5) 12 (0,2),m-5 

Find the equations of the lines passing through the points 

13 (2, 3) and (5. 7) 16 (5. 0) and (0, ?) 

14 (-1,2) and (3, 4) 17 (- 4, - 4) and (0, 0) 

13 (0, 0) and (5. 6) 18 (- I, - 1) and (-4, - 1) 

t«l 

19 IVrite the equation of the line passing through the 
poinu (3, I) and (5, 7) Then change the equation to the 
form = ffu + 3 to give the intercept 

20 Write the equation j>assing through the points (0, b) 
and («, 0) Transform the cquauon so that the right member 

15 ab Then divide both members of the equation by ab, the 
result IS the intercept form of a linear equation 

21 Write the cquauon of the straight line that passes 
through the point (2, ~ 3) and is parallel to the line y — 
- Jx + 6 

Note If two lines are paraltet, what do you know about their 
slopes’ 
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22. The co-ordinaies of A, B, 
and Care (2, 0), (5, 4), and (0, /t) 
respective}} Find t}}e v3)oe of A- 
that makes AC + BC the smallest 
possible distance 



Graphing a Linear Equation by the Slope-Intercept Method 

A very convenient method of drawing the graph of a linear equa- 
tion consists in plotting the point where the graph intersects the>^axis 
and then fixing its position by using its slope 


Example 1. Draw the graph of 2^ -- 3 r = 6 


Solution We solve the equation 
for/, g«tcingj' = ^ 3 ft is 

now written in the slope inter- 
cept formal = rn-* + ^ Then the 
slope of the graph is § and (he 
^•intercept is + 3 

The line intersecu the ^-axa in the 
point A(0, 3) Since the slope 
u we can find a second point 
of the line by starting at A and 
counting two units to the right 
and three units up Then we 
draw the straight line through 
A and B 

We can check the graph by deter- 
mining if the co-ordmates of a 
third point satisfy the equaUon 
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Example 2 Graph f(x) ^ 4 — 3 v 
Solution y(*) = — 3s-h4, m«s — 3and 
t> = A 

The slope of the line is — ? and the 
j>-tn(erc>rpf ss -FA The graph inter- 
sects ihe^axis at A Starting at A we 
count 1 space to (he right and 3 spaces 
down to locate the point B Then we 
draw the graph through A and B 
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\ 


Using the slope ratcrcept method graph the following 
1^ = 2* + 1 < 4> = 8-2* 7 2j*5x4'2 

2 y = ix-h 57=6 + r 8 3^-x»2 

3^-4x = 0 6^ = -x 9 4;ps=6--2x 

10 Graph the following equations using the same set of 

aj> = Jx-i-3 cj> = ix + 5 

b^=*Jx-6 d 2/-x = 8 

e Copy and complete The graphs of equations having the 
same slope are * 

11 Graphthefollowingcquatjons using the same set of axes 

aji»2x+l cji»-4*+l 

b>=.^x + l d2>-6x-2s'0 

e Copy and compicte The graphs of the equations 
fftr + i where m u a variable and ^ is a constant ’ 
in the same ^ 

12 Graph the functions 3 a + 2 and — x + 6 on the same 
set of axes Find the value of x that makes the functions equal 

13 Cons der the function ax How does its graph change 
when a increases from 0 to 5* 

14 Cons der the function - If u is constant and x changes 

a 

how docs the funcuon change when * increases’ 

r»J 

13 On the same set of axes draw the graphs ofj> »= f x + 6 
and > = — f X + 6 

16 On the same set of axes draw the graphs oty = | x — 2 
and > = — 3 X — 4 

17 If you have done exerc scs IS and 16 see if you can 
complete the following statement The graphs of two linear 
equations are ’ to each other if the product of their slopes 
equals ’ 

18 If you have completed the statement in exerase 17 
form the equation whose graph intersects the y axis in the 
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At this time yoG ih6\]ld determine if you hav 
this chapter I 

Be sure that you know 

1 The meaning of functional relations 

2 The four ways of expressing functional 

3 How to make formulas from statement) 

4 How to make formulas froir data 

5 The meaning of funtlton 

6 How to evaluate a function 

7 How CO form equactons from tables 

8 How to plot points 

9 How to graph Rrst>degree equations 
10 How to graph a funcbon 
1 1 . How to find the and /•jniercef 

12 How to find the slope of a line 

13 How to form equations of straight lines 

(а) by the slopc-intcrecpt rnechod, 

(б) by the point-slope method, 

(f) by the two-point method 

14 The mcanmg and proper use of the following words 



MATNIMATICM VOeA««tA»T 




abscissa 

I4I 

integral expression 

138 

decreasing function 

133 

intercept 

145 

degree of a term 

138 

linear function 

139 

empincal 

13J 

ordinate 

141 

funciion 

132 

ongm 

141 

graph 

140 

rational expression 

138 

increasing function 

133 

recttngular co-ordinates 

141 
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1 Name three ways of expressing functional relations 

2 Define constant variable independent variable de- 
pendent vanabic 

3 Name the independent variable in the formula C«= 
^ (r — 12} in the formula » = 04 p 

4 When is one variable a function of another^ 

5 Write a formula for the total surface of a cube having 
an edge * 

6 The formula 5 = C -h 25 5 give* the selling price of an 
article when lu cost is Lnowm 

a repress S as a function of C 

b Express C as a function of S 

7 Graph the equation » 5 x — 6 

a What IS the slope of the grapli of_y a> 5 x — 6' 

9 What IS the j>-mierccpt of the graph of^ *= S * — 6' 

10 In the equation^ = 5 x — 6 how much does^ increase 
when the x increase is 4* 

1 1 /(x) » 3 X* - 4 X - 10 Find /(2) /(- 2) 

12 What do you know about the graphs of> = 3 x — 4 and 

^^3x+1’ 

13 What fact do you know about the graphs of^ s= J x + 1 
and > = 1 — 3 x’ 

14 K=.irr’A 

a If IT and r are constant and h is trebled how does V 
change’ 

b If TT and A are constant and r is doubled how does V 
change? 

15 How docs the function 3 x — I change as x increases m 
value’ 

16 How does the function 8 — 3 x change as x increases 
in value’ 

17 What are the x axtdjr intwccpts of the graph of 2^ - 5 x 
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38. Form the linear equation whose graph intersects the 
^-axis in the point j’ = — 1 and has the slope — ^ 

19. Form the linear equation of the line which passes 
through the point {— 3, 4) and has the slope § 

20 Form the equation of the line that passes through the 
points (3, — 4) and (— 2, 6) 

2 1. What IS the slope of the graph of^ =»! J x — P 

22 Graph the equation 2 x —y = 8 

23 Graph the equation = | x — 8 

24 /(x)«xa-6x + 3 Find/(-2) 

25 What do you know about the graphs = 2 x — 1 and 
> = 2x + 7? 


26 What do you know about the graphs c/iy » 3 x ~ 7 and 

y^iix-V 

w 

1. Find the simple interest on $325 at 4% for 2 years 
5 months and 15 da>s 

2 Solve the formula A = ^(4 + 40 for 4 


3. Divide X* - 64 by X + 4 

j , 4 X 2x 2x* 

4 Combine r ^ — r — ^ 

x~3 x + 3 9 — X* 


5 Reduce to lowest terms 

3 X + 3^ — 3 m 

6. If a =» 3, 4 != — 5, and c » 2, find the value of (o + 4)* 
-4e3 

7. The sum of the numerator and denominator of a fraction 
IS 33 Find the fraction if the nurneralor « | of the denom- 


inator. 

8. Solve 


x+l^3x+3 


6 ' 


9. Divide m(n - 1) - n(n - 1) by n - 1 


10 Simplify ■ - ! 

+ XT -f r' 
4 e 
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11 Smiplity(»’ + »+l)(l-i + ^) 

12 How much water must be added to 8 gallons of 70% 
solution of denatured alcohol to reduce it to a 60% solution’ 

13 Insert the last two terms of4a — 3A + 4cin parenthe 
ses preceded by a plus sign 

14/W=4x«-7» Fmd/(-2) 

15 Square 

16 Factor ** +>® 

17 Graph the equation * “ ^ 

18 Graph the equation^ — 4s: = 12 

19 Form the equation whose graph has the slopie | and 

intersects the >-axis in the point / — 5 

20 Factor 

a*®— lOjr + 25 d«4-<y — — ^ 

b *® + l25 e *»«4x-9y + 4 

c 8m»-27 

{TntA] 

1 Write a formula showing the relation between the area 
of a circle and the radius 

2 Complete The graph of a linear equation is a ’ 

3 Give the degree of each of the following functions of x 
and_j' 

a2* + 3 cx* — 3jt c 2 X* ~ji 

bxy-1 d9t*-4 fx»--5x + 3 

4 Graph the function 2 * — 6 

5 What IS the^ intercept ofj' ~2x 10’ 

6 What IS the slope of the graph of 3^ = 6 x — 8’ 

7 Form the equation whose graph intersects the_y axis in 
the point y~^ and has the slope + f 

8 Form the equation whose line graph passes through 
the points (2 I) and (—3 —6) 
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FUNaiONAL RELATIONS, GRAPHS, AND LINEAR FUNaiONS 

9 What change occurs m the function 4 * — 1 when x T 
changes in value from 3 to — 5’ 

10 The slope of the graph of a linear function is | How 
much does the independent vartable maease when the func- 
Uon increase is 9^ 

tT>Sl B] 

1. Given fix) =» 2 ** + 6 ** + 10 ;r + 3, find M) 

2. Write a formula express!^ the relation The area of 

an equilateral tnanglc equals V3 tunes one fourth the square P ■ 
of Its side 

3 The formula for the volume of a sphere is =s 5 irr^ 

How does I' change when r is doubled^ trebled’ 

4. Graph the function ^ + 5 

5. Write the quadratic equauon which expresses the rela- 
tion between jt and ^ as shown in the foUovong table -t : 

I 


6. Wnie the equation having the intercepts (— 6, 0) and * 

(0. 4) 

7. What is the slope of the Ime JtTJ 

8. Form the equation havuig the slope | and passing ^ 

through the point (2, 1) ^ 


X fl I I i 

y 3 4 7 U » 
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Atomic energy 



The central part of on <i(o<n m the oucfeui The nucleut of the hydro 
^enotontcoevittof onepretee The prolon hot a povtive charge Th« 
rttjclegt of at\y other atom conxtti of protom and neutronr A neutron 
cornet rua chorge For each protort m the nucleus of orv otem there it on 
electron, 'wh<ch hot scarcely arty weight atvd tpms aroursd the nucleus 
in a defnite orbit The oxygen otom hoi o nucleus consisting of 6 pro 
tons and 8 rieulrons with 6 electrons revolving about the twcltus, 0 $ 
suggested m the diogrom Energy is releosed from the otom by fission 
and by fusion In either cose there >s a shifting of the protons and neir 
trons from one atomic nucleus to onoMier 

In 1905 Albert Emstem brought forth his famous formula Esmc*, 
which states that when rnoHer is destroyed it changes into energy which 
equols the moss of the moKer imiltiptied by the square of the velocity 
of I ght 
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When World War II began scientists had sufTicient theoretical knowl 
edge of the atom structure to produce the fission of the uranium atom 
At great expense the United Stoles government recruited a vast army 
of scientists and workmen to make the otoniic bomb Pie first expen 
mental bomb was exploded in the desert of New Mexico on July 16, 
1945 Since World War II the hydrogen bomb has been made 

Although the energy of the atom was first used in war, it it now being 
used in other fields How will the enormous power of the atom be used 
in the future^ Perhaps you will eonlnbule to the present knowledge of 
the atom as scientists like J J Thomson, Becquerel, Lord Rutherford, 
Niels Bohr, Einstein, Lawrence Fermi, lise Meitner, and ©then have done 







Systems 

Linear Equations 


In Iftit cftop/«r you wtll sfvdy 
first degree equofions 
ftng more ffwn one onknown 



SYSTEMS Of UHZM. EQUATIONS 


You know that a first-degree equauon having only one unknown 
has only one solution For e'tampicj the equation * -f- 6 := 8 has just 
the solution * *= 2 

A first-degree equation having more than one unknown has an 
infinite number of solutions For example, the equation t - 1 -^ = 5 is 
satisfied by any one of the following sets of values 

X I -1 H 3 4 lOQ 

y 6 < n 2 _l -95 


Try finding others We say that such an equation is indeterminate 
because we cannot point to a parucular set (or sets) of values which 
satisfy It In this case the unknowns are variables 

Since an equation having two unknowns has many solutions, it 
Usually happens that two such equations have a solution m common 
For example, the equations » +> = 5 and x = I are both satis- 
fied by X ** 3, > as 2 

Grephleat Solution of a Set of Two Equotieni 

If we graph two linear equations m two variables on one set of 
axes, It ts easy to see the common solution It is the point where the 
two lines cross For example, if we graph the two ecjuations x e 5 
and x — yssl on one set of axes, we find that they intersect in the 
point (3, 2), so we know that the common solution is x as 3, _)i = 2 
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We know that the co-ordmaies of the point of mtersecUon make up 
the common solution because we know that every point on the graph 
of X = 5 has co-ordmates that satisfy the equation x -1-^ = 5, and 
every point on the graph of x -j- = 1 has co-ordmates that satisfy the 
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equation I Since the point of intersection is on both graphs, 

Its co-ordinates satisfy both equations Conversely, we know that a 
common solution of the two equations is a pair of co ordinates of a 
point on the graphs of both lines Since these lines are distinct lines, 
there is only one such point — the intersection 
We call equations which have a common solution consistent (or 
simultaneous)* equations 

It sometimes happens that a set (or system) of consistent equations 
may be so related that every solution of one is a solution of the other 
\Vc say that such equations are equivalent , or dependent The 
equations 

2 x + 2^»10 

are equivalent because every set of values satisfying one equaiion also 
satisfies the other Do you see that 2 a- + 2^ 10 is actually the same 

equation as jt + v = 5’ By what have the members of x 4-j' = 5 been 



Sometimes a system of equations has no common solution The 
P^"' *+^ = 5 

has none because, if the sum of x andy is 5, the sum of the same x and 
the same^ could not be 3 Equations which have no common solu- 

•Some boolu define simulianfoos equationi as any two equations which are treated 
together for the purpose of invesugaung tor a common solution whether there U a 
rnmcnQn.^iitirui.or. 
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. . «» Equation* In Two 

Algebraic Solution of Set* of F«r» 

Variable* 

1 . ^if a set of fint-degree equations is more ac- 
The ,ha„ ,he grapluc soluhoa We combine 

curate and takes less , „ fo™ „„e equation m one 

the mo cq^tions ,l.n„n...an We shall study mo 

variable ^his pme „lve an example by 

commonly used rnemv^ 

“f Ctopttr 16 , you will 

means of determinants 
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Eilininatlon by Addition or Subtroetlon**l 

When a linear equation tn t%TO vanables is \vntten i 
ax-\-by = c, it is said to be in the standard form 
7 -T _y 

Example I Solve * 3 ” ~ ^ ~ 2 

3(x + 2)=5{j + 9) 

Solution Wc first clear equation (1) of fractions, 


( 1 ) 

( 2 ) 

w 


(3) 




Ma t4x*24-3ji 

Writing ihu equation in standard form, we have 

14.4- 3^ = 24 

In equation (2), removing parentheses and arranging m standard 
form, we have 

3x+6«5/+45 
3x-5/«39 

Then we solve the sec of equations 

14 . 4 - 3^«24 
3, -5^=39 

We can maVe the absolute value of the coefficients of> the 
in both equations if we muliiply 
<3)by5 70*+lSj*U0 

(4) by 3 9,- I5y«117 

Adding, wc have 79 , » 237 ' 

D 79 *«3 

ff the coefficients of / had the same sign 
would be necessary to subtract in order to eliminate / 
Substituting , = 3 in equation (3), we obtain 

14 . 4 - 3 / = 24 
424-3/=24 

3/ = — 18 


Therefore the sotution is a =» 3,/ = — 6 

PROOF It IS necessary to substitute x = 3, j> = _ g, in both equa- 
tions in order to prove that the pair satisfies both equations 
1 ^ = 4-.^ 


(3) 

(4) 


1 both equations, it 


Does j = 4-^v 
Does 7 = 44 - 3 * Yes 


3(*4'2) = 5(/4-9) 

Does 3(34.2) = 5(-6-f 9)> 
Docs 15 = 15’ Yes 
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The Addition-Subtraction Method of Solution 

1. Reduce each equation to the ctandord form 
2 If necessary, 

multiply each equation by svdi positive numbers 
as Will moke the coefficients of one variable 
have the same absolute voliie in the two equations 
3. Then add or subtract (whichever is necessary in order to eliminate 
that varioble) 

4 Solve the resulting equolion for the remaining variable 
5. Substitute the value of this variable 

in one of the equations in standard form 
and solve for the other variable 
6 Prove that the values found satisfy both equations 


Elimination fay Sufastltutionl*! 


If the equations contain parentheses or fractions, they are simplified 
before applying the method of substitution 

Example Solve 3 * — “ 5 

(1) 

2x+ >=9 

(2) 

Solution Solving equation (2) for>, wc havcjr = 9 — 2 x 
stituting this value of j in equation (I), we have 

Sub 

3x-7^*-5 

3x-7(9-2a) = 5 

3x-63+14x=5 

17x=6S 

x=4 

Substituting X = 4 » 9 — 2 x, we obtain 

^=9-2x 
^=*9-8 
^“1 

Cl) 


Therefore * = = li IS thesoluiionofthc equations 3 x—7_y=a 5 

and 2 x+>= ^ 

PROOF Substitute X = = I, in the onginal equations 

3;r-7^=5 (1)1 2x+^=9 (2) 

Does 12-7 = 5’ Yes | Does 84-l«9>Yc8 
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Th« of Solution 

t From one equation 

obtain the value of one vonoble m termi of the other 

2 Substitute this volue Jn the Ot^er eqoatwn ond solve 

3 Prove that the values found satisfy both equations 


In solving some sets of linear equations it is easier to use the addition- 
subtraction method, in other sets the subsutution method In the fol- 
lowing exercises, if you are doubtful as to the easier method, solve 
by both methods to decide whjch is the easier method for any given 



1 3*-f-7> = l7 
ji 2 a 

3 8 a - U >-*-2 

|Sx:4«-29 

\^3x-6y^l2 
2x + 4y<^-e 


9 x-i-t5y~4 
Q9x + 2\yn=2\ 

10 23*-4l_y8«-86 
5 lad- 325^ *24 125 


r7A 



nrtt-D«ST«e Equetlens in More than Two Variables^*' 

In order to solve a system of equations involving more than two 
variables, there must be as many independent equations as there arc 
variables, and no one of the equaboos can be inconsistent with, or 
dependent on, any other equation m the system It is not necessary 
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that all the variables appear m each equation If a system of first- 
degree equations contains the same number of variables as equations, 
and can be solved, it has in general one, and only one, set of values 
which satisfy all equations of the system 
The following outline shows the steps in solving a system of three 
equations in three unknowns algebraically The plan can be ex- 
tended to include a system of anv number of equations with the same 
number of unknowns as equations Do \ou sec why the graphical 
method IS not discussed for equations with several unknowns’ 

To Solve a System of First-Degree Eqvotions in Three Vorlobles 
1. Eliminate one variable from one pair of equalionr 
3. If necessary, 

eliminate the some vonable from another poir ot equations 
to obtoin two equations involving the some two voriables 

3 Solve this pair of equations m two vonobles 

4 Solve for the third vonoble 

by substituting in one of the onginoi equolionr 


S. Prove by substituting the voives of the three vonoble 
in the three originol equations 

' J1 

Example 1 Solve * +;> — 4 » 4 

(1) 

3x-5> + 44*3 

(2) 

6*-7>-24«2 

Solution. Fint we shall eliminate z from (1) and (2) 

(3) 

M(I1 by 4 4t+47-44=»I6 

W 

Ml2)bvl 3»-5r+4i« 3 

(5) 

A (4) and (5) 7x~ y = « 

Next we shall eliminate z from (1) and (3) 

(6) 

M(l)by2 2* + 2^-2< = 8 

C7) 

M (3^ hv 1 6 * — 7 » — 2 e «= 2 

18) 

S (8) from (7) -Ax+9y =« 

(9) 

VVe have now reduced the original set of three cqviatioru m 
variables to a set of two equations in two variables 

three 

7,_ jf=i9 

(6) 

~Ax-i-9y=‘ 6 

(9) 

M(6’iby9 63 x-9^=171 

(10) ' 

M(91bvl - Ax+9v=‘ 6 

A (10) and (11) 59 x -177 

xs=3 

(11) 
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Substituting i = 3 in (6) wc have 21 — 7*= 19 «>r7*= 2 Sub- 
siituwng a = 1 awl_7= 2 in (1) we have 

*+ 7 -e =4 ( 1 ) 

3+2-«=4 
1 


Therefore *= 37=2 «=1 utbe soluuon of the set 


enoop In ( 1 ) 

3+2-l=4 


In ( 2 ) 

9- 10+4 = 3 


In (3) 

18-14-2 = 2 


Example 2 Solve 

x -27 + 3««9 

0 ) 


3 * -7 = -10 

( 2 ) 


57 + 4^ = 2 

(3) 

Solution First we shall clinuaate e from (1) and (3) 


M(l)by4 4, 

- 87+124 = 36 

(4) 

M (3) bv 3 

15»+ 12t= 6 

(5) 

S(5)from(4> 4, 

-23/ *30 

( 6 ) 

e have oow reduced the Kt to 




(2) 


4*-237 «50 

(6) 

M (2) by 23 

69*-237*-230 

(7) 

M (6) by 1 

4a-23-»* 30 

( 8 ) 

S ( 8 ) from (7) 

65 X =-260 



* = — 4 


Suhstiniting *= — 4 

in (2) w« obtain/ = — 2 


Substituting/*: — 2 

in (3) wc obtain c = 3 



Therefore *= — 4 — 2 and 3 is the solution of the system 


piioor Left w the student 





(S' 


+ 7+<*6 

+ 7 ~« = 0 


+7=4 
+ £ = -: 
7 + ^ = 8 




-27 + 4^ = 21 

2*4-37 — ^ = — 13 


= 6 4 

. 4 *+ 3^=03 


t Aa 
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5 2a:+3^= 18 
x-Az^l 
^ + ^ = 3 


3^2 6 ^ 


r+I+|=, 


7 


tl 

5 

3 » 

4 


+ 


r I 



7 

5 


8 Show that fhr following 
system ts incon;. stent 
3 *+y~ 2^=8 
t + 2 j«- 3?=«6 

2 t - V + e = 1 


Systems of Froctlonol Equotlonsi*' 

Example Solve for x and y 5-^-1 

y 

x-A 

y 

Solution 

y 

»-4 

M (t) byj^0'-2) ,j, + 4^_2,-8 

(2) byy(y+6) 4 ,-24* 

CT m 0 ) _. 2 *+ 4 ^! 


7-2 

- 

'> + 6 

'7 + 6 


CT in (4) 

Adding (5) and (6) 

Subtututing * = 8 in (6) 
The solution is * = 8 y = 6 
PROOF Left to the student 


- 4 ^=s 24 


48 - 4 ^ = 

y^ 


W 

( 2 ) 

(3) 

( 4 ) 

(5) 

( 6 ) 


Reduce to linear equations in standard form and then solv e 

, 12x + y-_i -? 

^ 5 x-Ay 

•-2y+9 2 5x+2y _3 

+ “3 3x-2^ + 8 2 


I 

5 x~-_y 2 
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-8 ^*-4 


6 

* 4 X 

y~2 _ y4-4 
x-3 x+1 


x + 6 
■t + 2" 
, 1 


^ + 6 


1 


L— i—sO 

x-2 V + 2 

-J l-»0 

x+2 v-2 


Sett et Cquotldni In end — 


Th« tquauoM 
and 


6^10 

J’ 

4_5^ 

* y' 


«s 

i 


are not linear or first degree equations in x and^ for when cleared 
offracuons they become 6^+ 10* « 5^ and 4^ — 5 x = xj> Aset 
of equations of this type can be solved easily without clearing of 
fractions 


SolullOD 


Cop)^^g (1) 

M (2) by 2 

Adding 

M, 

Dj 

Substituting * = 2 m (1), 



0 ) 

( 2 ) 
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PROOF — s=5 (1)1 ^--=1 (2) 

X y X y 

Dow3 + 2a5’ I Does2-l=»l Yes 

Note The above set of e<iuat ons can be solved hen cleared of 
fract ons by the addii on subtract on method by el m na e ther 
Jc or_y but if you use this method be very careful because you v 11 
ntroduce an apparent solul on >»h ch is not a true solut on Re 
member too that d vu on by zero u mposs ble 

The set can also be sol ed by leit ng ^ ^ and B — solv ng 

for A and B and finally solv ng for x and y 


Solve the follow ng sets of equations 


0 |- 

* 

G] 

4 

X 

& 


1^5 
y 6 
_1 I 

+2 = 2 

__3 1 


y 


3 2 13 


n + n ■ 

7 11 


2-3, 
* y 


y 5 
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Ul+l+i=9 

X y i 




Syrt«ms et flrit*D«ar«« Lherat E«|uatloniW 


In the following equalions the letters from the first of the alphabet 
represent known numbers and the letters x,y, and z unknown num- 
bers In solving these equations, remember that since the letters 
represent numbers, they require the same treatment that numbers 
would require 


Example Solve 
Solution 


cx + byss a* 

fc* — aji * eb 


M equation (1) by « 

M equation (2) by b 

Adding 

Factoring 

Da>+i« 

SubstiCUCmg x=^a ut 


a** +■ aby » 
b^x — abr 

aV4- 1** * a* + eh* 

(1), a* + by^e* 

bjfssO 


y = 0 

The solution of the equations u >r3=a,_y=:0 


PBOOP Left to the student 


a) 

(2) 


Solve the following sets of equations 

1. *+>' = 0-6 4. 

*-^*0 + 6 yx~-y^2{a + b) 


ax~~bysaO 

bx + ay ==1 

3x + 2y^4c 
x~y=^3c 


5 2ax-hby>-5a 
ax — 3 by ^~ab 

6 x+y^-2(a-i-b) 
ay — 6x = a* — b* 


tn 
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7.ax + bj>^2 8 *+> + 6* 

bx-i-z = 2 av = iv 

Pj ■i-az:^ 2 

9. (m + «)x — (hi — nly = 

(hi — «)« + im + n)j>=* 2im^ — n*) 

Solving Problemt by U»« of More then One Unknown >*> 

In Chapter 2 you studied problems which can be solved by the use^"^ 
of one equation in one unknown Now vou arc rcadv to solve prob- 
lems by the use of more than one unknown In many problems >ou 
are free to decide whether to use one unknown or more than one 
In solving problems by the use of more than one unknown we foU 
low, with a few minor changes, the steps outlined for solving problems 
with one unknoNvn, that n, we 

1 Determine question or diteclion 

j Answer the quesiwn or fellow the direction 

by using leners to represent the vonows unknown 

3 Tronslote the conditions of the problem 

into os mony eqwonons os there ore unknowns 

4 Solve the resulting system of equotiooi 

5 Prove that the solution obtained 

sotisfies the conditions set forth m the problem , 



In addmon to tho,e gonoral «cps, tpcc.fic ™K=suon, aro given from 
t.m"» ume to help you analyze pmblerat and form equ.t.om 


Value Problems 


Example. 

worth $9 80 


50 corns, consisting of quarters and dimes, 
Find the number of each kind of com 


Solution Let * 
and J'' 


: the number of quarters 
the number of dimes 


^ u,.,,. ..qed two unknowns, we must form two equations 

story of the .nfonr..t.on .ho», ^t -e «n tom one equation 
Munyoii „„„,ber of coins and one about the value of the 
about 1^' equation about values, we should express 

" v^iounts in the same denomination IVe shall 

the various amounts 





gOOK • 


,,pr«s the vanous amounts in thu problem as cents t 
, qoartert = 25 x cents j dimes = 10^ cents, and $9 80 = 
cents The two equations are 

•*+ 50 

25x+10j- = 

iox+iov« 

Copying (2) 25x-tltli= 

Subtracting (4) from ( 3 ) ^ 


980 


980 


Subsututing 32 for , (i) 


0 ) 
( 2 ) 
( 3 ) 
W 

= — 480 

■* — 32, the number of 
quarters 

32 + x=50 

PROOF Is the total f *=18 the number of dimes 

, total number of coins SOP Yei 
’ 'oe total value of the coins $9 80> Yes 

when 7'y»rd^o°[,^rcak\rd*6^''^’f ™ 

worth J5 25 '’hSv maL''rf “""I 

i The ■’f bank* 

quartm arc worths 0?''Th'°”“""® 
than the dimo and the rt. ™ 1“"“" «« worth $4 60 more 
-ckel, 

5 The cr k_ ° “”t "t't'’ 

them at 50 craj a dS °HeT", an* 
hr made $3 75 on the oranra ^ r « 

0 Mr. Honterronll 

8^ denomtnanon. S '(■ H, and 

valoe or the 1 1 .tamp. '^0 ’“"‘P’ -* *' 

le» than twice the vSlie rftte W su 20 cents 
of each denommaiim, did shc*buyP*^^* 

2 The admission orice in <t. 

t“t:n„r7X“dt“"^ 
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8 If Sam buys 6 golf balls at one price, he will have 30 cents 
left over, but if he buys 5 golf balls at another price, he will 
have 50 cents left over. He uses all his money to buy 3 of each 
kind of golf balls What was the price of each kind of golf balP 
9. A druggist sold 3 bars of soap and two tubes of tooth paste 
to one customer for 69 cents and made 18 cents on the sale He 
sold 4 bars of the same soap and one tube of the same tooth 
paste to another customer for 50 cents and made 7 cents on the 
sale How much did a bar of soap and a tube of tooth paste 
cost the druggisP 

Investment Prohlemi**' 

Example. A man invested $5000, part at 2|% interest per 
year and the rest at 4% How much did he invest at each 
rate if his income from both investments was SI 52 per year’ 
Solution Let x « the number of dollars invested at Zi% 
and aa the number of dollars invested at 4% 

0 025 X « income from amount invested at 2^% 

0 04^ as income from amount invested at 4% 

Then 0 025 * + 004^® 152 (0 

and ,+ ,®5000 (2) 

M(l)byl000 25 * + 40^* 152,000 (3) 

M (2j by 40 40« + 40.»«= 200.000 

S (4) from (3) - 15 * « - 48,000 

D_,5 *«3200 

From (2) ^=1800 

$3200 IS invested at 2j% and $1800 at 4% 

PROOF $3200 X 0 025 = $80 

$1800 X 0 04® $72 
Total income — $152 


EXERCISES 


1 $4000 IS invested, part at 1^% and the remainder at 3% 
How much is invested at each rate if the total income from 
both investments is $78’ 

2 Silas Silver invests twice as much money at 2% as he in- 
vests at 3% If the amounts were interchanged, his annual in- 
come would be increased by $24 How much does he invest at 
each rate’ 
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3 Mr and Mrs Mills invested $25,000, part at 3%, part at 
4%. and the remainder at 5% Their income from all the in- 
vestments IS $900 The income from the 5% invcslmcn t is 52 1 0 
a year more than the mcamc from the 4% investment How 
much money have they invested at each rate^ 

4 On two investments of $25(K) and $3500 Grandpa Sims 
receives a yearly income of $107 50 The rate of interest on 
the larger of the two investments is more than that on the 
other What is the rate on each sum of money invested* 

5 Mr Telford is investing some money in bonds He re- 
ceives 1% more interest on an investment of S3600 than he 
does on a second investment of $2800 If he receives annually 
$196 from the two investments, what is the rate of interest on 
each investment* 

6. A mao has $6000 invested, part at 5%, part at 5%, and 
the remainder at 2% His annual income from the 5% and 3% 
investments is $135, from the 5% and 2% invesiroents, $125, 
and from the 3% and 2% investments, $110 How much 
money has he invested at each rate* 


Dlfib Prohlems'M 

Our number system is based on 10 In the number 4362, 4 is the 
thousands’ digit, 3 the hundreds’ digit, 6 the tens’ digit, and 2 the 
units’ digit The number means 4000 + 300 -<-60-1-2 If in a three- 
digit number we represent the units’ digit by x the tens’ digit by^, 
and the hundreds’ digit by i, then 100 j -p 10> -f- x represents the 
number 

Example. Thcsumofthedigits of a two-digit number is 10 
If the digits arc interchanged, the new number is 36 le« than 
the original number What is the original number* 

Solution. Let the unics* digit 

and j’= the tens’ digit 

Then represents the number, 

and lOx-hji represents the new number 

when the digits are interchanged 
Then 10 

and + a) — {10 a -1-^) = 36 
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Simplifying (2) 10^ + «' 

or 

Solving the set 

By addition 
By subtraction 
Therefore the number is 72 
PROOF 7 + 3 = 10 


♦ 10 it — > = 36 
<>;i + 9>=36 

*-> = -4 (31 

* + 10 (]) 

= (3) 

2jr = 6 *-=3 
2j=14 P=.7 


73-37 = 36 


C*! 

1 The sum of the digits of a two digit number ts 6 If 18 is 
subtracted from the number the digits are reversed What is 
the number’ 

2 The sum of the digiu of a two digit number 7 If 45 is 
added to the number the digits wiH be interchanged Find 
the number 

3 In a two digit number the tens d git is 2 more than the 
units digit The number IS 7 timeslhesumofitsdigits What 
IS the number’ 

4 The difference ofthe digits ofa two digit number IS 3 ff 
the digits are interchanged the sum of the new number and the 
original number is 121 Find the original number 

5 The units digit exceeds the tens digit ofa two digit num 
ber by 7 If the digits arc interchanged the resulting number 
is 9 tunes the sum of the digits What is the number’ 

6 The sum of the three digits of a number is 9 If the order 
of the digits IS reversed the number ts decreased by 198 If the 
units and tens digits are interchanged the number is de 
creased by 9 Find the number 

7 If the hundreds d git and the units d gtt of a three digit 
number are interchanged the number is increased by 693 If 
the tens digit and the units d git arc interchanged the number 
IS increased by 54 The sum of the three digits is 1 1 Find the 
number 

8 The sum of the three digits of a number is 15 The hun 
dreds digit is 3 less than the sum of the other two If the hun 
dreds d git interchanged with the tens digit the number 
IS decreased by 360 What is the number’ 


EXEROSES 
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Grophicol Solution of Verbal Problemtl*! 

The method you have uvrd »n serving problems m this chapter is 
known as the analytical method Many types of problems may also 
be solved by the graphical method Usually the analytical method 
IS quicker and more accurate However in some cases it is advan 
tageous to use the graphical method 


Example 1 Jimcanmowhislather s lawn in hours, but 
It takes his younger brother Tom 2 hours to mow the lawn 
How long will It require both boys working together to mow 
the lawn? 


Solution On the chart 
at (he right the whole 
joh of tnovring the lawn 
u represented by the 
vertical distance OA 
and two hours by the 
horizontal dutance 06 
The distance 06 is di 
vided into 12 small 



parts each represenung 10 minutes and the dutance OA 
IS divided into 6 parts each represeniing one>s)xth of the 
whole job 

Line AD represents the fact that Jim can mow the whole lawn 
mljhourt and line OC represents the fact that Tom can mow 
the whole lawn in 2 hours Observe that a line is drawn 


through E the mtcisection of AD and OC On this line EF 
represents the pari of ihe mowing Jim has completed and 
C£ the part Tom has completed Since £F+ Od the 
graph shows that when both boys work the job u completed 
at the tune when lines AD and OC intersect Since OC repre- 
sents about S2 minutes it takes the boys together about 52 
minutes to mow the lawn 


A larger and more accurate graph wiH show the time to be 51 J 
minutes 


Example 2 One airplane can fly from St Louis to Pitts 
burgh in 4 hours Another can fly from Pittsburgh to St Louis 
in 3 hours If they leave at the same time how soon will they 
mect^ 
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Solution On the chart below, the distance between St Louis 
and Pittsburgh is represented by verttcat distance OA and the 
4 houn by honaontal distance OB 


(StLouial 



Line AB represents the fact that one plane can fly from St Louis 
to Pittsburgh in 4 hours and the line OC represents the fact 
that the other plane can fly from Pittsburgh to St Louis in 
3 hours £ represents the meeting point, and OG the elapsed 
time to the point of meeting It is approximately 1 hour and 
43 minutes £F represents the distance flown by the plane 
from St Louis and £<7 represents the distance flown by the 
plane from Pittsburgh 

Example 3 Sam Black left Dayton at 8 a m , driving east 
at 40 miles per hour After an hour he stopped for 30 min- 
utes for repairs on his truck, and then continued his journey 
at 40 miles per hour Bill Green left Dayton at 9 A M , driving 
east at 50 miles per hour along the 
same road When did he catch up 
with Sam’ 

Solution In the chart at the right, 
the hours arc marked off on line 
OB, and the miles on line OA 
Observe that Bill catches Sam at 
about 11 A M How far were they 
from Da>ton at that Utne’ 
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r») 

1 Two automobiles start toward each other at the same 
time from two ciues 360 miUs apart If one automobile 
travels 40 miles an hour and the other 50 miles an hour, how 
soon will they meet’ 

2 One pump can fill a tank m 5 hours and another can 
fill the same tank in 4 hours How long will it take both 
pumps to fill the tank’ 

3 One automobile traveling 35 miles an hour leaves To- 
ronto at 8 A u Another automobile teas ehng 50 miles an hour 
on the same road leaves Toronto at 10 a m How soon will the 
second automobile overtake the first’ 

4 One pump can fill a tank in 6 hours and another pump 
can empty the same tank m 2 ^ hours How long wtll it take to 
empty a fuU tank if both pumps are working’ 

3 One airplane makes a 2000 nule nonstop flight traveling 
200 miles an hour Another airplane whose rate is 250 miles 
an hour starts one hour after the first plane on the same flight 
If the second airplane must stop 30 minutes to refuel at an air 
field 1200 mites from the starting point when will it overtake 
the first plane* 

W 

1 If Bill were 6 years older he would be one half as old as 
his father, and jf he were 2 years younger he would be one 
fourth as old as his father What are the ages of Bill and his 
father’ 

2 Fred forgot to record the temperature of a liquid he had 
used in a chcmistiy experiment but he remembered noticing 
that the Fahrenheit temperature was numerically 5 times as 
great as the corresponding centigrade temperature What 
were the centigrade and Fahrenheit temperatures of the liquid’ 
Remember F = f C + 32 

3 If five times the width of a rectangle equals four times the 
length and the penmeter is 54j what are the width and the 
length’ 

4 A motorist travelmg at a certain rate can go from one 
town to another m 5 hours If he travels 10 miles an hour 
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faster, he can dn\ e the same distance in 1 hour less time How 
far IS It bctiNcen towns^ 

5 A boy weighing 75 pounds sits on a seesaw 6 feet from the 
fulcrum, and another boy weighing t05 sits 8 feet from the 
fulcrum, but on the other side To balance the board, where 
should a third boy sit if he weighs 60 pounds’ 

6 A goldsmith has two alloys that arc respectively 50% 
and 80% pure gold How many grams of each must he use 
£0 make 300 grams of an alloy that is 72% pure gold’ 

^ The sum of three numbers is 62 If the second is half of 
the Rrst and the third is 6 more than the second, svhat are the 
three numbers’ 


n 






Before leaving this chapter make sure that you can 

1 Solve a set of two first-degree equations m two unknowns 
(a) Graphically, 

provided that the solution can be read accurately 
from a graph (p 161) 

(i) Algebraically 

by both the addition-subtracuon method (p 164) 
and the substitution method (p 165) 

If you expect to do better than average work, 
you will alio want to be able 
to solve sets involving iraciions (p 169) 
and sets involving literal numben (p 172) 

2 Solve algebraically a set of first-degree equations with 
three unknowns (p 166) 

3 Translate the wordsof a verbal problem into a set of equa- 
tions with as many cquattons as unJuiowm (pp 173-181) 

4 Spell and use the following words 



consistent (p 162) 
dependent (p J62) 
equivalent (p 162) 


VOCABUlAtr 

inconsistent (p 163) 
independent (p 163) 
simidtaneous (p 1 62) 
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Solve graphically 
1 3 x-> = 7 
* + 2j, = 7 

Solve algebraically 
3 3x-4>-«16 
5*-f-6>»l4 



[« 


2 x+^= 10 
2x«7 


5 2x + 3^ = 4 
x + 2/ = 0 
€ 5s-2> + c«U 
2 a + 3 j +54 = 0 
5x+j =13 


Tell whether the following sets of equations are consistent 
or inconsistent If consistent tell whether they arc dependent 
or independent 

7 3x-.4^»3 B 2r-5^ = 10 

4*~3> = -21 6t-15^«s8 

tu 

Solve algebraically 


9 mt + ly = 1 
mr — /y »= t 


11 «+> = c*-2c 
X — 2 ae + c 



x-3 « 

y */+3 


12 


= 1 



ITmI sj 

Part I Numerical Equations 

1 Sal\c graphically 3x— ^ = 8 

* + 2^ = 5 

2 Tell whether tl« foWovwsng sets of equations are consistent 
or inconsistent If «»isistent tell svhelher they are dependent 
or independent 

a*d-2ji = 3 b r-2^ = 3 c r + 2^ = 3 

r-f2/=-J2 e-f2^=t2 
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Solve 

3 v + 2;' = 5 
2a: — 5^as--8 

4 2 a: — Sj: s=s 16 

3a: + 2^ = U 

5 5 jc- 3^ = 21 

* + 2^ = -l 

6 X -3 j’=^0 

5* — 14 


’+T = '^ 




4 4 


8 x+^~z^-7 
3x~2y + i =21 
2* + 3>-5«=-32 


Part ft Verbat ProUemt 

Last month the Greenville Civic League sent 4000 pieces 
yot mail to people m the community If some pieces required 
Ui postage and the remainder postage how many of each 
'kind were sent if the total postage bill was $95^ 

J 2 Mr Johnssaves 50 centpiecesandMrs Johnssavcsquar 
ters During May Mrs Johns saved 5 more coins than Mr 
Johns If together they saved $23 75 how many of each kind 
of com was saved’ 


3 Thesumofthedigitsofatwodigitnumberts 13 Ifdg 
Its arc reversed the resulting number is 45 less than the eng 
inal number What was the original number’ 

4 The Clayton Alumni Association annually awards a 
$125 scholarship to an outstanding senior If the money for 
the award is the interest obtained from a $4000 investment 
which is divided between a savings certificate paying 3% m 
tercst and a bond paying 3 interest how much is invested 
at each rate’ 

5 A man has twice as many dimes as he has pennies and 
he has 3 fewer nickels than dimes If he has S2 64 m all how 
many coins of each kind docs he have’ 


6 A man has $800 more invested at 4% than he has in 
vested at 3*^0 If his annual income from the two investments 
15 $130 how much money does he have invested at each^ 
rate of interest’ 


h 
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2{Ajy-x} = 


Pot! I HvmtfKoi Cqua<t«nt 


2 ax + b)’ = 2ab 

it — ay — (** + i* 


^x-y-2 x + 2y 


‘3t-f57 + 4 Zx~y 


5 3 + 2-1 

^ >)'24 


6 J. 

■J“^2 


7 Solve graphically 

^x 

ix 


4 3x + 4y + 2z=‘i 
5x~2y-nz = ^ 
4*+3j’ — 3c=»6 


6 ~+:^«15 
2^ 3>- 

1 1 « 2Qv 


. $7 » - 24 


Porf W Verbal Problems 

1 One alloy of copper and silver « 25% silver and another 
IS 374 % Sliver How much of each alloy should be taken to 
obtain 200 pounds of an alloy that is 30% silver^ 

2 A lever balances when weights of 120 pounds and 160 
pounds are at the ends of the lever If 40 pounds are added to 
the heavier wei^l» the fulcnim must be moved I foot closer 
to It in order to balance the lever How long is the Icver^ 

3 The sum of the digits of a three-digit number is 9 The 

units digit IS twice the sum of the other two digits When the 
order of the digits is ecvccsed, the number is increawdjby 495 
Find the number I /'"o 


4 A man invests $5000, part at 5% and the remainder at 
4% If the annual income from both investments is $235, 
what IS the amount invested at each rate* 
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^ 5 ' 

5 Albert and Bob ran a race of 440 yards In the first trial 
Albert gave Bob a start of 65 yards and w(m by 20 seconds 
In the second trial Albert gave Bob a start 4f 34 seconds and 
Bob won by 8 yards Find the rates of Albert and Bob m 
yards per second 

6 Mr Greene s^d 4 pounds of roast and 3 pounds of 

steak for $5 56 pustomcr To another customer he sold 

3 pounds of roa^'^fm 4 pounds of steak and the bill was 
S5 43 How much did he chaise for each Lind of meat’ 



/V\ATH£MATICS IN CHEMISTRY 


If you are ptannuig o vocotion m the field of cfiemiitry, yov should 
take all the ehcrniitry courses given in your h gh school, since no orie con 
learn too much about the swb|ect for the usual one*year course in 
h gVschool chemislry only one yeor of otgebro is needed The mass 
reau rement is Ihol you be obte So solve proportions ond Muotionv 




■n college 
Chemislry 11 »o ^ ' 

Algebro dj y»°”’ , 

Phy,« n y«°'' 


Sol d geometry IJ year) 

Fore gn longvoge |2 to 4 year?) 
Soc ol *hid e» (2 yeor*) 

Shop 

MecharHcoi draw ng 



Ratio, 

Proportion, 
and Variation 

In Hhs c/iopfer you sfvdy k 
mahondttps expreKed as quoUents f 
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RqtlQl*! 

The ratio of one quantity to another hkc quantity is the indicated 
numerical value of the first quantity di\ided by the numerical value 
of the second Thus the ratio of 7 feet to 10 feet is and the ratio 
of 8 dozen to 2 dozen is j The ratio of 7 inches to 2 feet is sV since 
the measures must be of the same unit One cannot find the ratio 
of two unlike quantities, such as the ratio of 6 dollars to 8 bushels 

Besides the fraction bar, the colon and the division sign can be 
used to denote ratio Thus 5, 2 3, and 2-^3 express the ratio of 2 to 
3 The ratio § can be read "the ratio of 2 to 3 ” 


[*} 

Express the ratio of the flnt quantity to the second, and re* 
duce each ratio to lowest terms 

1 7 and 28 6 3 t and 15 x 

2 16 and 32 7 a* — 2 a — 8 and o + 2 

3. 4 feet and 12 feet 8 t’ + 2 r and - 4 

4 2 yards and 1 foot 9 a* — and x — a 

5 10 minutes and 3 hours 10 l-bxandl+Ar* 

11 Find the ratio of one angle of an equiangular triangle 
to 180® 

12 Find the ratio ot 20' to I® 

13 Find the ratio of an exterior angle of a triangle to the 
sum of the two nonadjacent interior angles 

14 3Vhat symbol is used to denote the ratio of the circum* 
ference of a circle to the diameter^ 

15 One number is 2 x and another is 5 x What is the ra« 
tio of the two numbers’ 

16 The ratio of two numbers is 3 4 If 3 r represents the 
smaller number how can you represent the larger’ 

17. How docs the ratio ^ change when x is increased’ 

4 

18. How does the ratio change* when x is decreased’ 

4 X 

19 How docs the fraction * change when * is increased’ 
Hint Change the fraction to a mixnl number 




AIGEBKA, BOOK TWO 


!S^S I The sum of two numben is 126 Tind (he numben if 
their ratio IS 2 5 (Let 2 the smaller number Then the 
larger is 5 t ) 

2 Separate $450 into two parts so that the parts will have 
the ratio 4 5 

3 One of tvvo boys can do J as much work as the other 
On the basis of their abilities to do the work how should they 
divide S50 7S which they receive for weeding a field of onions’ 

4 A certain power plow can break up as much ground as 
three horse-drawn plows Mr Davis uses a power plow and 
Nfr Frank supphes two horse-drawn plows in plowing a field 

I How should these two men dwde S80 received for plowing 
a field’ 

5 The ratio of the width and length of a rectangular field u 
S 6 Find the dimensions of the field it its pcnmeler is 220 
rods 

6 The sides of a mangle have die ratio 2 3 4 Find the 

sides if the perimeter is 108 inches (Let 2 a 3 a, and 4 a rep* 
resent the lengths of the sides ) 

7 The ratio of the sides of a tnangle IS 3 4 5 Find the 
lengths of the sides if the perimeter of the tnangle is ] 38 inches 
A C B 

8 The line segnient AD is 10 inches long The ratio of AC 
J to dB IS 0 618 Find dC and CB 

Proportion 

A proportion is an equaUon whose two members are ratios Thus, 
a 4 *-f 1 3 . 1 -f 2 

2 " 7 ’ '2 f'+T**3 *** proportions The equapon 

» a + i IS not a proporuon, but U can be changed into the 

x+l 4 t-I-1 
proportion — ^ — 

Since a proportion such was formerly written in the 

form a 6 c d ar a J, the terms a and d arc called the 
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ext reme and the terms b and c are called the means, also a is the Jirst 
term b is the second term c is the lAirrf term and d is the fourth term of 
the proportion 


Since d is the fourth term in the proportion ^ ^ it is called the 

fourth proportional to a 4 and c 

When a number is used for both the second and third terms of a 
proportion it is called the mean proportional between the first and 
fourth terms Thus in the proportion ^ ~ the mean proper 

tional between 4 and 16 

If b IS the mean proportional between a and e then c is called the 
third proportional to a and b Thus in the proportion ^ ^ ^ c is the 
third proportional to a and b 

The following theorem offers a quick method of clearing some 
proportions of fractions 

The«r«m In ony proper* on the product of the mean* it equol to the^ 

of the extremet 




Given f “ T 
0 a 

To prove ad »= be 




I 

1 Given 

b d 

2 If equals are multiplied by equals the products 

^ 1 W “ 1 w 

are equal 

3 ad=:bc 

3 A quantity can be substituted for its equal 


1 Form a proportion using the ratios ^ and 

2 Which of the following arc proportions^ 

a i = t o ~ = — e ^ S = 8 7 

b | = d | = f 5 8 15 24 

3 Clear the equations of fractions fay the use of the theorem 
above and solve 



EXERCISES 
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d 2 _ f - 1 
2 “• 1 

4 Find the fourth proportional to 

a 2, 3, and 9 j i i . t 

h TO ^ ** 4. i and i 

10, 4, and - 5 ^ , 

, 1 , *4,-6 and + 6 

c 4. 4, and 36 r ^ . 

< a, and b 

3 Find Ihc mnan proportional bntvtcn 

a I and 4 j , „ 

, . da and 9 a 

3 ™d 25 . o , 

. e 27 and 3 

« t and 1 f 1 j 1 

f 4 and 4 

6 Find thn ,h,rd proportional to 3 and 6 

of the' rear »l' 0' w'U 7 pound"' 
Him Thr eon u pn>ponK,„,| _ iJO. 

of Lne^ton* "* “ ”• '•'•O' «i pound, 

3 If 140 feet orinj, re„c,„g„„ 5,33 

hogs weighing 4124 

findlhct“t;SS™alT“"'r““°‘“'^^^ ^ 4 

'■"“3i'iino.thatofftoliS”;r^'"'’“"'"‘”- * 

lemonade will be need'rf'to'I^J,^7?i)^,^°7’ 

7 A serve i^y boys twice^ 

7 A man received $51 75 fn_ ae 1. 
taie what will be reee.ve for 4. ^ “a,™'" " "™ 

of 24 ba„“"°''“''>'-‘"»<3oontAwh.ti. .be telling price 
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Geometry Problem*’*! 

You should recall the following facta which >ou leirned in plane 
geometry 

I The corresponding sides of similar ('^) polygons are proper 

tional that is in the triangles below — = — — ^ 
m n p 



2 The areas of two similar polygons are proportional to the 
squares of their corresponding sides In the diagrams below 

X £i_ii ^ £. 


3 The tangent to a circle from an 
external point is the mean proportional 
between the whole secant and its ex 
Icrna! segment In the figure 

orl> = « 

/ S 




1*1 

1 The dimensions of one rectangle xre 60 inches and 96 
inches Find the longest side of a similar rectangle if its short 
csl side IS 10 inches 

2 The lengtlu of the S‘d« of a triangle arc 15 inches 18 
inches and 24 inches Find the length the longest side of a 
simihr triangle whose shortest »de is 10 inches 

3 If n tree ‘>2 feel high exsu i shadow 54 feel long how 
long a shadow will a telephone pole cast at tlie same time the 
pole being 24 feet high* 
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In ihe dnurim at thr riijhi Of U OC 
ps {•c'>Tnctr) 

A - A Altl 

A « /<n«B WJ-10 .mi iB»6 
find It 

5 I ind Af when ft - 24 AO - 24 

ixvi no •= 16 

6 Find Of- >»hcn flC *■ 18 inchr* 

AD’" 10 jnchr< •»nd AD"* IS «nc}>rc E**.4^ 

7 rmd firvhcft OB*» Ifl to. and di>i“20 

8 Find jlif area of A AM when the area of A ABC i* 
90 jqutre inchet. At) • 10 incher, and BD 

m 4 inches 

9 Find ftD m the dnjjTam at the n^ht 
when AD « 10 and DC « 4 

10 Find Z)C when 1/? 8 and //C ■> 4 

1 1 The area of a pol>-gon » 176 square 
inches Find the area of a similtr pol>-gon 
if one of us sides it ) as long at the eorre* 
spending side of the first polv-gon 

12 ABC at the right »s a right 
mangle having CDi IT) the h> 
potenuse It Is proved in geometry 

that 7 •* - 
t X 

a Find x if a » 4 and B » 12 
b Find a when a sa } and B = 9 
« Find s if a *s 2 5 and 6 » 1 5 
Direct Varlotlon 




If two numbers change so that one number alwa>s equals a con* 
slant limes the other, either number is said to vary directly as the 
other If i: and r IS a constant then x vanes directly as^ ^nd 

y vanes directly as * Siskc * «= ^ and ^ « r are equiv aknt cquauons 
we can define direct variation as follows 

It two oumherv vo tScI the r lelio n comlont the nwnben very iT r*ct!y 


Direct variation is expressed by a linear 
equation, whose graph is a straight Ime 
Both the equation = 3 * and its graph show 
thatji increases when x increases and that^ 
increases 3 times as fast as x Notice that the 
slope of the graph is 3 In general, iiy *= kx, 
y increases k times as fast as r 



If one variable In a direct vanohon mcreoiei, the other vonoble increaiet 


Inverse VarlortfonCM 

If two numbers change so that their product is constant, they yary 
inversely Thus if ; 9 - «= < when c is a constant, x and> vary inversely 
thenx«>> and^»- Then we can define invep? .vana« 
tion as follows ^ 

If two numbers change so that one eqvols a eonstont dmefed by the other, 
the numbers vary inversely 


Let us graph xj> = 20, which states that x and > vary invenely 



Since X and j> m the equauon xjr = 20 are of the first degree, the 
expression xy is of the second degree in ^ 

X and ) As you know, an equation j j r i | | | i i i i T~ 

that is not of the first degree usu^ly w 

has a curved-Une graph ~ ^ 

The graph of xy«20 is a curse ^ZZZ 

i^ mlateral hyperboja_ It 

has two distinct branches Only the < I JI _ I _ II I 
branch m the first quadrant is shosvn _ -|I _ _ 

Either the graph or the equation shows ^ Z:tzZZZ TTiT 
that one variable decreases when the p UJ . i . j I j l. rnT l« 
other increases 


Jf on« woriobla I" oi >"»*'*• vonotion IncrMiei, th* other variable decreotei. 
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Joint Variation 

The formula T = — Iclh how to find the centrifugal force, F, 

rorm^’:-”™’^™!'',: r' "tt 

locity, e F vane, jo.„4 a. jy iZ^'’ ’ 

fo™„;a',/™t l-vl™ '■ ». and m the 

- ;s:e:'„s:?hrr" " — 


a and “ra"."”' * ■" j, day. How do 

I. .he rate a™“ M7orTvallabl'e>'’ h'' T 5 “ *" 

rate vary’ the principal and 

- w';“S“^«£^™e„o,„„y..„„d 

e,™!;r ■» >ha following f„rm„,a. and 

?fU=6» llr,-12 w 

15 .Z = 4 

12 X 

R ^ 16.^=^ 


7^6 

8. xy = 20 

9 4yz=x 


13 P^3r 


ir. <ii = 4 

18 ^=i 0 


196 



RATIO, PROPORTION, AND VARIATION 


Write each of the following statements m algebraic language, 
using /: as a constant 

19. The circumference of a circle vanes directly as the diam 
cter 

20. The Volume of an enclosed gas at constant temperature 
vanes inversely as the pressure 

21 The distance an object will fall varies directly as the 
square of the time (Let s ~ the number of feet in the distance 
and ( =3 the number of seconds the object falls ) 

22 The volume of a sphcie vanes as the cube of its diameter 

23 The surface of a cube vanes direcdy as the square of one 
of Its edges What is the value of * m this foimula^ 

Example 1 y vanes directly as x, and^ * 80 when x = 16 
Find X when>»s 100 
Solution 1 > Naries directly as x 
Then y^kx k being a constant 

Then 80 = i t6and*»5 

Then ^ = 5 x 

^Vhen > = 100, 100*= 5 x and x** 20 

Solution 2 Smee/ vanes direcdy as r 
il-S 




_ 


100 


Substituting 
SoU mg Xi ~ 20 

Example 2 If x vanes inversely asj»andx = 8 whenj- = 2, 


find X when> = 

Solution I xy=^k 

Then 8 2~k and A =* 16 

When^— “1,* 4 = 16,andx«=4 
Solution 2 Smre x and_y vary inversely, 

xj 7i 

Notice the arrangement of the subsenpts in the proportion 


n 
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4 }^: vanes directly asj and at = 153 when > = 9 Find* 
wh«_)r=13 

® 'anes directly as P and 5 =198 when /> = 22 Find 
5v^en P= 182 

^ Find AT when> = 32 given that at vanes inversely as v and 
tha^ = 132when> = 4 

0 A vanes inversely asj and a = 20 when y = 30 Fmdy 
when A = 25 

Q Two qnaM.nts vary mvmdy Whon Ihc value of one 
quantmea is 18 ihe value of the other one is 2 J Hnd 
the value of the second quantity when the value of the first one 

the Lt^r^ee ' 

a If MS a constant how do rf and / vary’ 
h Iff IS a constant how do rf and r vary’ 
c If IS a constant how do r and / vary’ 

Write Ifo'rn 'h' ■‘'1“'’" 

Write a formula expressing this fact 

light van«*”*^*'*"T from a point source of 

are intensitteT “Praang this telation if /, and /, 

ntensit.es of ill„i„.i,a,ion at dutanees ft. and ft. respec 

9 Eapre.s^ = !la.avaru.„o„ 

<0 E-Pccssp-i as. proportion 

lointlv attraction between two bodies varies 

lqu« 5 t Tf ” °'u"” •'™ “■* ‘Pvetsely as die 

rariatioo „,i„g" Ta'^SZT “ 
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RATIO, PROPORTION, AND VARIATION 


To be sure that you understand and can use the ideas 
presented m Chapter 1 , check to sec that you 

1 Know the meaning of the word laUo and can express a 
ratio m several ways (p 189) 

2. Know the meaning of the word proportton, can svrite a 
proportion in two ways, and can identify die extremes, the 
means, and the first, second, third, and fourth terms of a 
proportion (pp 190-191) 

3 Know that in a proportion the product of the extremes 
equals the product of the means (p 191) 

4. Can solve problems involving proportion (p 192) 
This includes ability to find the mean proportional between 
two numbers, the third proportional to two numbers, and 
the fourth proportional to three numbers 

5 Understand the meaning of direct variation (p 194' 
can express it algebraically in two ways, and recognize that 
direct variation produces a straight'lme graph 

6. Understand the meaning of inverse variation (p 195), 
can express it algebraically in two ways (p 1 97), and recognize 
that an inverse variation produces a curved line graph (p 1 95) 

7. Understand jOint variation and can express it alge- 
braically (p 196) 

8 Can solve problems involving direct, inverse and joint 
variation (pp 196-198) 

1*1 

1. Define ratio, proportion, means of a proportion, 
extremes of a proportion 

2 The rate of an automobile covering a distance of 100 
miles vanes inversely as the time Express the fact by a for- 
mula 

3. Find the ratio of 

a. lO to 35 c 4 feet to 3 yards 

b 45 to 30 d. 80 rods to a mile 

4. Find the mean proportional between 4 and 

5. Find the fourth proportional to tO, 15, and 20 
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] 




6 If 8 poundsof mcaican be bought far S6 32,howman> 
pounds can tiC bought for S3 95^ 

7 The sides erf one mangle arc 18 inches. 20 inches, and 
21 inches lind the shortest side of a similar mangle if ils 
longest side is 30 inches 

8 If the area of the smaller triangle in Exercise 7 is 176 2 
square inches what is the area of the larger’ 

9 flow do A and ) vary in iheetjuanon ^ 

10 p vanes directly as 7 When 9 «= 3t 2, /* = 20 8 Find 
p when 5 — 153 

1 1 Change the variation T « - into a proportion 



12 Graph the equation » 10 

13 1[> vanes inversely as x and^ e 50 when x = 10, what 
IS the value of y when x = 20’ 

14 Find ihc third proportional to 3 and 9 

[TMIAI 

1 Two quantities vary inversely Jf the value of the first 
IS 15 when the value of the second is 18, find the value of the 
second quantity when the value of the first is 10 

2 Find the fourth proportional 10 7, 3 5, and 6 

3 Find the mean proportional between 5 and 45 

4 Divide 360 into 3 parts which shall have the ratio 
2 3 5 

5 The means of a proportion arc 8 and 18 If one of the 
extremes is 2, what is the other’ 

6 The number of feet a body falls vanes directly as the 
square of the number of seconds during which it falls If a 
body falls 16 I feel during the first second, how far will it fail 
Id 4 seconds’ 


7 Write tn algebraic language At a given temperature 
the electrical resistance A of a piece of copper wire varies di 
rcctly as its length L and inversely as the square of its diameter 
D Use A as a cemstant detenmned by the matenal and the 
temperature 
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IT«l81 

l.The number of revolunom of two pullers is m\eree!y 
proportional to their diameters If a 24-inch pulle> mal^ing^ 
400 re\o!uuons per mmuie is belted to an 8 inch pulley find 
the number of revolutions p>er mmute of the smaller pulles 

2 ) 5 J 7 j 9 Tell whether the vanaiion shown 

J j 5 I 21 1^7 table is direct or inverse 

Uritc the equation evpressmg the 
relationship 

5 The fcnglhs of a pair of corresponding sides of two simi 
Ur mangles are 6 inches and 9 inches respeciivel> If the area 
of the smaller triangle is 12 square inches what is the area of 
the larger’ 

4 The formula for the volume of a sphere is I <=» Jirr’ 
How IS f' affected when r n increased by one hall of iiselP 

5. The formula tells how to find the encrety, E 

svhen the mass, m, and the velocity, t arc known ff m repre 
sents the weight of a ball bat and r the velocity of ihc ball 
struck by the bat, which sends the ball farther to use a bat 
twice as heavy or to double m vclocitv* 

6. If « varies jointly as \ and y and imcrsplv as the square 
of and if u = 280 when 30, = 12. and j « 3 find ti 





Exponents, 

Radicals, 

and Imaginaries 


In this chapter you will learn 
more obovi exponsnb ond radicols 
and find a new kind of number 



EXPONENTS RADICALS AND IMAGINAE/ES 


Laws of Exponents 1*1 

So far m our work we have only positive integral exponents 
In many applications of maihcmalics it is necessary to use fractional 
negative and zero exponents 

We shall define these exponents so that they will conform to the 
laws for positive integral exponents For easy reference the laws for 
positive mtegral exponents arc stated here 

t Law of Muhlpliecifion 

»*• X^s^X**** 

PROOF x” X X V tom factors 

and X* as X X X X ton factors 

*" *"aijf X X * » to (m + a) factors 
Examples x^ x> = x* (a +>)*{* d-J-) = (a +J')* 

7 law of OivUten 

X--S.X-SSX''-* Lm>n) 

PROOF X** = X * X X to m factors 

and X* *■ X X X X to n factors 

»• X a X X toffifaciors 
X* XXX to n factors 
=3! X X X to (m — n) facton 
as X* • 

Example* ° 

3 low of Powor of a Powor 

{«-)• « *-• 

PROOF (x")"«x“ x“ x" ton factors 


Fj.raplc* («*)’-«* (3.>)--2-a>- 

4 low of f owor* of Prodveft 

{ry)*«.aV 

PROOF 

(t»)* — XT *F ^ V “ facton 

m X X X X to X factors y ji J y ton factors 
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5 law of Powers of Quotients 


©■ 




'yyy~y •o.racior, 

— •**** to a facton 
y y 7 y to ff factors 


Perform the indicated operations 

^ «’ 10 (2)* 

II (-2)' 

12. - 2* 

W (-2>* 


3 (o'*)* 

4 + 

5 3^* 4 

6 «- a» 

7. (!)> 

8 ii£^ 


14 ^ 

W (m*)’(3m)» 


19. 

20 

21. (2x*)- 

22. (fl’-i*)- 

23. 

24. (3 a*")* 

25. 24^^ 


(2r)* 

Roots end Radicalsi"! 

You are fam.l.ar wuh ihe meanm. rf 3. ^ 

root of 9 Boih 1 ara^ a . <» '^ •* » I .>> , and the square 

aud (- 3)(“ 3) L 5^ r "" "" ™o= (3)(3) - 9 

equaffacLSi^ffiS^-f • "™ber one of .he .„o 
one of the lhr« rquarfac™ '“fc 

«* 3 because 3 x 3 X 3 = 27^ Th . 27 

complex numbers wt..,-t. , u » '‘oots of 27 are 

cube root of - 27’,, - 3 beeLtVT(- W- 3) ‘27’’ Th 

ts, three cube roots, and n nth roots 
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EXPONENTS, RADICALS, AND IMAOINARIES 


A radical is aryifidicated root of a number Thus, V4, V9, V^, 
V— "s, and Va arc radicak The numbers 4, 9, 8, — 8, and a in the 
preceding sentence are ^led radicands The symbol sj is called the 
radical sign As in the^amplfa above, it is usually combined with 
the bar and written in the form "yn The tnde< . or order of the radical 
is the small figure or letter written abose the radical sign to indicate 
which root IS to be taken Thus means the square root of 25, "V^ 
means the cube root of 8, and means the nth root of a 

When the square root of a number is to be taken, the mdex 2 is 
usually onutted For example, "vA means the square root of 4 Since 
there are two square roots of 4, you may ask “Which of the two 
square roots of 4 is meant by the expression VJ’” Mathematicians 
have agreed that V4 shall mean + 2 They call + 2 the principal 
square root of 4 We indicate the negative square root of 4, which is 
“ 2, by plating the minus sign before the radical, thus — V4 Like- 
wise means + 3 and — V9 means — 3 We indicate both square 
roots of a number by placing the + and — signs before the radical 
Thus±V9=±3 

The principal cube root of 8 is + 2 and it is indicated b y Vs The 
principal cube root of - 8 is -• 2 and it is indicated by 

In general, we use the symbol 'v'a to indicate the principal nth 
root of a wh-n a has a real nth root You should remember that a 
Radical which has either a plus sign or no sign before it indicates the 
principal root 

The following statements, m which n is an integer, refer to prin- 
cipal roots 

(1) IS positive when a is positive 

(2) 'v'a is negative when a is negative and n is odd 

(3) "V^ IS imaginary when a is negative and n is even {An imagi- 

nary number is an even root of a negative number You will study 
these a little later 'I In fhis case, we do not speak of Va as ‘being a 
principal root ^ 

We often have need to simplify radicals of the form V? When n 
is odd "V^ =» fo*" positive and negative values of a 

Examples If « “ 3, and a « 2, + 2 = a 

irn«3,anda = -2,'V^=:V^*-2«a < 
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When n « cscn, v.e cannot tcH whether Vo" equals + a or — a un- 
tvl v,e know the sjgn of a It can be shown that 

( 1 ) v'? =s + « when a u even and a is positive 

(2) a — a when n is eten and a is negative 


Examples If n » 2anda = + 3, = + 3 = a 

H n *= 2 and a = - 3, «\/9 = + 3 = -fl 

NoTx To avoid this double meaning of the principal value and to exclude 
imaginary numbers, we shall assume (unless stated otherwise) the following 
If the index of a radical « an even integer, all ihe letters in the radicand 
except exponents wiU denote positive numbers and the radicand will be pos- 
itive Wth this agreement, V? «= -h e for all cases in this book 

Examples V? = a 8 e* = — 2 e 

> /r?^ 2x 

\^25^* « 4 a <^+32?* » 2 x» 



Find the indicated roots 


1 VT 

6 -V? 

11. ’^•^64 

2. V9 

7 -V64 

J2.-'JT25 

3. V25 

8 V? 

l3.^y'647» 

•4 Va? 

9 v5* 

14 ^- 27y 

5. VH 

10. V49 X* 

15. 


W 



Evaluation of Radicals’^ 

In computations we need to evaluate radicals of the second order 
much more frequently than radicals of a higher order AH roots of 
numbers may be found by Ic^anthms, which will be explained in the 
next chapter It is usually quicker to find the square root of a num- 
ber cither by the anthmetic method or by using a table of square 
roots We know that the square roots of most numbers are only ap- 
proximate values Thus VS = 1 4, or 1 41, or 1 414, or 1 4142, de- 
pending on the degree of accuracy we wish to use 

\ou are familiar with the anthmetic method of finding square root 
from previous courses in mathematics We shall give two examples 
to assist you m recalling the process 
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Example 1 Evaluate V106929 

Solution 1 Divide the radicand into groups trf two digits each 
starting at the decimal point 

2 Determine the largest perfect square less 

than 10 The largest perfect square is 9 
or 3® »= 9 Place the 3 above 10 as the 
first digit m the root subtract 9 from 10 
and bring down the next group 

3 Obtain a trial divisor by multiplying 3 the 

root already found by 2 and write the 6 
to the left of 169 

4 6 Will divide into 16 two times Place 2 

after 6 and above the group 69 

5 Multiply 62 by 2 and subtract the product 124 from l69 

Bring down the next group 

6 As in step 3 obtain a trial divisor by multiplying 32 the root 

already found by 2 and write the 64 to the left of 4529 

7 As in step 4 64 will divide into 452 seven tunes Place 7 after 

64 and above the group 29 

8 Multiply 647 by 7 and subtra ct the p roduct 4529 from 4529 

The rernamder u zero so V7o6929*327 

Example 2 Evaluate V4026 to the 
nearest tenth 

Solution The computation is shown at 
the right Vou should follow the soJu 
tion through referring to Example t 
if there is *ny part you do not recall 
Notice that the square root is found 
to two decimal places so that the rc 
suit can be given to the nearest tenth 
The positne square root of 40'>6 to the 
nearest tenth is 63 5 

Find the positive square root of 

1 45369 3 10816 5 27225 7 75625 

2 5184 4 1156 6 43264 8 219961 

Find the positive square root to the netrejt tenth 

9 505 n 10 43 13 4307 15 1 4 

10 6S3 12 62 4 M 2246 16 7 3 
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Froctlonol Exponents’*' 

If V.C apply the first law of exponents to a^, we have 

a^ a* a* =:a^**** »a^«a* But a* is one of the three equal fac- 
tors of o'*, hence a* has the same meaning as V?, the principal cube 
root of a* Therefore, if we wish the law of exponenu to hold for frac- 
tional exponents, we must define a^ as equal to or, m general, 

a* = \/^ 


the principal nth root of a" 



ot a Ireetional exponent denotei the power of the boie- 
or of o fractional exponent denotes the root of the bate. 


Example 1. ft* » « >3^ » 4 
Examples 12$' » (v'm)* •= -* 3125 


2 . 


Express as radicals 
I. c\ a^ a*, J 
I J J ,1 


W 

3. (« (< -J')'. (« -3')' 

4. 2 a*. 3 a*, 5 a*, 7 a* 


Jlxpress without radical signs 
^.V^, V^, 3VS, 5V^ 

6.Vr+7, vCf^, ■v'(x+^)*, 3V(x+>) 


Evaluate 


7.25* 

11. 125* 

B. 4* 

12. (*)* 

9. 27* 

13. (16)* 

10. 81* 

14. (^)* 

Multiply 


23. a* . D* 

25.6 6* 

24.4* 4* 

26. f* e* 


15- (H)* 

19. (D* 

16. 9* 

20. (0 027)* 

17. 144* 

21. (0 125)* 

18. 32* 

22. (1 21)* 

27. «* ■ fl* 

a9.tt-a*.a 

28.y y 

30. n* • n* • r 



EXPONENTS RADICALS AND IMAGINARIES 



33 

35 

ijl 

J* 

37 

xOS 

X®2S 

J 

"'3 

J 

34 i 

y 

36 

3 m* 
m* 

38 

a2 TIS 

a 

Raise to the indicated powers 

39 (Jy <1 (2’)’ 43 

(-*)* 

45 




44 

(f 

46 

©■ 


Zero and Negative Exponenti P 


In order that the law of exponents x” t" may hold for a 

aero exponent it is necessary to define a® so that s® r" as b x" 
Since 1 r* = Jt" we define x® I if x 0 

The sere power of ony number except 0 

We do not define 0®, as u has no meaning 



^ , a® 1 1 

Ei.mpl. 3:? = 3-i 3 

If the law of exponents is to hold for negative exponents we must 
have *" * " « X® ** 1 

D,~ * 

Hence we define x " as where x 0 
In like manner if x " = I 


Any foctor of e ther lenn of a froct on 
may be tronjferred to the other term 
prov ded Hie egn of its exponent is changed 


In using this rule we must be careful to distinguish factors from 
terms 
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Express with positive exponents 


State the value of 

16 30 

17 50 2 

18 5<j0 

19 (5<2)« 


W ■9--'+x ly 15 3(a + i)~2 


29 70 49 i 

30 3-» 27J 


38 5 

39 (20) -4 

40 (~4)-* 

41 (SO)" (25)"* 


j ‘ 4 

^ 34 3 10-* 

” 35 (^yi • 4 

F.nd U. ___ e,c4a»plc 


51 (04)* 

52 

53 (10*)^ 


56 10* -4-10 

57 (01)* 

58 64"* 

59 25-4-5* 
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S2 

63 x~* X x^y 


EXPOHENTS, RADICALS, AND IMAGINARIES 
64 68 r 

63 (m-’)® 69 (-125 a®)* 

66 (x»)* 70 (-64;i«)* 

67 10-*X10‘ 71 10,000 x 10 * ^// / 


Find the following special produce 

72«(a-I+o->) 76 U 

73 sKd=+si-6) 77 (% 


75. ^*(2 _ 3 + 5 » 


76 U* + b^Y 

77 

78 y + s'Xo* - 4*) 

79 y + 3X,* - 5) 


80 y +yx»'-*y +4) 

81 (o-i-2)(2«-»-5<.->+7) 

82 (m-i-n-i)(m-> + m''n-' + ii-’) 

Divide 

83. (* — AT* + i:*) by ** 86 (m — n) by {rrfi + n*) 

84 (y —y+y~^) by 87 (a + 3) by (a* + ^*) 
85. + + l) by <•”* 88 {* + 1) by (a* + l) 

89 (** -x/ + x^y -^*) by {* +>) 

90 (f®'+2 + c-*')by(^*+#-’) 


92 jr + 2*y+^ 

93 16 -a~® 


94 + 

95.6-*-'-x-» 

96 6j>"* + 13^“* + 5 


Standard or Scientific Notation of NumboriW / 

In science and engintenng very large or very stn^|j numbers like 
93,000,000 and 0 0000000666 are wnttcn as the pr^uct of one num- 
ber having one digit to the left of the decimal poin/j'^nd another num- 
ber which IS a power of 10 Thus / 

93,000,000 = 9 10®, I 

0 0000000666 = 6 66 X loVs 


111 



AIGEBRA, BOOK 1WO 

The numbers 9 3 X 10^ and 6 66 X 10"* are said to be written in 
scientific or standard notation Why do you think scientists use stand- 
ard notation in their work’ 

Since multiplying a number by 10 moves the decimal point one 
place to the right and dividing a number by 10 moves the decimal 
point one place to the left the exponent of 10 can be written by in- 
spection 


Example 1 0 00000340 = 3 40 X 10'« 
Example 2 0 005305 = 5 305 X 10 * 
Example 3 5,240 000 = 5 24 X 10* 

Example 4 932 « 9 32 X 100 « 9 32 X 10* 
Example 5 0 063 « 6 3 X xirjs « 6 3 X 10 * 
Example 6 3 86 = 3 86 X 1 « 3 86 X 10" 



Express m standard notation 

1 37 000 000 000,000 5 0 0000014 

2 5,000000,000 6 0 00000000030 

3 707,000,000.000.000 7 0 00000283 

* 27,510,000 8 0 000000702 


MJ 


Write without exponents 

9 1 770 xt0» 11 32x10* 13 3 6 X 10 ’ 

10 1 25 X 10’ 12 7 2 X 10 14 1 663 X 10"** 


Express ii 

1 standard notation 


15 6000 

20 47 6 

25 933 4 

16 720 

21 876 

26 0 924 

Fi.05 

22 0 43 

27 0 042 

45 (ffiXlO 

23 0 070 

28 100 

46 VTo 

24 0 0083 

29 9500 


47. 9* gl earth is about 93,000,000 miles from the sun Ex- 
tance in Standard notation 

48 

49 -• 4« average red corpuscle is 0 0008 cen- 

^ * tc the size of the corpuscle m standard notation 
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32 The radius of an electron is about (2 X 10"'®) centime- 
ters Express the radius as a decimal fraction without the use 
of an exponent 

33 The wave length of red light is (7 60 X lO"®) centi- 
meters Express this wave length as a decimal fraction without 
the use of an exponent 

34 In one summer a pair of house flics can become parents 

and ancestors of 1 91 X 10*’ flies Express this number as a 
decimal fraction without the use of an exponent L 

Rational Numbers 

As was said in Chapter 1, the first numbers used by man were in- 
tegers (whole numbers), which were used in counting objects Later, 
fractions were used to denote parts of objects 
Negative numbers were not used as such until the sixteenth cen- 
tury, although years before this time the Chinese had used red and 
black colors on computing rods to show opposite numbers Integers 
and fractions, both positive and negative, make up the rational num- 
ber system 

A rational numbe r is a number which can be expressed m the frac- 
tion form 7 ’ m which a is a positive or negative integer (including 
b 

2 cro) and 4 is a positive integer Thus, 4, i, 1\, — 2, 4 25, and 007 
are rational numbers Since a laUonal number can be expressed as a 
ratio, you can easily remember its meaning Can you explain why 
an integer such as 4 is a rational number’ 

-U I 

, , ) , ^ ^ 

- 3 - 2 - 10*234 

Anv rational number can be represented by a point on the rational 
number scale For each rational number there is a point on this scale 
Do you think the converse of this statement is true’ 

Need fpr Irrotion0l Number* W 

The early Greeks were aware of numbers which are not rational 
Let us see the need of such numbers If each side of a square is one 
inch long, we know by the Pythagorean theorem that the length x 
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of the diagonal is given by the equation “ 2 This 

means that the square of the diagonal equals 2 and that x equals the 
square root of 2 Since the diagonal has a def 
inite length the must be a definite number 
No doubt you have found its value to three 
decimal places to be 1 414 Yet 1 414 is not l 

the exact value of V2 U can be rfiown that 
V2 IS not a rational number For those stu- 
dents who arc interested the proof is given in 
the next section 

Proof that Vl Is Not a Rational Numberl‘1 
We shall now use the indirect method of proof to show that V2 
cannot be expressed as the quotient of two integers 
To proif is not a rational number 
PROOF 1 V 2 IS rational or It u not rational 

2 Since a rational number can be expressed as a fraction, suppose 

that V 2 T where 7 is reduced lo lowest terms 
0 0 

3 IfV2s.|-2«|J«anda^»2i» 

4 Since 2 ts a factor of 2 b*, it u a factor of a* 

5 If 2 IS a factor of a*, it is a factor of a 

6 If 2 IS a factor of o, it is twice a factor of o* 

7 If 2 IS twice a factor of o*, it is twice a factor of 2 6* 

8 If 2 IS twice a factor of 2 ft*, rt» a factor of ft* 

9 If 2 IS a factor of ft*, it » a factor of ft 

10 From (5) and (9), 2 is a factor of a and 6, and - is not m lowest 

ft 

terms, which is contrary to hypothesis 

11 From (I) and (10), Vz « not rational 

Irrational Numbers; Surds'*) 

The number V2 lies between all positive rational numbers whose 
squares are less than 2 andall positive rational numbers whose squares 
are greater than 2 The number V 2 is called an irrational number 
Although we have shown the existence of only one number that is 
not rational, there u an infinite number of such numbers 
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An irrational number la a rgal number that 15 not rational (We 
shall study numbers that are not real later in this chapter ) Other 
examples of irrational numbers are Vs VTs V? and ir 
An irrational number that »s the indicated root of a rational num 
ber IS called a surd A surd is an indicated root which can be found 
Only approximately like W and VSo 
A surd of the second order like V2 and VTs is a quadratic surd 
When all the rational and irrational numbers are plotted on the 
real number scale the following statement is true 
For each number there is a point on the scale and for each point 
on the scale there is a real number 


Properties of Radicals 

When working with radicals you should be governed by the follow 
mg properties which are expressed by formulas In these fonnulas 
a and 6 are real numbers and m and n are integers 


Properly I 

Example* 
Ptopefly II 
Propeity III 
Ptoporty IV 
Examples 
Property V 


(n/o) o (Definition of nth root) 

(VS)* = 3 (^* = 8 

w a (See pages 205 206 ) 

■v'? = <v^)* 

V36=*V4V9 216 = 

" ^ = , when 6 0 

\b 


Examples 


Property VI 


alzf 

'V25”'V2S 




Examples ^/Vl25 =^125 

Property vn 

Note When applying these formulas you should lememtier the note on 
page 206 
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SlmpUfylng Redleals ** 

Some radicals can be simplifiecj^by finding their indicated roots 
while others can be simplified bV thanpng them into other radicals 
Mathematicians agree that a raoical u in its simplest form when 

1 The rtdicand docs not contain a factor whose indicated root 
can be taken 

2 The radicand does not contain a fraction 

3 The index of the radical is the smallest possible integer 


Simplifying Raditals with Integral Radicandi 1*1 

When sitnphfying radicals v<w should ccmettibec to make the cadi 
cand the smallest possible whole number 


Example 1 \/20 = V4 Vs « 2V5 

Examples ^^4 x‘ ** 'V'T^ =» 2 x’V'Tx 

Example 3 sVtH = 5V36 VTx « 30v^ 

Rule for Simplifying RadiceU Having Integral Radieendt 
Factor the rad eond into two foctor* 
one of wh ch it the greoteit perfect power 
of the tome degree ot the rod col 
Take the Ind coled root of th t foctor 
wh ch then becomes o coefRc «nl of the reivll ng turd 
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Simplifying Radicals with Fractionol fiadUandsi*’ 

\Vc simplify a radical with a fractional radicand by changing it to 
a radical in its simplest form having an integral radicand 
Example 1. Simplify Vj 

Solution. Mulcipl) both terms of ^ by 2 lo make the denominator 
a perfect square 

Then = 

\8 \16 Vi6 4 


Example 2 


Simplify 


Solution 


M /Hi 


\/l2a 2>/3a 

3<i 3o 


Example 

Solution 


3 Simplify 
i Ij fa __ -^1 a 


3<i “ 3a 
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You can learn the method of simplifying radicals by lowering their 
orders very tioiekly if you will use pencil and paper when studying 
the following examples 


Example I Reduce to a lower order 
Solution v7» v'? » 2I » 2* » V2 

Example 2 Reduce V25 x* to a lower order 

Solution « \f5* « 5* X* = s' ~ ‘v'T?’ 

Example 5 Reduce >/m to a lower order 
Solution Vm = =» 2* = 2* = 

TVe may also thinV of as = ■^4’ 


Reduce the order of the ftdlowing radicals 

1 5 V^fl* 

2 -V^ 6 

3 \/9 7 

4 8 -v^^* 



Addition and Subtraction of Radicals’*' 

.As.in antcFcal eiintcsswins 

Two or mote radicals ate nmifor tf their indices and radicands arc 


EXPONENTS, RADICAlS, “AN^^AGIN^Er 

identical In all other cases the radicals arc dissimilar Thus V5 
and 5 V 3 are similar, since they liaw the same index, 2, and the sami^ 
radicand, 3 Also VT2 and >^8 arc similar, since their radicands^ 
can be made identical, thus «= 2\/3, and « 4V3 The radi^ 
cals >/i^ and V54 are dissimilar, since their radicands cannot be 
made Identical, VT2 =« 2V3, and y/lA *= 2'\/6, and 3 is not identi' 
cai with 6 

Example I. 2V ^ ^ SVf — 3 n/5 « 

Example? 5V^ - 2?^ = 2-V^ + 3\/d 

Example 3. + 3V^ - 

« 5\^ -h 9 V 3 - 8V^ « OVS 

Example 4 . V| + V|-VS 

= iV2 + iV2-4V2 = |V2 

Simplify by combining similar radicals ■*■■■ 

r''8V3 + 2V3-4N/3 8 \/i + Vl + Vi [j 


2 V20 + V4S-4VS (_ 9 ;V 9 - 2 n /9 + 2V| 
^Vl 2 +V 27 +V 48 to jVS-'^ + S'/j 
4. V4» - VJ + V25^ 11 ^ + ’W55-'J^ 

J'-^ + 'vT 2 S- 3 -M 6 12 Vl-Vj + V} 

7 jyV 8 -V^ + V^S _ / 

14 + 

15. V(, +^)’ + V4(» +35 - 3VJ+5 

16. 'V^a5> + 8 5* + ^2r«* + 27a*5 - yftfiTW L 

MuHIpllcatlon of Radical, of ftio Some OrdorW 

In itmluplyltig radical, of the ramo order, write thc-^uct of the 
radicals under a single radical sign Then simplify tenglh^g rad- 


W?!-/ 
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Example 1 V4 V8 = v'32=Vi6 VS = 4\^ 
Example 2 Vs = VlS 

Example 3 2V6 sVz = 6Vl2 « 6V4 VS = 6 2V3 


= 12\^ 

Example4 Vs^^VTzS^S 
Example 

@ ^^tate the producit^^^^ 

0 ) VS v'' 4 Vi vS 
' 2 V3 Vi 5 y/zl VST 

(3)V2 Vis 6 vs vs 


Vio-N^® VTox 


7 VST^ 

8 V^ VTx 

9 Vs 'v? 



Multiply as indicated 

9 VJViT 

10 VsVso 

11 (VS)* 

12 VtfV? 

13 Vj V? 

14 v«* VTi 

15 Vx^ V^ 

16 Vi V^ 

MulHpllcatl^ of Rodlsel* of Dlffei-ont Ordora^'l 

Above wc IcarnMyhow to multiply radicals oEjhe-^tne order 
Sometimes we need to muldplyTadicals-of-dtncrerxt orders To do 
this the radicals must first be changed to radicals of the same order 

Example 1 VS Vs = 3^ 5^ = 3* 5* = VS® Vs* 

= V27 V25=V675 


17 2V7 3V2I* 

18 ( 3 V 2 )* 

19 (- S-V^C- 5) 

20 3V9 VT 

21 -VT 

4 <1? 

23 VS V3 V6 

24 Vo Voi VT 
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Example 2. 'V'T? =s 3*a* 4*a* 


43 


1 . V2 

2 . -^ Vs 

3. Vfl 

4.2V? 

5 6Vi» 5V6 

6 Va V? 




7 Vx* Vjrv 

8 5V2 Via 

9 vr^ 

10 VTfc VTsi* 

11 aVi 

12 2V2 V 5 



13 Vs 2\ 

14 V? Vfl» 

15 V2x^» V4 v*^ 

16 flV^ Va o*i* 

17 Vi 3-^ 

18 sVi 2 Vi 


19. Va - a ■V(a - 6)» 

20 . (V 3 + N^VS - V2) 
21 (V2 + V5XV2 + Vs) 
22 .(V 7 + l)(V 7 -l) 


23 (2-V^2 + V4) 

24 (3V6+1X2V6-1) 

25 (V2 4 V3)* 

26 (^^2+>sr^ 

2 >-(i(iZl 4 -V»^' 2 XV<t - 2 - n/» + 2 ) 

28 (Vrn - 3 iX'^l + 1 + 3 () 

29 (VJ + - Vt - jr) 

30 (Vfl + 3 + V(i - ^X"^" + 3 - V« - i) 


Division of Radlealsl*l 

When radicals arc of the same order. th«r quotient is the radical 
which is of the same order and whose radicand is the quotient of the 
radicands Thus 

V3 
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IH 

1 n ihe following exercises simplify by dividing the radicand 
of the numexator by that of the denominator 



(0i 




- V45 

)0^ 

\ria 

■^72a^ 

14. 

V9a 



III 

0 


. vs^ 

2V2 

12 .^ 

vy^ 



Ratlonalliing the Denominator*** 


We say that a radical, like V|, is not in lU simplest fdrm if the rad- 
icand u a fraction We also say that a fraction, like is not in 

Its simplest form if it has a radical in its denominator The process 
of changing a fraction with a radical m its denominator to an equal 
expression with a rational denominator is called ranonaltaing the 
denominator 


Example 1 Simplify 


VS -y^.Vs Vis 
Vs ^ Vs “ 5 


Example 2. Simplify 


s.iui. 0 . .25 = lUt . 2!_3_' _ 

Vs VS VS 3 3 3 3 


Example 3 Simplify 


Ve ^ VS 
Ve Vs V6~ 6 
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Simplify by rationalizing the denominators 


Q4 

VI 

4 .-^ 

2V3 

€S 

•w 

^•i 


s ^ 

VSm 

em 


‘^2 

m 






If necessary, rationalize the denominator of each of the 
following fractions and then, using 1 414 as the value of 
V2 and 1 732 as the \alue of V3, find the value of each 


fraction 






20 

2 V 3 
22 ^ 
5 V 2 


-^3 

2.4 

VI 

23 M 
10 


EXEROSES 


Rationalizing th« Binomial Penomlnatorl*) 

Study the following example 
Example Simplify ^ ^ 

Solution If we multiply (V2 — V3) by (V2 + VI), we obtain 
a rational number, since the product of the sura and difference 
of two numbers « equal to the difference of their squares The 
steps m the solution are as follows 

_ 6 6 -V^ + 'N^ _ 6(V24-V3) 

V2-VS 2-3 

= -6(V5 + V3) 

The (V2 4- V3) IS called a rationalizing factor Two binomial 
surds whose product is rational, as V2 + V3 and VS — VI, are said 
to be coniugate 
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Simplify by multiplying both terms of the fraction by the 
conjugate of th^cnominator 

Q 3 


^n/2 + V3^ 


2_ 

•N^ + 3 

V3-V2 

■V5-V2 ’‘V5 + -\^ 

'^2 + 2\/7 
-3>/7 


0i 




Vx-v5 ^2V5 + l 

2-hV2 g V6 

5 + 3V2 ■ Vs - V3 

10. V 

Va + VS 


Find the value of 

1 1. 4:* — 3 * + 1 when x « 


12. ** — 5 * + 3 when * » 

13. X* — 4 * + 1 when x « 

14. 2 X* + 3 X + 5 when x 
15 3 X* — 7 X + 6 when x 


3-V5 

2 

S4-VT3 

2 

t-Va 

»1+V3 

«V3-2 


Introducing a Factor under the Rodlcol $lgn l*'l 

Sometimes compulauoo is easier if we place the coefficient of a rad- 
ical under the radical «gn To do this u is necessary to raise the co- 
efficient to the same power as the index of the radical 


Example 1. zVlTo = V2® 110 = \/440 
Example 2. B-'J'lB * -^27 X 18 = 


Place the coeffiaent under the radical sign 


1. 5V6 

2. 2-^ 

3. 5VT5 


4. 3’V^ 7. 2Vm 

5. 8V^ 8. I2V7 

6. Sv'z 9. 6-^ 


WJ 
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Complex Expressions Involving Radicals and Exponents l^I 


:pop. 


In s mpl fy ng more d fT cult e 
and exponents 

1 Change from rad col to fra 

2 Change negatve exponeM 

3 Smpify 


^nal exponent form 
tOot^ve exponents 


Example Simplify 




<r. 

•Ji 


Simplify 




Irrational or Radical Equations)*' 

An equation m which the variable appears under the radical sign 
or with a fractional exponent is called an irrationM or radical equa 
tion In solving irrational cquauom it is necessary to raise both 
in^bers of an equation to the same power as the index of the radicals 
This process may introduce ^umbers which are roots of the resulting 
cQuaiion but which are not roots of the original equation This fact 
further shows the need of proving that any apparent root of an equa 
tion IS an actual root 
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Example 1 S<dv« V** + 6 — x + 3 = 0 
Solution We transfonn the equation so that the radical term u 
m one member of the equation and all other terms are in the 
other member 

Then Vx* + 6 = x — 3 

Since the radical a of U»c second order, v»e square both members, 
jr* + 6 = **-6x + 9 
d*=3 
*=! 

PROOF Does >/»* + 6 — » + 3 = 0’ 

Does Vj + 6-i + 5 = 0’ 

Does + 0’ 

Does 5 «= 0’ No 

Since 5 0, i w not a toot of the original equation and the equa- 

tion has no solution 

Example 2 Solve VjT— ^ + Vx » 5 
Solution We tc amfon n the equauon so that the more complete 
radical term Vx — 5 is in one member of the equation and all 
other terms are in the other member 
Then Vjr^S»5-VI 

Squaring x— 5« 25— t<r'/x+ x 

Transforming so that (he remaining radical temi is in one mem- 
ber and all other terms are in the other member, we have 
30 

Squaring xs=9 

PROOF Poes Vx — S -P Vx = 5’ 

DoesVS — S-»-V9 = 5’ 

Docs 2 + 3=:5>Ve3 

Therefore 9 w a root of the equation 
Examples. SoheV!x + 5 = 4 
Solution Vx-i-5 = 4 

Cubing x-l-5«64 

*=59 

PROOF Does VW + 5 = 4' Yes 
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Rule for Solving Radical Equations 
T If there is but one radical term, 

pli^ce It alone in one member of the equation 
If th^re IS more than one radical term, 
ploce the more involved radical term m one member 

2 Raise each member of the equation 

to the same power os the order of the fodica] 

3 If a radical remains, proceed ogam as m steps 1 and 2 

4 Solve the resulting equation 
5* Prove by substituting any apparent root 

in the original equation 



Solve 
1 Vjf = 5 


11 V2> + 6a V2>~ '5 

12 

13 V5x-7aVr+^ 

U \ ^T7 + 4«0 

^^8 + 4 = V 

" V * + S + V ^»5 

17. 2V3 * ~2 « V2 X ~ ~3 

^>^=V7+yr+7 

19 Vi 4^ + Vx~ -4*4 
^V5j + 4 = V5j--9 + l 

+ 4 + Vt — 4 « 2V x i ^ 

'4^ + 5 - Vjt + 4 = Vx ~ T Y '' 

iS Solve for ar V3 a: — a — Vx'+o = 0 


24 Solve for a* + => 

23 (=^!^ IS a forinuJa giving: the ttme m seconds it takes 

y g 

a body starting at rest to fall a distance of x feet 
a Solve the formula for s 

b If ^ = 32 2, find the distance a body starting at rest will 
fall in 3 seconds 


3 V« + 1 - 3 

4 = * 

S. (« - 3)1 = 6 
6 - 2 = 3 

O V4» + 5+ 4°5 

8 y,. - 11 4- 1 
VJ + 1 -V« + 5 
vj+i=7-2v: 
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26. V = VTgx IS a fornnila giving the velocity a body will 
have in feet per second after falling s feet, if n starts from rest 
a Solve the formula for s 

b If a body starts from rest, how far has it fallen when it 
has attained a velocity of 44 feet per second’ (Use g =» 32 2 ) 

27 (a) Solve ( = Vyjj for / (b) Find / when ( = ^ 


Imaginary Nvmbars'^ 

Thus far we have studied real numbers, which include both ra- 
tional and irrational numbers As has been stated, for each real 
number there is a point on the real number scale and for each point 
on this number scale there is a real number 

You may think that there is no other kind of number Suppose 
>ou are asked to find the value of r in the equation sr’ + J » 0, m 
which r* » - 1 The equation asks the question "What is the num- 
ber whose square equals —1’” The number is not -f- 1 because 
(+l)»ia-f-l The number IS not >■ I, because (-' ])’>e+ 1 Do 
you see that the square of a real number cannot equal a negative 
number and that there is no real number which is the square root of 
a negative number’ 

To make possible the operation of expressing even roots of nega- 
tive numbers, mathcmatiaans invented numbers like V-^1, V— 
V— ^5, and V— 1 6, which they called imaginary numbers 

An imaginary number is an indicated square root of a negative 
number It follows that any even root of a negative number is 
imaginary 

When fint introduced, imaginary numbers had no practical value 
Now we know they are really important, especially so to the electrical 
engineer As has been stated, any nesv kind of number that is added 
to our number system most obey the laws of the existing number 
system The rules for adding, subtracting, multiplying, and dividing 
imaginary numbers have been so designed 

Th* Imoglnary Unit 1*1 

We define the imaginary unu u> be 1 Wc denote ihis nmt 
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by Italic i Then i ** V~ 1 An> imaginary number can be written 
in the form ty/a 

Note In electrical engineerings is often used for 1, because » usu- 
ally denotes the amount of current 

Examples y/CT^ = y/^ y/i = iVS, V4 = 2 . 


In all operations with imaginary numbers sve first replace 
by i Notice the following properties of the imaginary unit 

,2 = virT vrT = -i 

,3 = ,J 

,* = ,2 ,2 = _i -i = + l 

From this point on the values of i repeat m periods of 4 


s - 1 


* + l 


( 


Write each of the following imaginaries as the product of t 
and a real number 

1.V34 5 9 V-loo 13 ~y/^ 

2 Virg 6.V^n2 10 14 

a.VTg 7. II 15 2\ /^ 

4 . VZ^ 8 12 V^Ts 10 3V— S 


Picturing Irnaglnary Numbersl*! 

Let us graph any two real numbers + ^ and — on the real number 
scale If we multiply + rl by ■“ 1, we get — rl (See Fig I) We can 
obtain -• A from 4 * ^4 by rotating OA about O through 180 We ro- ^ 
tate the segment OA counterclockwise because a positive angle^ qV 
generated by a counterclockwise rotation ^ • 
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If wc multiply - /I by - 1, v.e get + (Fig 2) We can obtain 
the product + A by rotating the line st^ent 0(~ A) counterclock- 
wise about 0 through 180* Thus the product of a real number and 
— 1 cm be obtained graphically by a counterclockwise rotation 
of 160“ 

Nosv let us try to find a graphical meaning of V— 1, or i (See 
Fig 3 ) We interpret A (— 1) as a counterclockwise rotation of OA 
through 180“ Since — 1 « u, we interpret as a counterclockwise 
rotation of OA through 90* Then when v>e multiply A by i, we gel 
At as shown in the diagram When we multiply the imaginary num- 
ber li b> I, we get the real number — A TVhen we multiply — A 
by I, we rotate 0(— /I) counterciockwise through 90" to get — At 
When we multiply — /t» by i, we rotate 0{At) counterclockwise 
through 90* to get -H /I 


r.f > 

n, ♦ 

Since any imaginary number can be expressed as the product of a 
real number and i, it can be represented by a point on the line per- 
pendicular to the real axis at O This line is called the axis of imagi- 
nanes . and the scale ii called the i-scale (See Fig 4 ) " 

IS) 

Find the values of 

»•*’ 7.,'* lO.,'" 

2 «« 5.i* e r* n..‘* 

3 I* 6 f* 9. J2. ,1* 
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Draw the real and i scales having 0 as the ongin and repre- 
sent the following numbers graphitally 
13 3 16 -41 19 4t 22 -St 

14-1 17 5 1 20 -2 1 23 -5 

15 _ 4 18-2 21 5 24 6 1 

Operations with Imastnary Numbers 
The ordinary rules of addition subtraction multiplication, and 
dmsion apply to imaginary numbers Do not forget to replace 
j2 by — 1 

Example 1 2"'/— *3 

■• 2 iV 5 iVs 

«= 2 i“vl 5 

>=-2Vl5 

t\fl 


Example 2 V— 6 V— 2 » 

Example 3 VT2 » 

Rtmmhet The formula VJ- » does^ 
len hath x ^nd v are neffative For example V— 2 V— 3 


2V5 

’TTy- 




tvhen both x and y are negative For example 
docs not equal V6 


Perform the indicated operations 

1 

2 vCT vr4 

3 2V^ 3\/^ 

4 4V^ SV^ 

5 V ^"24 

6 3 -sA 3 


7 2»V5 iVs 

8 51 V 2 3«VT8 

9 - V2 

10 -sATg 

11 V^-^Vs 

12 •nCT2 -»• 


Complex Numbersl’l 

A complex number is a number having the form whe^ a and 
4 a,; real numbm The nombee. 2 - 3 Vi + W- 3 , aed 
- 6 + V^ are complex Do you OT that the complex r,»mW 
« + 4. become, a real number when 4 = 0 and ah .magtnary nntj^r 
when e = 0 ’ The complex number system includes real numbers. 
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jma^nar> numbers, and ihe al^braic sums of a real number and an 
jma^inarv number 

Since an imaginary number and a real number arc unlike, their 
sum or difTerencc can onl> be indicated 


Crophlcol Repreiantotlen of Complax Numbers'*' 

Since any complex number, such as 3 •— 4 i, depends on the real 
numbers 3 and 4, it may be represented by a point in a plane We 
represent the real numbers on ihc horuontal axis and the imaginary 
numben on the sertical axis In the figure the complex number 



3 - 4 I IS represented by the point A In lilte manner the points 
U, C, and D represent the complex numbers 2 + 5 1, — 3 + 3 f, and 
-4-5i 




(SI 

Represent graphically the following numbers 


I. 3 + 2i 

6 3. 

11. V3 + 1 

2. -2-5i 

r. -4i 

12. V5-1V2 

3 I -3i 

8 5 

13. - V6 + 1V3 

4 -6 + 1 

9.-3 

l4.’v/8 + 3r 

3.-3-4I 

10 «\/2 

15. 3 - 1V3 


Operation* whh Complex Nvmbors'*' 

A complex number is like the binomial x + 3^ because il has two 
unlike terms \Vc add, subtract, and multiply complex numben as 
s»e do binomiiK Study Example 1 ftw addition and subtraction of 
complex numbers, Example 2 for multiplication of them, and Ex- 
ample 3 for djsuion of them 
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EXPONENTS RADICALS AND IMAGINARIES 
Example 1 Add 4 + 3 i apd — 6 — » 

Solution We combine the real numbers F 44- ” ' | 

getting —2 and combine the muginar> { — 6 — 1 
numbers getting + 2 1 the sut^ 

Example 2 Multiply 3 — 4iby2 + 3i ^ 

Solution We multiply each term 3 — 4 1 
of 3 — 4 1 by each term of 2 + 3 1 24-3t | 

and combine Ike terms getting 6 — 

6 + 1 - 121 ’ Since i2 = -l +9«-12i’ ^ 

-12«'’=12 Thcn 6 + i-l2i’ 6 + «— 12« the produen 
= 6 + 1 + 12 = 18 + 1 the prod — — ~ — -* 

uct 

Example 3 Divide 4 — 2 j by I + 3 i 
Solution We first write the quotent as a fraction getting 
Then m a manntr s milar 10 lhai ojtii talionahjmg 

l + 3i 

a b nomval denominator of a fraction we mulnpJy both numera 
tor and denominator of the fraction by 1 — 3 1 as follows 
4-2i-.l-3i -2-14_i -2-J4i 


The binomials 1 + 3 « and 1 - 3 « are called con;u?aie_comEi 
numbers 

Combine as indicated 

l(3-20 + (l->) 6 (7 + 30-(2 + ^0 

2 (7 + 40 + (-3 + 5i) 7 (6 + 50-15+.) 

3 (_4-0 + (-5 + >T 3 (6-20 + 13-4.) 

4 3 + (7-20 9 (-2-0 -(7 + 4.) 

5_8-(l-0 10 (-3-40 + 0-5) 

Multiply as indicated and simplify each product 

11 (3 + 20(1 -40 15 C4-"K4 + >1 

12 (5-0(5 + .) 1® (-3 + 5.)(-3 5.) 

13 4.10(4 — 3 i) *7 {« + fc){«-^') 

14 -8(2-1) *8 (t + yi)(*-y’) 
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n 


y 


Dsvidc as ind»cat«d and ssmnlify tactt quouent 


19 (3-4i) + {3+4f) 

20 (I -0 -f-O+i) 

21 8 h .(1 +2») 

22 - 4 + ( 2+0 


23 (a + bt) + (a — bi) 

24 (x -Ji) + (* +Ji') 

25 (5-4 0 + {5 + 4 0 

26 (10 -0-^ (10 + 0 


GrophUal Addhlon and Subtraction ot Compiox Numborsl^l 

To add graphically two complex number*, such as 4 + 3 i and 
2 — 1 , represent the numben by the points 
A and B respectively, and draw OA and 
OB as shown at the nght Then com 
plete the parallelogram having adjacent 
sides 0/1 and OB The parallelogram is 
OACB, and point C rcprescnu the sum 
of the two complex numbers Graphi 
cally the sum u 6 + 2 » Wc can check 
by adding the numbers algebraically 
To subtract two complex numbm we change the sign of the 
subtrahend and proceed as m addition The process is illustrated 
by the following example 

Example Subtract 4 — 2 1 from 1 + 3 » 

Soluiioo Changing the tubirahend to — 4 + 2 1 , we have to 
add — 4 + 2 » and 1 + 3 1 We represent the numbers by 
points A and B respectively, as 
shown in the diagram Draw 
OAandOC Then 04CB« the 
completed parallelogram and C 
represents the difference tX the 
complex numbers Graphicatly 
the difference I* •— 3+ 5 1 We 
can check by subtracting the 
numbers algebraKally 


s 




Perform the indicated additions and subtractions graphi 
cally 

1 (1 + 2») + (3+i) 

2 (2 + i) + (-3 + 2») 
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3 (-3+i) + (-l-2«) 

4 (2-i) + 4i 




exponent, ItAOtCALS. AND (MAGfNARIES 


5- 0+i) + C-4 + 2i) 

6 5 + (_4 + 3f) 

7, (-2 + 30-(3+2.) 
8 (5 + ,)-{t + 30 


9 (3-2i)-(2-0 
JO 3-(l-3«) 
tt 4t-0--2) 
(2-3i)-3 



’i'ou have completed Chapter 8, except ttw revjc^ and 
tests Before you leave this chapter, be sure that you 


1 The la'vs of exponents 203 

2 The meaning of a fractional exponent 208 

3 How ro evaluate radicals 206 

4 The value of the zero power of any number, 

except 0 209 

5 How to simplify radicals 216-218 

6 How to combine radicals 215-219 

7 How to multiply and divide With radicals 219-222 

8 How to plot imaginary numben 229 


9 How to spell and use correctly the following words 



complex number 
conjugate 
imaginary number 228 

index 205 

irrational number 214 

principal root 205 


radical 204 

radical equation 22S 

rational number 213 

standard notation 211 

surd 214 


231 

223 


If you are trying to do better than average work, be 
sure that you know 

10 Huw to plot complex numbers 232 

11 How to add, subtract, muluply, and divide with 

complex numbers 232 

12 How to add and subtract complex numbers 

graphically 234 
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1 .r» t" a 

2 

6. a® 

10. 


3 (- 3)»(- 3)s 

4 2(2*«)» 

7. a® *"-* 

8. (71* + m* 

11. 1 

W-v 


’•(fT 

.2.| 


Write with positive 

exponents 



U.2a->bt 

Evaluaie 

>6.(-27)i .,.(5,,-, 

Express without radicals 

21 . 

20. 2, ^ 

Write in scientific notation 
25.86,000,000 26.0060 

Simplify 

28. V27 30 

29. ^ 3, 

Add 

^^•'^'3V54 + V96 

Rationaluc the denominators 



32. 

33 

34. 


27. 17(J, 000,001 

35. <r^ 

36. 


39. -2^ 

V3 


40.- 


38.N^ + V|-V| 

V3-V? 


M, 

^ ^ 46 (2.JT2X3.JS) 

47. 


:: I/:: **.^~3y/Z 

43 vS*V2 ,5 
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Multiply as indicated 

8 V(a - 6) v'(o - k)> 50 2Vj 

9 (V2+V3){V2-V3) 51 V3 o6= v'5^ 

Solve 

52. VT+T = 1 + \/x-2 
53 V, + 9 + V, - 3 = 2V, + 2 
Do as indicated 

4 i(4-2») 56 (2-3i) (4 + 3i) 

5 - 6(7 - 5 i) 57. (5 - 2 1) + (5 + 2 0 

58 Add 3 + 2 1 and 4 — 3 i graphically 

1. Simplify 2 a — (3 0 — i) — (5 — 2 «) 

2. Subtract 3a + 24 — 3r from 4a — 25 — Sc 

3 Multiply (a*-i*)(a»-->a5 + 5*) 

4 Divide8l-3/ + 9y + 12yby3/-^» + 9 
Write the special products 

5. (2a-5)» 


6 (3*-2>)(4x+^) 

7. (5a-5)(5a + 5) 

Factor 

1 1. 6 ar — 3 

12. X* - 9y 

13 x’-sy 

14. 8 a’ + 27 5* 

15. 16x<-80< 

Reduce 

Camhtnc 

23. a + 5 — ^ — tA+TT 


8 (a + 5-f)» 

9 (3x-/-2<)» 

10. (a + 5 — f)(a + 6 + c) 

16 1 - (* - 2)» 

17 2a’-4a» + a-2 

18. x«-13x»+36 

19. X* — ar — a5 + bx 
20 a» - 5» + a - 6 


'x» + 2x+l X» + T 
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Simplify 
1 +- 


x* + * 
Solve 


1 +<i 


27 - 


29 ix 


-i^=l 

y^lx 



X + 2 ~ “ 

28 x + 2j' + 4=0 
4j>-2*-8 = 0 

30 Five tons of ore that is 25% amc are obtained by mix 
ing ore that is 30% zinc with an ore that is 17 5% zinc How 
many tons of each ore must be used’ 

3 1 The length of a rectangle exceeds its width by 6 inches 
If the perimeter is 72 inches find the length and width 

32 The sum of the digits of a number of two figures is 14 

If the digits are reversed the number is increased by 36 Find 
the number . 

' ti 

Solve each problem and write the answer (a) (3) (t) ot(d) 
1 which you think is correct Give only one answer for each 
J problem 

1 Remove parentheses and simplify 

4a-3(a-l)-l<.-(l+a)l 

a j + 2 c a + 4 

b a-2 d 3a-2 

2 Find the value of J* when a = 3 — 2 


a -21i 
b 21i 

3 Find the root of - 


e -5J 
d - 356i 
x + 4 


- = 1 


c 2| 
d 4 



EXPONENTS, RADICALS, AND IMACINARIES 


4. The time for a plane to fly a certain distance with the 
wind IS 3 hr and the time returning against the wind is 
3 hr. 30 nun Find the velocity of the wind if the speed of 
the plane m sull air is 350 m p h 

a. 10 m p h c about 27 m p h 

b. 40mph d about lljmph 


5. Multiply 3 * + 1 by 3 x +y — I 

a. 9 X* — jf* — 1 c 9 X* + 6 xy — 1 

b. 9 x» -~y + 2y-l d 9 X* - 1 

6. Factor x^ + x* + 1 

a. (x»4-x+l)(x2-x-l) c (x* + x+l)(x*-t+l) 

b. (x»-x+l)(x*-x-l) d (x» + t-l)(r* + x+l) 


7. Find the prime factors of u* — 1>* 
a (a*-6*)3 

b (a + 6) (a — 6) (a* — 2 ai + i*) 
e. (a + i) (a - b) (a» -ab + b^){a^ + a6 + b^) 
d (a + b){a - 6)(a* - 2 at + **)(«’ + 2 at + A») 

8. Find the root of = 2 


a. 3 
b ~2 

9. Simplify ■ 

a® ; 


b. 


a5 + l 
a»+l 


10 Solve 

a. The root is 3 
b The root is — 3 


c. - li 
d U 



x»4-9 

x*--9 

c. The root is 0. 
d There u no root 
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3 11. A tank can be filled by one pipe in x houn and by 

I another pipe hours It can be filled by both pipw 

,1 a hours 

! 

1 b — hoars 

I 

\ 12. Whai is the o 

1 line AB m the figure 

a.j> = 3jf~2 

I b + J 

} c.^=»f4: + 2 


1 3 . M - s» Fwd id ~ 4) 

a. 2 6 - t «. 2 4* + 2 4 “ I 

b. 1 - 2 4 d. 2 4* 

14. How IS F changed when W is unchanged, 

r 

t IS doubled, g is unchanged, and ' is trebled^ 

a. Multiplied by 3 c- Multiplied by f 

b. Divided by J d- Divided by J 

15. Form the linear equatioa which 
expresses the relation between x and y 
in the table 

u.yaA — ix c-x+j-^a 

b.^e3*-f2 d3x-4«^ 

16. The graphs of2/ = ~3jr'“6 and 3 x + »= 2 

a. have (he same x-intercept 

b. have the samej'-intercept 

c. intersect each other 

d. have equal dopes 

17 A man receives S276 annually on investments of $4500 
and $3200 The rate of interest on the $4500 investment is 


(0135 
^ -4 -1 S II 
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EXPOHEHTS, RADICALS, AHO IMAGmARlU 

greater than the rate on the $3200 investment What is 
the rate on the $4500 investment’ 
a 2% c 3% 

l*.3i% d4% 

18 Solve the set of equaiiom 

'f+y + z = 2 

Zx-y-z~i 
x + 2y+Zz = S 

a. AT = 1, as I, ^ = 0 C t = !,> =S — 1, i *= 2 

b, AT = 1,> 5= — 1, = 0 d a: =0,7=s 1, 4 = I 

19 . P vanes inversely as a* and directly as If P = 9 
when X ** 2 and y — 12, find the value of P when * = 5 and 
;> = 6 

a. 2-^ « 

b 3i d H 

20 If 10 men working 8 hours a day can complete a piece 
of work in 18 days, how many days will be needed for 12 men 
working 0 hours a day to do the work’ 

a 15 days c 6 days 

b 16 days d l3jdays 

21 Rationalize the denominator of 

2V5 + 1 

il-:^V5 1I-3V5 

9 19 

51 -3V5 d. Not (a), (b), or (c) 


22 Simplify 
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23. Simplify — . I.. 


“ '"“"Sk .! 2 V 2 + 2 and the area u 12 

find the penmeter 

F 12(2V2-1) 

b.24(V2-„ d.No.(a),(b),orW 

25. Multiply I ~ 3 1 by I + 2 1 
a -5-1 , , 


Perform the indicated 
I (- 2 )* 5 , 


ted operations 
5 a* a- 
6 . 0 * a* 


9_,i y 

10 100* V2S 

11 v/^4 


14. 125* 15.(25)»+x/25 

16. Write 0 050 m scicnt.lic noution 

17. Write without an exponent 26 x 10 ® 

Reduce to lower order 

18. 19. VIST! 20 

Multiply 

2I.V3V5 22 5V2 V6 23. .JTJ 

2i^^V2 25.V60.^Vi5 25.>^a-V3; 



EXPONENTS, RADICALS, AND IMACINARIES 


Simplify 

27. vis 28. V| 29 V58^ 

31 Is6arootof V, — 2 = jr — 8 > 

32. Solve V3» + 4 = V3 v-11 + 1 

Do as indicated 

33. V^-V^ 34. + 

2 

36 Simplify 


30 *V^81 a* 


35 I* 1® 
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•f fflw AbMnito tom* tbort^f o***^ M»** 

M In fS« t>«fw* tatviM y«u mor ^ K> !•• a fo*^ ab> 

)«<t Ma< rK« haritort. ?)«• «bi»<4 »CI nei b« a *«vcm bv* O (waa* 

«nad« tat*8.<« —a «n«ni<n«<}« ixoav 

Ma*i7 «udv t«4*t !•« !>«>• b*«*> aterrarf bf fs* Ur*<«d $*«<«* Ca^ 
mino tor ih* Wrmqitewol Coob^rKtol Y»of n957“t^S8K T>>* tt*'* 
<n.rto« pto«n lo WM fHo mUB t«t ter a »n>4r d owf *r rpat* h pia*^ ^ 
V** at« «rh(fi Of* *ovipp*d »<a> vr^Y ftrticet* tnimynonh. ki 

*>ekr>g MTCfot motor *«p*t>w»»wrv 1/ >*««»« «ip*ri>ti*ftti it t<op«t ta 
loom mo>« obovt tb* cf*m>rf of lb* evt«r otmoipbof* tt>« olr drop, tb* 
(OV'C rOyl, fS« compoiitAA ot tbo •ortH • crw^ . I*<a oodb ( ibop* oad 

(Ivo «M(ronn«(*o»<*t. 

Wbol «i« ISoto tot*B It* and w4ty wQ lb*/ f / erownd In tpoC*T Id 
m toV* o loeV «t on* ot Ihtm. It it o ipHtr* obed 30 Inch** in (l>om«l*f 
«nd wdgM obevt 30 powndi. h h ril*d wilh very imoB end deticol* 
KltAtfic kHtrv<n«nr> wtw<ti Con dpnol doto bock lo |S« oorth. Ir bat on 
opproimtoi* ip*«d of to 000 ml** On hewr •no'clng fb* oartb In on 
•Irpiical orb I fpotb) Id i*n«t do3y (Model pletvred obov* ) 

A fhrt* tloQ* rockvi It fo bt in*d to tboo* fb* toi«II tc into IH ecb t 
ond ijl** H lb* needed eetocrtt to ttoy olott Tbe (Vrvt *iog% of tb« 
rack*! It o mod TKOtion of the Mortm Vaing ti bo% o pfeoltr thrml 
then Ih* combined pwB of bwndredi of h*«*y dtofi bertet. Th* >*co«ii 
tiog* of lb* rocket H ined to bee>> tb* vetocity Tb* Ibird tiage be 
tidet odding to Iba etrheel «e)oc ty, del ver* a lid* Ibrvit, electing the 
latell la ol on opproclmoia tpeed cl iS 000 miet on hour 

|4ow lei VI find whef vatocBy b naaded lo kanp lb* lalel] la oloft 
In iti orbit For ll net la return to tb* earth, il rHitr bov* o velocity 
tvhota eomponant par<slt*l to |be eordt t turfoc* v'il ovarceme grovity 
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h other words f rnusf hove o cenlnfugol force equal to the force 
exerted on if by the earth 

let us assume thot the sotell fe $ 300 rn les above the earth s wrfoee 
ond fhof It Is in space free from atmosphere ond other forms of motter 
W fh these assumptions let us 
find the veloe ty of the satell fe 
at A m the d rection A6 wh ch s 
needed to overcome gravity At 
300 m tes up the volue of grav 
Ity IS less than at the earths 
surfoce 

let di and dt denote two d s 
tances from the eorths center 
and let gi and gj denote the two 
correspond ng values of gravity 
By Newtons unversal law of 

grav lation ^ = ^3 Suppose 

g» dl* 

the value of gravty at a ponl 
on the earths surfoce is 33 09 and that the 
39«3 m lev 



Soivng gi = 2773 (ft/sec») 

From a study of mechancs 91*®“ v = Vgir Here vis the 
veloc ty in feet per second n the d rect on A6, r the d stonce in feet from 
the center of the earth, and gj the volue of grov ly ot A. 
r = 4263in or 22,508,640 ft 

Then v = V27 73X22,509,^0 
= 24,983 feel per second 
or 17,034 m les per hour 

Then if a satell te 300 mies up has o veloe ty of obout 17,000 
m les on hour n the d reel on AS, its centr fugal force equals its attroct on 
to the earth and thainoweghi Ths Is the cond loo for it to slay oloft 
n free space _ 

d*y d*« « . . 

solving the dlferenlal equation * «= O t ton be 

shown that the satell te s orbit is on ell pse hov ng one of ts two foe at 
the center of the earth 

These small satell tes may prepore the way for space sh ps wh ch 
mon may use to reoeh the moon Who knovrsl 
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Quadratic Functions 
nd Equations 


In ths <hepler ycu will study 
uofions nof of fho firrf degree 
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QUADRATIC FUNCTIONS AND EQUATIONS 


As you know, we studied linear functions and equations in Chap 
ter 5 These functions and equations contained only the first powen 
of the unknown and their graphs were straight lines 
Now we shall study quadratic functions and equations which have 
many properties not common to linear equations 
^ quadratic function is one of the second degree x® 2 x® — 6 v 
and — 3r® + 7x— I are quadratic functions of x Any function of 
the form at* + 6r + c in which a b and c are constants and a is not 
zero IS a quadratic function of x 

ff we let some letter as> equal a quadratic function we obtain a 
quadratic equation m t For example = x* — 3 t is a quadratic 
equation in x 

Let us make a study of the quadratic function 2 t* -• 5 x + 4 and 
sec how the function changes when t increases from — 3 to + 6 Be 
low IS a table containing sets of values of x and the function of x 




iHHUBi 

m 

ta 

D 

O 

a 

D 

a 

a 

B 

■>1 


11 

m 

D 

n 

D 

D 

a 

o 

B 

D 


0 . 


w 

1 In the table above each value of t is greater by 1 than the 
preceding value What can you say of the successive values 
of the function® 

2 Does an increase in x always produce an increase in the 
function® Apply this question to a linear function 

3 For what values of x in the table above does the function 
increase when s increases® For what values of x docs the func 
tion decrease when x increases® 

4 Complete If any increase in x produces a proportional 
increase in a function of x the graph of the function is a ® 
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How to Graph ct QuodratU Function t*l 

The graph of a function usually gives a better understanding of 
the function than does a table of values Let us graph the function 
2 X* — 5 X + 4 which we have just studied We can let y or /(x) 
represent the funcuon We shall let 7 = 2 x* — 5x + 4 We first 
make a table of values 
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In making the table we assign values to x and compute the values 
of^ Note that we assign ncgame values as well as positive values 



When we have completed the table, we plot the points whose co- 
ordinates are m the table Finally we draw a smooth curve through 
the points, taken in order 

Notice that no part of the graph is a straight line For this reason 
many points must be plotted brfore the graph can be drawn As x 
increases from — 3 to 1|, the function decreases, and as x increases 
from to 6, the function increases 
This curve is called a parabola An axial section of an automobile 
headlight is a modified parabola The suspension cables of some of 
our largest suspension bridges are parabolas 


Draw the graphs of the following functions 

1. x^ + x-6 6. 8-r-r* 

2. r»-*-I2 7.r»-9 

3. 2r» 8. 2r»-l-3r-5 

4. - 6 9. 2 - 7 r -f- 4 


Terms Assoclared with the Grapht^ 

Shown at the top of the opposite page is the graph of r* — r — 2, 
or of the equation ^ = r* — * — 2 

Note that the graph intersects thcj^axis in the point (0, — 2) Then 
the_y-interccpt is — 2 

For what value of x does >= — 2* 
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The point A on the graph is called the 
tuming point of the curve At A the func- 
tion changes from a decreasing function to 
an increasing function (see page 133) At 
the turning point, x = ^ and Do 

you sec that the smallest value of is — 

The smallest value of a function is called 
the minimum value Then the minimum 
value ofj:* — T — 2 IS — 2j This cur>c is 
concave upward , or U-shaped 
Remember If a curve is U-shaped, it is concave upward Note 
that the coefficient of x* in the function x* — x — 2 is positive 
Now let us study the graph of the function 
— 2 X* — 5 X -h 3, or of the equation 
^«-2x»-Sx- + 3 

The ^-intercept is + 3 How can you find the 
^intercept without seeing the graph’ The 
turning pomt of the graph is at B(— Ij, -h 6 J) 

At the pomt B, the funcuon changes from an 
increasing function to a decreasing funcuon 
The curve is concave downward 


The y-Intercept 1*1 

The general form of a quadratic function of x is at* + ix -h c, the co- 
efficient a not being zero 

The graph of^y « av’ A-bx + f crosses the _;>-axis at the point whose 
X value IS zero Then the j-interccpt can be found by subsUtuting 
zero for x in the equation ji ax^ A- bx + c 

Letx = 0 Thcn> = 0 -f- 0 -f-r Then th e j>-intercept of the graph 
of^ = ax* -f Jv + f is c, the constant term 




Find the ji-intercepts of the graphs of 
1.7 = 2 x* — 3x — 1 67 = 5 — xr’ 

2. ^ = -3x».f2*-3 7.2x»-8x-4ft:0 

3. ^ = x* + x 8. l-3x + jr’ = 0 

4. > = 3x* 9 -2-h7x*«0 

5 ^ = 7-x-x* 


ORAL 

EXERCISES 
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Thft Maximum end Minimum Vefuetl** 

For each value of x in the equation^ = at* + bx + c there is one 
value of_> We shall now show that / has a maximum or minimum 

value when v has the value -- ^ 

2o 




Let xi and /i denote a pair of real values of/ “ a-t* + + f and 

let Pi denote the point (xi,/i) on the graph (Figs 1 and 2) 

Let 

Then + 

Simplifying », =— (2) 

Let Xi and /j denote another pair of values of the equation and let 
Pi denote the point (x* /*) on the graphs 
Let k=xt~xi Then x* = xi + it 

From (1), Xi != ■— -t- k 

Then /a =* ^ 

Simplifying, /* = 4 . e (3) 

Subtracting (2) from (3) /» — /| = at* (4) 
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quadrahc functions and equations 

Now let US see what equation (4) tells us When k is either positive 
or negative, is positive 

1 When a is positive Since A* is positive, ak^ is positive when a is 
positive Then when xi is either increased or decreased by any real 
number i, the value oiy is increased by ak^ This means that^ has 
a minimum value when x = that the graph is concave upward, 
and that there is a turning point at Pi 

2 When a IS negative When the coeflicicnt a of is negative, a/-* 
IS negative Then when xi is either increased or decreased by the real 
number it, the value of y is decreased by This means that y has 
a maximum value when x =» We also know that the curve is 
concave downward and has a turning point at Pi 

The maximum or the minimum value of y m the equation 
> » + ir + e can be found by substituting ■— for x m the 

tion or by formula (2) which is/ “ +r 

The Axil of Symmetry 

The axis of symmetry of a curve is the line which bisect* any 
segment perpendicular to it and having its end points on the curve 



In .h= r,Burc iho™ h.rc f ■ “ W,, rf 

which IS the graph of/ - ^ 
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Through Pi draw PiA R Oi and OX 

Let f DE be any line scgmeni X P\A intersecting the curve m points 
( and E 
Draw 

CFX rPi 
and EBxPifl 
Now mi re and c/ REB 
Let FPi » k and P\li = m 
When the value of ar at B| is 
decreased by A, the value of 
y IS increased by dA*, and 
when It IS increased by m, the 
value oty is increased by am* 

Since CF= BE, aA»» am' 

Then A « m and FP \ « BPi 
Then CD » DE 

Since P\A bisects any line segment x to it and having its end 
points on the curve, it is the axis of symmetry of the curve 

Since the value of x at Pi is -5“ and PiA H OF, the equation of the 
axis of symmetry o 

Jr * or 2 at + i « 0 

Z<t 

The same reasoning applies when the curve is concave downward 

Summary Given y = a*' + + e 

J 'Oio voWe of X at ibe tvnMng pent of the groph » 

2 If a IS pos live, the rmnnnuni value of the function can be 
found by subitituting — ^ for x in the equot on or by finding 
the volue of — 

3 If e II negotive> the maKmuin value of the function eon be 
found by lubst rirtuig — for x m the equation or by finding 

b* 

the value of — c 

b 

4 The equot on of the axo of lymmetry i* x = — ^ or 

2ox + b=0 “ 
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Example 1 Find the tnaxtmum or nimimum value of the 
function — X* + 2 X — 4 

Solution The coefficient of x* m the function js negative Then 
the graph of the function is concave downward, and the func- 
tion has a maximum value The value of x at the turning 
point — 

The value of the function at the turning point =/(!) = — 1 + 2 — 4 
— 6^ 

= — 3, or 4 = — 3 

So the maximum value of the function is — 3 

Example 2 Find the equation of the axis of symmetry of 
the graph of> = 3 x* — x + 1 

Solution a » 3 and 6 = — 1 Substituting these values in 
2 ex + 4 » 0, we get 6 x — 1 » 0, the equation of the axis of 
symmetry 


Find the turning points of the graphs of the following func- 
tions 

1.X5+X-6 3 X* 5 IZ-x-x* 

2 6 + x-x* 4 -3x» 6 2-5x-3V 

Find the maximum or minimum values of the following 
functions 

7. x»-4x 9 -2x» + 6x 11 4-3x-x» 

8. x« + 2v 10 x’ + 4 12 6x*-8x + l 

Find the equations of the axes of symmetry of the graphs of 

13^t=x’'-t + l 15./ = -2** + 3 17.^ = 4-5x» 
14 >s»2x*-5x-l X6/»=x» 18^«I-x» 


u 


How th« Constants of the Function Affect the Graph 1*1 

As you have learned, the sign of the coefficient of x* m the function 
«J.r* + 3r + c tells whether the curve is concave upward or concave 
downward The coefficients a and b detenrune the shape of ihe curve 
In general, the branches of the curve become closer to each other 
when a increases and 3 remains coiislant 
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For example, the graph erf 4x* + 2x — 6 has its branches closer 
together than the graph of 2 x* + 4t — 6 The constants <j and b, 
then, determine the shape of the graph 
Let VIS sec hovi the constant t affects 
the graph Here are the graphs of the 
three functions x* — 4 jr, jr* ~ 4 * + 3, 
and x^~4x + 7 All three funcuons 
have the same values of a and b and have 
different values of e The turning points 
of the graphs are (2, — 4), (2, — 1), and 
(2, 3) The line x = 2 i» the am o/ rrm- 
mtlry of each curve 

If the lowest curve is raised 3 units, it 
will coincide with the middle curve, and 
if It IS raised 7 units, it will coincide with 
the highest curve Since all three curves 
are congruent, we may infer that the con* 
slant e does not affect the shape of the graph but does affect the 
position of the graph w«h reference to the **bxis 

Quadratic Equations In Ona Variable l*l 
The degree of a rational integral equauon, when reduced to its 
simplest form, is the degree of the term or terms of the highest degree 
Thus the equation 4 4-*+ xy* + 7 xy + 6 ^ 0 is ol the third degree in 
X, the fourth degree m^, and the fifth degree in x and y An equation 
of the first degree is a linear enuation one of the second degree is a 
quadratic equation and one of the thud degree is a cubic equation 
A complete quadratic equation in one variable is one that contains 
both the first and second powers of the variable, as2x‘ — Sx-f-S^O 
and X* + 3 X = 2 

An incomplele , or pure , quadratic equation is one that contains 
only the second power of the variable, as 6 ** — 216 =* Q and 
5x»= 125 

As you have learned, the general form of a quadratic equation is 
ax’ + ix + c = 0, m which a, b, and e are constants and a is not zero 
If a in the equation ax* + A* +« =* 0 equals zero, the equauon be- 
comes the linear equation Ax + e *= 0 

There are four methods of solving quadratic equations, which are 
as lo'Ilows 
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1 Solubon by factont^, when the roots are rational 
Solution by graphs, when the nx>ts are real 

3 Soluuon by finding the squaie roots 

4 Solution by formula 

We studied the soluUon by factoring in Chapter 3 

Root* of a Quadratic Equation W 

Any quadratic equation has two, and only two roots These two 
*^ts are both real or both imaginary You are not prepared to prov e 
0^ facts at this time, but you will find them useful to know 


How to Solve Quadratic Equation* by Groph* 

A very useful application of graphs of functions is in the solution 
of equations which contain these functions Graphs also enable one 
to obtain a better understanding of equations 
Suppose that we wish to solve the quadratic equation 2 — x a 28 

oy graph If we wnte this equation m the form 2 — 28 = 0, 

ihe left member remains a quadratic function of *, and its graph is a 
parabola Solving 2 x* — x — 28 » 0 means finding the two values of 
’f that make the left member equal aero Then the equation can be 
solved by finding the values of x which make the value of the func- 
tion equal to aero, that is, finding the values of x where the graph 
‘ntcrsccts the x axis 

We shall now solve the equation graphically First we wnte the 
equauon m the form ax* + ix + c = 0 It becomes 2 x* — x — 28 = 0 
Then we Ict^ equal the left member, thus _7 »= 2 x* — x — 28 Next 
've make a table for the equation y = 2 x® — x — 28 



Then we draw the graph ofy = 2x* — x— 28, as shown on the 
next page The graph intersects the x axis at x « 4 and x « — 3J 
The roots of the equation are 4 and — 3j because the value ofy and 
2 X* — jf w 28 at these points is zero 

"Hus work can be simplified fay (I) noting that the curve is 
concave upward, (2) plotting the turning point, (3) drawing 
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the axis of symmetry, (4) plotting points 
to the right of the axis of symmetry, (5) plot 
tmg points of the curve to the left of the 
axis of symnictry (6) finding the points of 
intersection of the curve and the x axis 
Any quadratic equation whose graph in 
lersects the x axis has real roots and can 
be solved graphically If the graph of 
an equation does not mterscct the x axis 
the equation cannot be solved graphically, 
and Its roots are imaginary The equation 
x* -y X + 2 =s 0 has imaginary roots 



To Solv* a Quodrotic Eqwnfion Cruphlcany 

1 Wnte tha equal on in the form 0 

2 lei y equal the left member of Ihe equal on found (n step 1 

3 Graph the equal an oblo »ed m step 2 

4 Find the obieniai of the points where ihe graph tnlerseds the x*4xis. 

These ole Ihe rooH of the equolton. 




Solve graphically 

1 x»-x-2»0 

2 x> + x-2«0 

3 **-3x-h2«0 

4 x’ - 4 * 0 

5 xa-25»=0 




6 - 3 X » 0 


8 3x» + 5»e2 

9 2x*-3*«5 


10 4x»-20x + 25 = 0 


Find graphically the approximate roots of the following 

11 13 3x»-2x = 0 

12 3x*-8x = 3 

(•I 

15 On the same set of axes draw the graphs of the functions 
— 2 X — 3 and — x* + 2 x + 3 Where do the graphs jn 

tcrsect each other’ What do you know about the roots of the 
equations x*--2x — 3 = 0 and — x* + 2x + 3 = 0’ 

16 On the same set of axes draw the graphs of the funcuons 
X* — 3x x’ — 3x + 3 and x* — 3 x — 2 Choose any value 
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of X For this value of x, how much greater is — 3 x + 3 
than X® — 3 than x® — 3 x — 2^ Choose any other value 
of X and answer the same questions about x* — 3 t + 3 

17. Find the side of a square whose area is 90 square inches 
O' = X® - 90) 


Alsebrele Solution of Ineompleta Quadratic Equations ■*! 

An incomplete quadrauccquauon IS one having the form«® + 6 = Q 
It is sometimes called a pure quadratic equation because the unknown 
IS only of the second degree This type can be solved easily by the 
square-root method 

To Solve on Incemptele Quadratic Equation 
1, Solve the equolion for the square of the unl(i«wn number ' 
2 Find the square roots of both rnembers of the equation 


Example 1 Solve 7 x» - 175 - 0 
Solution 7x®-. 175 = 0 - 

7x»=175 

x»=25 ^ 

Rj* x=±5 

^Vben we found the square roots of x® and 25, we might have 
written the results ± d: 5 Then we should have had 
4-x=i-h5, + xaa — 5, ~x=*+5, and — xs= — 5 Since we 
are solving only for the value of + x, we need not consider the 
value of — X Also, the last two equations are equivalent to the 
fint two 


Example 2 Solve 3_>’* — 5 ^ 87 ® + 7 
Solution 37 ® — 5 = 87 *+ 7 
3y_gy«7 + 5 
-57®=12, 

PROOF Docs + 

».7J_5=i_ 19} + 7? Yes 

•R» means "Find the square tuoa of both oiembers of the equauon 


a 
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Solve the following equations, expressing any radical root 
in Its simplest radical form 

1 . fi-49 = 0 o -r 9 


2. 4**-100«0 

3. 5y - 20 » 0 

4 Ay -25^0 

5 2y-36 = 0 

6. 4>*-- 256 = 0 

7. 5 X* - 40 = 0 

^13 3x»-l00«~l9 

16 ^ = 12 
5 y 

17 1 04 r* • 66 56 

18 **=151 23-2** 

19 5/ + 500 = 844 45 


f v: 


9.3n* + 9 = 57 
ID. 5**-55 =90 
11.9*’ + 1=2 

12. 1 =i** 

13. />»-6 = 30 

14. 4**- 147 = ** 


22. <2*-l)(3* + 2)=* + 292 
23 (* + 4)(*-6) = 25-2* 


25. Solve ** = 9 a* for *, solve U for a 
26 Solve m* = 1 for *, solve it for m 
27. Solve y = irt^h for h 
28 Solve s «= i ^f* for » 


Tho Pythagorean Theorem'*' 

If you have studied plane geometry, you are (Miliar with the 
Pythagorean Theorem 

Pythegorson Theorem The square of the hypelenuie of o right triangle is 
equol to the sum of the squores of the tvrO legs 

This u called the Pythagorean Theorem because Pythagoras, the 
great Greek mathematician is supposed to have given the first ngor- 
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ous proof of It This was about 525 b c The the* 
orem may be expressed as a formula, where c is the 
hypotenuse and a and b the sides of a nght triangle 

e* = o* + b* 



Example. Find the length of a rectangle whose diagonal is 
156 inches and whose width is 60 inches 


Solution x»’f60*=156* 
3600 = 24,336 
jr* a 20,736 
x»±144 

The length is 144 inches 
Since — 144 has no meaning 
PROOF. 60»+ 144** 156* 



this {iroblem, we discard it 


W 

Fmd the hypotenuse e to the nearest tenth when 

1 o » 45 and 6 » 60 

2 c a 28 8 and £« 12 0 
3, u SB 20 and 6 » 30 
4 <2 as 40 and 6 *■ 75 



Find «j to the nearest tenth when 

5 c=156andi« 144 7 6 = 18 and c* 20 

6 t = 65 5 - 39 3 8 6 = 4 V 2 and c = sVJ 

9 Solv e the formula c* »= <»* + 6* for b, and male a rule 
for finding a leg of a nght tnangic when the hypotenuse and 
the other leg are given 

10 Find the diagonal of a s^tiarc whose side is 14 inches 

11 Find the side of a square whose diagonal is SO inches 

12. Show that the diagonal of a square whose side is i can 
be found by the formula d — jV^ 

13. Find the altitude of an equilateral 
triangle having a side of 10 inches 

14. Find the altitude of an equilateral 
triangle having a side of 16 inches 

15. Find the side of an Muilateral tn- 
angic whose altitude is SVT inches 




fXOILEMS 
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16 Findthealtitudeofanequilateral tnanglehavingaside ^ 

17 Use the result of Exercise 16 to find the altitude of an 
equilateral triangle whose stde is 20 inches 

18 Find the diagonal of a rectangle whose dimensions are 
18 feet and 24 feet 


19 When the foot of a ladder 18 feet Jong is set 8 feet from 
the wall of a budding, the top of the ladder just reaches the 
second storywindow Howfarfromtheground is the window^ 

20 A baseball diamond u a square 90 feet on a side If the 
catcher, standing 5 feel behind home plate, makes a throw to 
second base, find the length of the horizontal path of the ball 

2 1 Find the area of a nght mangle if lU hypotenuse w 
52 inches long and one of its legs u 48 inches long 

22 BC IS the mean proportional be 
tween AD and DD ^ 

a Find BC to the nearest tenth when 
AB a 40 and BD « 20 

b. Find DC when dB*15V2 and 

SD-3JV5 



Algebraic Soluilon* of Complete Qvodroslc Eqvoiloni^l 

There are three ^gebraic methods of solving complete quadratic 
equations These methods are 

1 Solution by factonng 

2 Solution by completing the square It is a square>root method 

3 Solution by formula 

The last wo of these methods can be used to solve any quadratic 
equation The first method is used only when the roots are rational 
and when -{■ 6x + c is easily factored For practical problems 
cither of the last two methi^ is preferable 


Completing tha Square’** 

Before we attempt the algebraic solution of a quadratic equation 
by \compleiing the square we should understand the meaning of 
"conmleting the square” and be able to complete the square quickly 
At time you should review squaring binomials (p 67) and 
findmgNiquare roots of trinomials (p 74) 



QUADRATIC FUNaiONS AND EQUATIONS 


We shall now leam how to tnaJ^c a perfect square trjnomia] when 
the first two terms are given You can learn the method by studying 
the following example 

Example. Make a:* + 6 x a perfect square trinomial by 
adding one term 

Solution A square root of is * Then x is the first term of 
the square root of the trinomial Then x* + 6 * + ^ = (*-4* 

We know that 4*6xa=2xxX the missing number in the paren- 
thesis 


Then the rmssing number in the parenthesis u one half of + 6, 
or -1-3 

Now can write x* + 6 *+ (* + 3)* The missing term 
of 6 X -h ’ IS 3*, or 9 Then the perfect square trinomial 
IS ** + 6 X -h 9 We have completed the square 

CA) 

What must be added to each of the folloiving binonuals to HI fc 
make them perfect square trinomials’ Hi ■ 

l.x" + 8, + > 6x<+7« + ’ Il.,« + 5x + ’ , 

Sy + 2, + 7 7 ,>-7x + > + 7 

3 m«_6m + 7 8.t«-3t + > 13.y + J^+> / '( 

4 1>+101 + ? 9,»*-ll» + > 14 «=-( + » 

5.p’-np+’ 10 .i-Sx+i 15.»>+ u + ? y 

Solving CoRipletO Ouodrertk CquoTlons by CoTnpl«|i^thV5<|wti^<*> 
You solved an incomplete quadratic equation by solving for the 
square of the unknown and talung the square roots of llojn members 
of the equation 

Let us now consider the complete quadratic equation x* 6 x = 27. 
We cannot take the square root of the lift member, x* -h 6 x If we write 
the equation in the form x’ =i 27 — 6xand take the square root of both 
members, we get x = ± V27 — 6x We have not solved the equation 

for X because we have x occurring in the root 

We can make the left member of x* -h 6 x ** 27 x+ 3 ] 

a perfect square by adding (i of 6)’ to it A square . x+ 3 > 

root of x’ -h 6 X -b 9 IS X -f 3 If wc add 9 to the x* -b 3 x ) 

left member, we must add 9 to the right member, _ 3 x-b9 ? 
obtaining x’ + 6 x -b 9 = 36 Taking the square j 

roots of both members, we get x + 3 ** ± 6 
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We have changed the quadratic equation jr* + 6 a: + 9 = 36 into 
the two linear equations at + 3 = + 6 and x + 3 = — 6 The roots 
of these two equations are 3 and — 9 
The solution is written as follows 

jc* + 6x =27 
r»+6A- + 9 = 36 
x+3=±6 
^ = -3^-6 
X = 3or — 9 


Te Solve a Quadratic by Completing the Square 
1 Change the equat on to the form x*-h bz = e 
Z. Add to each member the iquore of half the coetRcienl of x 

3 F nd the square root of each member 
writ ng the double i gn d; 
before the squore root of the right member 

4 Solve the reiull ng Fneor equotom 

5 Prove that the values of z found a step 4 
It sfy the or g nol eqwodon 


Example 1 Solve x* + 6x — 55 = 0 
Solution a4 + 6z — 55 = 0 

r'+6z = 5S 
Antr z»+6x+9 = 64 

R, z+3 = ±8 

*=-3±8 
z=5 -11 

PROOF Docs 5*+6(5)— 55 = 0’ Yes 

Does (-ll)*+6(-lO-55 = 0> Yes 


[CMeuMirinn] (*) 

Solve each of the following quadratic equations by complet 
mg the square 


x» + 4x = -3 
x* - 12 X = - 27 


3 X* + 8 X = 0 

4 j^-2^ = 35 


5 m» + 8ffi = -7 

6 x*-7 =6x 


c»-8 = 2c 
14^ + 48 


= 0 


9 x»-f 8x = - 15 
10 y + 4> = 32 



n.x^^2x==2A 

12 >* + 4j.=s96 

13 - 35 = 2 m 
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14 **-i5-2*=»o r 

15 ^* + 2/1-48 = 0 

16 ** + 2A = 63 L 


Example 2. Solve — 5> = 24 

Solution This equation is like the equations above except that 
the coefficient of j is an odd number 

j,a_5^»24 [5 of 5 - I. and (I)’ « 

Ay >* — 5> + V**^ 

Rs 

Solving 

j» »= 8 or 1 


TTie proof is left to the student 


Solve 

1 *» + ll »= 12 

2 x»-3x = 4 

3 f*-5f-.l4 = 0 

4 ^3 - 3^ - 54 = 0 

5,y* - = - 4 

6 A* + 3A = -2 
7. 1» + 5A-14«0 
8.x»«-9x + 8«0 


[CMAtUntloMI [«) 


EXPOSES 


9 u>* + 3k'»28 

10 ,> + 5j-30 = 0 
U.»> + 3i-S4 
12.>' + 7/ + 6>-0 
13 ,>+»»l2 

15 



16. a* — 1« “ 32 


Example 3 
Solution 


Ds 


Solve 3 — 5 — 2 »=» 0 
3y-5.r-2«0 

[ieC5-!,and(l)’-H] 

7-«±l 

F»»2or--l 


proor Left to the student 


363 



AIGEBKA BOOK TWO 



Solve the following equations, expressing irrational roots 
n simplest radical form 


1 2x»-22x«-28 

2 x* + 36 = 13» 

3 5x»+ 16 r + 6==0 

4 6x* + 5x-3 = 0 

5 4xa + nx«3 


6 - ** + 1 « * 

7 6c-2r;* + l= 0 

8 + 2^ - 2 = 0 

9 -3A* + 5A-2 = 0 

10 2A»-8/t + 5 = 0 

0 to the 




Example 4 Express the roots of 3 s* + 4 
nearest hundredth 

Solution 3x^ + 4x»l 

* + !»±iV7 

-2±.>/7 

3 

-2:h2 64g 
3 

. X « 0 22 or - 1 55 

The approximate value of Vt can be found in Table 1 at the 
end of the book or by the melhod on page 206 

■^^olice that only the exact roots x = — ^ ^ will satisfy the 


t equation 


[*1 


Find the roots of the following to the nearest hundredth 
1 x»-2x-5 = 0 5>» + 23 = 10^ 

2** + 4x + l«0 63OT»-2 = m 

H 3 6x-x. = 7 7 2x^-60 = -x 

y 4y-12^ + 33«0 8^» = 3^ + 3 

Th» auodrotU Fotmuto •*! 

We shall now show how w solve the general quadratic equation 

ax* + 5x + f = 0 


QUADRATIC FUNCTIONS AND EQUATIONS 
flic’ + fcx + c = 0 

fl*’ + Ax = — <■ 


/ A y _ A’ 
^V2fl/ 4o* 


4 fl* 4 a* fl 
A* — 4 at 


, A , vA’ — 4 ae 

■* + 5 - = ± 5 

2 a 2 fl 


■ 


2o* 2fl 
-A±VA’-»4af 
■'* 2fl 

Solving Quadratic Equations by the QuodrotU Formuto*** 

The quadratic formula can be used to solve any quadratic equation 


General quadratic equoton oa* 4* bx 4* c » 0 


(quadratic fonnula} 


To use the quadratic formula m the solution of a quadratic equa- 
tion, it IS only necessary to substitute m it the values of a. A, and c of 
the given equation See if you can learn the formula m three minutes 
Example 1. Solve 3 x’ — 2 x *= 8 by the formula 
Solution ^^e fint write the equalton in the form 
a** + Ax+t»=0 

obtaining 3 x* — 2 x — 8 

Comparing the coefTicicnu of these two equationi, we find that 
a = 3, A «= — 2, and c » — 8 


The formula u 


(war M/ MO) 
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Subtuiuiing the value* of b andf 
6 

Can you gi' c a reason v»by the 3 and — 8 are enclosed by partn 
theses* 

^ 2 drVToS 


jr«2or — I 

Tlie proof IS left to the student Prose that both 2 and — } sat 
isfy 3 a* — 2 a *= 8 

Exaraple 2 Solve 3** — 4*--2 = 0 

Solution In this equation a=3 *•* — 4 andrs — 2 

. — 3 + 

The formula u a » 


SuIhi (uting the saluesofa b and r 

,„ iAV(^4Z-:4(3j(-'2) 

2(5) 

4d:2N/i0 2d:>/l0 
6 “ 6 “ 3 


Solve by the formula 


1 3;r» + 8* + 5»0 

2 2a» + 2a’-24 = 0 

3 5a* + 26a+5«0 

4 + 6/ * 55 

5 8 ffi>-2m =s 1 

6 = 2 

7 m*-5 = 57n 

8 a» + X'-2*0 


9 2x»® 1 - 3x 

10 3x«2-9x» 

11 x» + x+ 1 =0 

12 1 -4x=«8a* 

13 x* + 6x + 9 = 0 

14 *»-81 =0 

15 3x» + 4x-6=0 

16 ll*»-12x = -3 


IM 


The Four Methods ot Solving Qwedrotlc Equatlonst** 

^ou hase used four methods m solving quadratic equations Any 
quadratic equation can be solved by completing the square or by 
the formula which was made by completing the square 
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Any quadratic equation which has real roots can be solved graphi- 
cally, but the roots are only approximate, since they depend to some 
extent upon the sense of sight 

An incomplete quadratic equation can always be solved by the 
square-root method Sometimes it can be solved by factoring and by 
graphing It can be solved by the formula, but this method is a 
waste of time 


Solve the following equations, using the method or meth- 
ods designated by your teacher 
1 7xs-.ll;f = _4 8 x(*-2)»7 

2y+j,_I=0 9 

3 m*-3m-l-2*0 10 5 * + *(x - 7) =* 9 

4 + 12 11 (»-3)(x-h4)s.3 4r-5 

5 6**- 7x-l- 02 = 0 12 (x-3)»-i-2(x + 5)»=40 

2 4 

7.-*»-H00t = 4224 


PtncilnQ Cub* Roots 

Example. Find the three cube roots of 1 
Solution »* = 1 



1 Show that ( ' 

2. Find the three cube roots of 8 

3 Find the three cube nxjts of — 1 

4 Find the three cube roots of 27 

5 Find the three cube roots of 64. 
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Formins Equations When the Roots Are Given 1*1 

By reversing the process of finding the roots of an equation by fac- 
toring, an equation can he formed when the roots are given 

Example Form the equation whose roots are 3 and — i 
Solution. x=»3| * — — i 

*-3*0 

I 2x+l=0 

(x-3)(2x+l)«0 
2x*-5x-3 = 0 


Form the 
1 3 and — 4 
2—1 and — : 
3 2 and — 2 


Quadratic^uat 


Ltions whose roots are 


4. 3 and 0 
5. 0 and — 6 
6 J and — 1 


Form the equations whose roots are 
10 VlandV^ 12. » and 2 » 

ll.VZandVs 13.2, 1, and 3 


7. 1 and — 4 
8 — 4 and 4 
9. 3 and 0 


14. - 1, 2, and - 5 
15 3, 0, and — 4 


Froctlonal Quadrafte Equations 
Eaampti 


Solve 

* — 5 x-f 4 


x-4 2.r-) 

*-5 ^-1-4 


-20 


x.1-4 (,-5 Kx + 4} 

(x+ 4)(jr- 4) - (*- S)(2 * - 1) a= 1 - 2 X 
(x* — 16) — {2 x» - 11 * -f- 5) =» 1 - 2 X 
x»-16 — 2x»-fnx-5*l— 2x 
-*»-hl3*-22=0 
l3, Ti -^^drVl69-4f-1)(-22) 
x*=2orll 


PROOF For X = 

Doe* 
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Uo« 3“2" IB 

Does Yes 

Forx=n 

^ 11 -4 22-1 1-22 

Does 11+4 121-11-20 

Does i — i = “ A’ 

Docs - ^ - A’ Yes 


Solve the following equations 
1 

2x x + 3 
n X , i 5 



Literal Quodralle Equation. 

A httral .quat,o„ .. o.e m »h.ch at lean one of .ho known numbora 

“ StSiuc '^oatton can always bo solved by co„ple..n, 
the square and by the formula Some can bo solved by fac.ormg 

Esantplo Solve - 6 6v-7 P = 0 fora 
1 Solution by factoring 

— 7 ^ — 0 
(,_7t)(x + 6) = 0 

If^_74 = 0 I lfar+t = 0 

x = 7il 
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2 Solution by completing the square. 

A(, ,j « *)» - 6 >x+ 9 i* = 16 ft’ 

Rs *-3ft = ±4ft 

*=3i±4ft 
sr = 7 ft or — ft 

3 Solution by formula. 

— 6 4a— 7 ft* = 0 

a = 1, ft m the formula = — 6 ft in the example, and r = — 7 ft*. 



X « 7 ft or — ft 

The proof it left to the student 

M 

Solve for x 

1. a» + 3fla + 2a»»0 9. 2a*+4fta-f-s0 

2. x* + 6trai7*» 10 *» + « + daO 

3, a*-2««35e* 11. tfa* + a+ 1 » 0 

4, X* - <» « 0 12. a* + 5 a » 9 a* + 15 a 

5 a»a» ->» = 0 13. ar* + 2 fta - 1 = 0 

6.3x*-2fls = 3o» 14.:Jx» + i7Ba*i 

7 2a*+a-f = 0 15. da* - ea -/ = 0 

8.a* + 2«+e* = 0 16 (1 -a)a»- (1 +o)t + a{a»- I) = 0 

f») 

17. Solve J =» 2 ar* + 2 trrA for r 
la. Solve r* i aA(r* + ft* + rf?) for R 
19. Solve(a-l)*‘ + (a + 3)2-' = 4J 

Rfldlcal Equations tM 

The radical equations which you solved when studying Chapter 8 
reduced to linear equations We ^lall now solve radical equations 
which reduce to quadratic equations 
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Example Solve 3' 

SolutlOQ 


QUADRATIC FUNCTIONS AND EQUATIO^^ 


’-f 5-4x=l 


3 W+5 ~4jc=8l 

+ 5 =t4*+l 

9** + «=»16j*+8*+l,^ 
7*a+8x-44=s0 

«=2 or-3» 
^^"5-4r2) = l> Vc* 








P* 9** + 45=»16>+8*+1,^ 'V/ 

Simplifying 
Solving 
PROOF Docs 

Does 3VT-^3f)» + 5-4(-3f) = l> No 
Then only 2 is a root of the equation 

Each time we square both members of an equation containing rad- - 
icals, we must decrease the number of radicals by at least one All vA 
solutions of radical equations must be proved to eliminate the roots-'*'^^ 
of any denv cd redundant equations which arc not roots of the onginalJis 
eouafinn« 


Solve the lollowing radical equations 



7 V^+Ta V4x- H?-h4 

8 V2x~ 1 «6--Vx + 4 

n9.V^+4 + 20«2j 

^0 Vr+3-V*-2al 


V 2x + 2 --V* + 9a 0 

12 2Vr^-2«V*>4 


15 2yy-"l -V'37^'*yv-9 

16 Vx+1 -V2T^ = V7-2 


Problems That lead to Quadratic Equations IM 

If you are solving a prc^lem which is expressed by a quadratic 
equation, you wiH obtain two answrers for the number represented by 
the letter m the equation Consequently you will usually have two 
answers for any other unknown quantity m the problem 

Remember to use only one unlmown letter m'each problem, as we 
have not yet learned howto soKequadratic equations in two unknowns 
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Example The penmetcr of a rectangle is 46 inches and the 
area is 120 square inches Find the dimensions of the rectangle 
Solution Let jr s the number of inches in the width 
Then 23 — * =» the number of uu;hes tn the length 


*(23-x)«120 I 

23x-x»=120 * 

-x*+23x~120i=0 1 

x»-23x+120=s0 23-* 

23J:V23»- 4(1)020) 

* 2 
x=I5or8, 23 — *= 8 or 15 

The width u 15 inches and the lei^th 8 inches or the width is 
8 inches and the length 15 inches 


In some problems a set of answers can be discarded For 
example, the dimensions of a rectangle are discarded when 
they are negative 


NUMIEX 

PKOILEMS 


t« 

1 Separate 16 into two parts whose product is 63 

2 If SIX times a number is subtracted from its square, the 
remainder IS 891 What is the number’ 

3 If four times a number is added to three tunes its square, 
the sum is 95 Find the number 

4 If twice a number is subtracted from eight times its 
square, the remainder is 1 Find the number 

5 Find two consecutive integers whose product is 1722 

6 A number increased by twice its square equals 300 
What is the number’ 

7 If twice the square of a number w decreased by five 
times Itself, the xemamder is 150 Find the number 

8 One number is 3 more than twice another, and the sum 
of their squares is 137 Find the numbers 

9 One number is 4 less than three times another -Fi^d- 
the numbers if the diflerence of their squares is 160 

10 One number e*«eda another by 6 If the larger is di- 
vided by the smaller, the quotient is the same as when the 
sjnaJJej- is divided by 25 Find the numbers 
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[*! 

1. A rectangular field contains 120 i ~ 

acres Find its dimensions if its length 120*160 i 
exceeds us width by 40 rods (1 acre 
s 160 square rods ) * ' 

2. The hypotenuse of a right triangle 

IS 117 inches and one leg exceeds twice the other by 18 inches 
How long IS each leg’ 

3. One leg of a right triangle is 105 inches Find the 
hypotenuse and the other leg if the hypotenuse exceeds twice 
this other leg by 7 inches 

4 Find to the nearest tenth of an 
inch the side of an equilateral triangle if 
It exceeds the altitude by 2 inches 

5 A man uses 100 feet of fencing to 
enclose a rectangular garden Find the 
dimensions of the garden if us area is a 
maximum 

A =» ir(50 — x) Complete the solution 
by finding the maximum value of the 
function 



120*160 


x-»40 


GEOMETRY 

PROILEMS 


6. Find the dimensions of the largest 
rectangular yard that can be made using 
140 feet of fencing for three sides of the yard and a side of a 
bam for the fourth side (see page 250) 



IT 

Ji 


7. How wide a strip must be mowed around a rett^gxilar 
grass plot 40 feet wide and 60 feet long for half of tlw mbwmg 

to be done’ See diagram at right abo\e r!^(y 
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8 A rectangular wheat (icid u L60 rods long and 40 rods 
wide How wide a border must be cut around the field for 
one third of the wheat to be cut’ 


9 A line is divided into extreme and mean ratio when the 
larger segment » the mean proportional between the whole 
line and the ^mailer segment Find the Jengtlis of the seg 
ments when 9 12 inch line se^ent is divided into extreme 
and mean raito 

10 A line segment 16 inches long is divided into extreme 
and mean ratio Find ihe lengths of the two segments into 
svhich the line segment is divided 

11 AD and CD are two chords of a 

circle intersecting at F It is proved in p 

geometry that AF FB » CF FD ^ 

8 Find CF and FD if C5*30 
andF5*«18 

b Find dFand FB if CF’^ jO FD a 20 and AD » 33 

12 It li proved in geometry that the tangent BA u the mean 
proportional between the secant BD and 
the external segment BC 

a Find AD if ZfC = 4 inches and 
CD s= 16 25 inches 

b Find DC and CD when AD = 16 
inches and DD ^ 40 inches 

c If CZ) =5 10 inches and BA^\Z 
inches find BC to the nearest tenth of an inch 




and AD » 33 


1 The time going 180 miles was 1 hour more than the time 
returning Find the rate in each direction if the rate returning 
was 15 miles an hour faster than the rate going 

2 The h ghway distance between two cities is 280 miles 
The rate for 80 miles of the mp from one city to the other is to 
be 10 miles an hour faster than the rate for the reinamder of 
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the distance Find the two rates if the time of the trip is 
6 hours 

3. A plane flies 300 miles having a tad vntvd of 10 m p h , 
and returns against a tvmd of 20 m p h Find the speed of the 
plane in still air if the tunc of the flight is 4^ hours 

4. At what air speed must a plane be flown to complete a 
tnp between two airports 420 miles apart m 5 hours if the 
flight going has a head wind (blowing against the nose of the 
plane) of 40 miles an hour and the flight cetummg has a tail 
Wind of 30 miles an hour’ 

5. A plane goes 150 miles with the wind and returns against 
the wind m 3 hours and 45 tninutcs Find the air speed of the 
plane if the wind blows 10 miles an hour 

6 It takes a crew 1 hour and 30 minutes longer to go 12 
miles \ip a river than to return Fmd the rate of the crew in 
still Water if the rate of the current is 2 miles an hour 

7 A speed boat has a speed of 27 Hides an hour i n still water 
If It requires 1| hours for the boat to go 15 miles downstream 
and return, what the rate of the current’ 

8. An airplane pilot has I hour and 10 minutes to go 100 
miles and return When going he has a tad wind of 20 mdes 
an hour, and returning he has a head wind£rf20 miles an hour 
He estimates he will lose 2^ minutes of Hytng "me in take- 
offs and landings At what air speed must he fly’ 


1. Mrs "Lane had 64 ^ards of wire fencing 
to enclose a chicken yard She asked a mathe- 
matics teacher to find the dimensions of the 
)ard which would be rectangular and have 
the greatest area Show that the yard would 
be a square with each side 16 yards long 


MAXIMA 

AND 

AA1NIA4A 

PKOIIEMS 


Hm jasx (32 — j) Find the value of x that makes y a 
maximum 


2. The Sum of two numljer^ is 136 Find the numbers if 
their product is a maximum (b*t * ” one of the numbers 
and let j =* the product ) 
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3 I am ihinWing of a number I subiract 8 from ihe num- 
ber, and then multiply the di/Tcrcncc by the number Find 
the number of which I am thinking if the product i$ the small- 
est possible 

4 A bay shouts in arrow vertically upward in the air 
Its height in feet after t seconds is given by the formula 
A = 100l-16»* 

a Graph the equation 

b Find the time that the arrow is in the air (A = 0) 

c Find the greatest height the arrow 


•f'Ch’a^pVtr tV. 


Before you begin the chapter review exercises be sure that 


you know 

1 The meaning of a quadratic function moi 

an6 cA a quadratic equation 

2 How to graph a quadratic function 247 

3 How to find the turning point 

of the graph of a quadratic function 248 

4 How to find the maximum and minimum values 

of quadratic funcuons 250 

5 How (0 hnd (he intercepts 

of the graphs of quadraUc functions 249 

6 How to solve incomplete quadratic equations 

(a) by graphing 255 

(A) by the square-root method 257 

7 How to solve complete quadratic equations 

(a) by factonng 90 

(5) by graphmg 255 

(e) by completing the square 261 

(d) by formula 265 

8 How to spell and use correctly these words 


MATHlMATICAt VOCABUlAKY 

axis of symmetry (p 251) intercept (p 249) 

complete quadratic (p 254) maximum (p 250) 

incomplete quadratic (p 254) minimum (p 250) 
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1. What IS the name of the graph of^ = 2x* — ;r + P 

Form the equations whose roots are 
2—3 and 6 a 4 

Solve by factonng- 

4 x* + 2»3x 5 2x^ + 9x^5 

Solve by completing the square 
6 x^ + 2x^A^ 8 x» + x-5=»0 

7.x» + 6;r = 91 9 3 r’ +6 ;r - 45 «= 0 

Solve by the formula 

10. ay - 2> - 1 « 0 12 3 *» + 5 X = 2 

11.2m*-3m«2 13 2y - 10> » - 9 

14. Find the maximum value of the function 6 * - x* 

15. Solve graphically x* — 2 x = 1 5 

16. One number exceeds another by 8 The square of the 
larger number exceeds the square of the smaller by 208 Find 
the numbers 

17. Find two consecutive odd numbers whose product is 
1295 

18. The hypotenuse of a nghi triangle u 50 inches One leg 
of the triangle exceeds the other by 10 inches Find the two legs 

19 Which two of these functions have graphs that can be 
made to coincide 2 x® — x + 3, 2 x’ — * + 6, and x* — 2 x + 3? 

Solve fay any method 

22 The length of a rectangle is 1 fool greater than twice its 
width Find the dimensions of the rectangle if its area is 78 
square feet 



1 Simplify 3 a — (<* — 6(2 a + 1)) 
2 . 1 md the value of (64) * 

3 Multiply (3-2i)(3 + 0 
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4. Solve and prove 2V!* — 3 — 6 = 0 

5. Solve I? = r*V3 for t 

6 Find the square roots of 93 1225 
7. I IS what per cent of 

8- What number, increased by 25% of itself, equals 80’ 


9. Factor ** — a* + 6 a — 9 
m/W-=^» + 2^» + 10 Fjnd/r-4) 

11 Complete The graph of “ j:* + 2 r + 1 is a 

12 Find the side of an equilateral triangle whose altitude 
» 11 S'v/l \nchcs 

13. Form the equation whose roots arc f and — ^ 

14. How much water must be added to 10 gallons of a 3% 
salt solution to make it a 2% solution’ 


15 Solve 


3 5 

2x + S 5’ 

16 Simplify the following radicals 
a Vn b, V96 c V| 

17. Solve6i»-r+l *0 




18. Solve for a r’ + 6 a* = 5 <m 

19. Find to the nearest hundredth the value of 


20 Rationalize the denominator 


V^- 
Va + Vb 


5 


21. Simplify (a — i)*— (« + 2i)* 

22. Simplify 3V^x4\/-50, 


23. The average rale of an automobile between two cities 
1 80 miles apart was 5 nules an hour more than that of a train 
If the automobile made the tnp m 30 minutes less time than 
the tram, find the rate of each 


24. Divides* — 3 a* + 3 jr — 1 by r - 1 
23 Expand (a* + «“*)* 

26. Multiply jr'(*»"-3r'— ) 
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«l"arc of the We™mll™'"[L"'i™ ‘"“S'” *“* ‘Iwt the 

Uy 88 ^ ^ exceed the piodtict of the other two 

25 Solve fore x.“(» - 1 ) = 2 , 

29 Solve for R . p 2 }{ 

R—r 

30 Solve 2 =s 6 

31 Solve ^ + 2 


= 2*±3 
x-3 


^-7x + T2* 

32 Find the minimum value of^ if_, = 3 *2 - 4 x + 2 

33 What IS the slope of the graph of 2j. = 3 - P 

»'>«c^mteXur4'“’" "" 

'•kee/a 3o“ ^ »hen^ a 18 F.nd « 

when J'^ls" “ X = 25 when ^ - 24 find x 

52 Ftttd the tide of a square whose diagonal is 8V2 

38 Solve *■ _ 27 

39 Solve x 4 .^ + e„4 

2x + 3>--<aRl 
3 x - 3 - + 2<=*1 

C men can complete a job in d days How many more 
tt»cn should be hired to complete the job m x days’ 

lotal income from two investments IS $317 50 The 
ttivestment at 5% produces S107 50 more than the investment 

3% How much IS imested at each rale’ 

^2 An observer in a balloon 2400 feet above town A finds 
lhat the angle of depression of town is 21 * 4 Wlial is >he 
distance between the towns if each has the same elevation 
above sea level’ 

43 How can you tell from the graph of a quadratic cqua 
tion whether the roots of the equation are real’ 
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After each of the foUowing escercises four possible solutions 
(a). (^)» (f). atid (li) ate given Solve the exercises to find 
which solution is correct 

44, Find the quotient 


“;r-l 


45. Solve ~x + 1 5 xV^ = 243* 


b.V^ d. -V 

46. Factor x* -f +^* 

a. (x» - ^ ->»)(!:» + XT +y) 

b. (;c* — xj> +y)(x* + *J> —y*) 

C, ^ +j-»)(*» + ;gr +y) 

d (x*+*y+y)(*»+:rr+7«) 

47. Multiply (2 — 3 1 ) by (4 + 1 ) 

a 5-14 « e.5-I0i 

b 11 -lOi d. U + lOi 

4S. Simplify 3“* + 4*'* 

»• A e ^ 

b f d 7-« 

49. Solve (* — 2)(** + 241 + 4) 4- *» s= 2 F 


50 Write the equation passing through the point (3, 4) 
and parallel to the line x — 2y » 0 

».x-~2y + 5^0 c.x + 2y — 5 = 0 

b. 4r-3j> + 4 = 4 d. 34:-4^ = i 

51. The minimum value of 8a* — 15 is 
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In this test express all irrational roots in their simplest radi- 
cal forms 


Solve by factoring 
1 - 36 = 0 

2 . + 9 ^ _ 0 


3 j:*-|-7*=18 
■4 4 **-196 = 0 


Solve by completing the square 

5**-l-2*-l=0 7.y-5^~3 = 0 

6. *» -no * = 75 8 2 T» -I- 9 * = 5 


Solve Exs 9-12 by formula 
9 **“* = 56 11 2*» + 5*=12 

10.3*a + ll* = 4 12 ** + 2r-t-5--0 

13. Solve /i » ITT* for r 

14 Find the maximum value of 10 — 2 * — *® 

15 Draw the graph of the funcuon ** — 2 * - 8 


Parf fl Problems 

1. Find two consecutive integers whose product u 9702 

2 The area of a rectangle is 154 square inches and the 
perimeter is 50 inches Find the dimensions of the rectangle 

3. T he square of a certain number is 45 more than 4 times 
the number Find the number 

4 The sum of a certain number and five times its square is 
994 Find the number 

5 The diagonal of a rectangle is 100 inches and one leg is 

30 inches Find the length of the other leg to the nearest tenth 
of an inch * 

6 One automobile travels 240 miles in 1 hour less ume than 
a second automobile by going 12 mites an hour faster Find 
the rate of the slower automobile 
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CoMPUTJNG MACHINES 


Th« first adding machine was the abacus, which came Into use n 
very early times and which is shN used in s^e parts of the Orient 
In 1642 Bloise Pascal awented an adding machine which wos a great 
Improvement over earlier types of machines. In his machine one com 
plete revolution of one wheel coused the wheel of the next higher order 
to tnaVe one tenth of o revolulioo. Neorly oil cokulotmg machvnes of 
todoy use this some principle 

The first targe scale digital calculating modune was the Automohc 
Sequence Controlled Calculator, or Marh L The Marie I calculator was 
originated m 1937 by Howord H Atlcen, Professor of Mathemotics at 
Horvord University The designovg end construction of the machine were 
carried out from 1939 to 1944 by the Intemotionaf Business Machines 
Corporation under the direclton of Professor AiVen, B M, Durfee, F E. 
Hamilton, and C 0 Loke Smee then the Inlemotional Business Moehinei 
Carpototion and other companies, tudi os the Bell laboratories and the 
Moore School of 0eclncot bigmeering, hove been mokmg improved 
cotcvlotors 



One of the newest high speed eleelronK cakviators is the 704, ' 
built by the Intemotionol Business Machines Corporation, 

The 704 is capable of performing more than 40,000 odditon or 
subtraction operations o second, and more lhan5/)00 multiplications or 
divisions of 10 digit numbers In solving a typKal problem, the 704 per 
forms an overage of 14,000 mathemoticol operations a second 

Internally, the 704 performs operations in the binary number system 
(see page 320] All initial data and flnol results may be in the fom Iior 
decimal number system High speed conversion between number sys 
terns IS handled automatically by the calculator 

The need for an electronic machine which wiU carry out thousondt of 
operations a second is illustrated by the foct that the solut on of o well 
known partial differenliol equation useful «i aircraft wing design re 
quires 8,000,000 calculating steps per cose The 704 completes the 
solution in a few minutes A man working with o desk computer ond 
using the tame method would require seven years. 


The electronic co/eufolor 704 
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Examples Rounded ofT to tenths, 


3 24 becomes 3 2 

4 65 becomes 4 6 
7 35 becomes 7 4 


8 783 becomes 8 8 
19 05 becomes 19 0 
23 146 becomes 23 1 



Round ofT each of the following numbers to the nearest 
tenth 

1 2 56 3 9 67 5 18 99 7.7 65 

2 18 41 4 5 971 $ 4 35 8 20 750 

Round off each of the following numbers to the nearest 
hundredth 

9 7 861 II 10158 13 2 135 15 8 1457 

10 3 146 12 2 1963 14 4 245 16 9 35^ 


Units of Moesurel*' t 

The unit of measure in any measurement u the smallest unit j 
m the measurement Thus one foot is the unit of measure m tlw 
recorded measurement 3 yd 2 ft , and i of an inch is the unit w 
measure m the recorded measurement 1 ft 2^ in '' 


SIsnIfleant Figures'*' 

In general, all the figures of a number are significant The digits 
1, 2, 3, 4, 5, 6, 7, 8, and 9 are always significant In some cases zero 
IS significant and in some cases it is not significant Zero is not stg 
nificant if it is used merely as a place holder following a decimal 
point It is significant if it is used to show the precision of a measure* 
ment 

For example, the zero m the recorded measurement 7 0 inches is 
significant because it shows that the measurement was made to the 
nearest tenth of an inch 

The position of the decimal point has no beanng on the number 
of significant figures but it indicates the unit of measure and the 
precision of the measurement 
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The followmg rule will be useful in determining the significant 
figures of a number 


Rulo for Slgiiifleant Figures 

1 Oitregard oil initiol zeros 

2 Disregard oil Anal zeros unless they 

follow o decimal point 

3 The remaining digits are signiAcont 


State the number of significant figures in each of the 


following 
1. 4718 
2 320 
3. 17 41 


4 1810 

5 304 0 

6 03 7 


7. 280 3 J 
8 9000 
0 0 007 I 


JO 7 0 

11 21 04 

12 001U*> 


Round off each of the following numbers to three significant 
figures 

13 714 2 15 1725 17. 0 1432 19 721 0 

14 78 64 16 9 135 18 9147 2 20 46120 


— Iimii lUMMiiw soOAIIfTHMS ■■ liumin-i-i-iii— .n i LUimiiirimjwgf 

We live m a machine age By using machines we do more work 
and do it m less tune, thereby having more leisure time and enjoying 
a higher standard of living 

To shorten the work in computation mathcmaucians have invented 
logarithms , the slide rule, and computing machines, and have de- 
veloped new methods of solutions In this chapter we shall study 
logarithms and the slide rule 

We shall first leam how to multiply, divide, and find powers and 
roots of numbers with logarithms, and then we shall leam how to 
perform these operations with the slide rule 

Logarithms as a Tlme-Saverl^l 

In order that you may appreciate the use of logarithms, we shall 
solve a problem in two ways — fust without fogarithms, and" second.' 
with logarithms Sec how loganthms shorten paper work 
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Example 


(7~52~X 16 3 

Find the value of yj 


Solution 1 (without loganthms) 
7 52 
165 
2 256 
45 12 
75 2 
122 576 
4 3777 
28p2l7S 
112 
10 5 
84 
217 
1 96 
216 
196 
200 
196 

2 0 9 
4 37 77 


Answer 2 09 



Solution 2 
Let 

Then j 




7 52 X 16 3 
28 

7 52 X 16 3 


log7 52 = 0 8762 
loc 16 3=12122 
log product = 2 0884 
log 28 = 1 4472 
logx*= 6412 
log X = 3206 
* = 2^9 


Meaning o1 logarithm*!** 

You may have heard that loganthms arc exponents Let us try to 
obtain a clearer idea of their meaning In the statement 10* = 1000, 
the 3 is the exponent of the base 10 If we use the word logarithm we 
say, "The logarithm of 1000 to the base 10 is 3 ” Again, from the 
statement 2* = 8 we say that the exponent of 2 is 3 and that the log- 
arithm (abbreviated /og) ctf 8 to the base 2 is 3 
Other examples showing the meaning of logarithms are 
logioo lOOOO = 2 means the same as 100^ = 10000 
logs 16 = 4 means the same as 2* = 16 
logs 81 = 2 rneara the same as 81 
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You should always rfmember that a logarithm js an exponent 
The logarithm of a number to a given base is the exponent that in- 
dicates the power to which the base must be raised to equal that 
number 

The expression 2* *= 32 is written m exponential notation and the 
equivalent expression logj 32 = 5 is written in logarithmic notation 
You must know how to change from either of these forms to the other 
Example I Change 3* = 81 to logarithmic notation 
Solution The base u 3 and the logarithm u 4 Then log) 61 4 

Example 2 Express 2* = 32 in loganthmic form 
Solution log: 32 a: 5 ^ 

Example 3 Express logic 1000 » 3 in exponentml fo^ 

Solution 10**1000 ^ 


Example 4 Find log» 64 
Solution 64 « 4* Then log« 64 = 3 


Example 3 Find logic 0 0001 


Solution OWOler^-rjijalO-* ThcnlogioO 000l»-4 


W 

Change the following expressions from exponential noiauon 
to logarithmic notation 


1 2« = 16 

9 5* = 25 

17 10* a 10,000 

© 2' = 2 

® 5* = 125 

(g)l0» * 1000 

3 2>«8 

11. 6» = 216 

19 10* « 100 

0 . 2» * 32 


@10 = 10 , ' 

5. 2« = 64 

13, 5» = 1 

21.10-‘ = 0l ^ 

€i2»«l 

G?5-‘= 2 

@>io-*«ooi 

7.2-‘ = J 

15. 5'* « 0 04 

23 10»=W,000 

J 

g^-»«0008 

10-> = 0 00l 

Change the following expressions to exponential notation* 

25. logic 1000 *3 

di/logt 49 » 2 

31. log, 64 = 3 

O^logio 10,000 » 4 

29 logic 0 01 »- 

2 S^log»81=2 

27. log: 8 « 3 

3©log„256 »2 

^33 logs 8! =4 
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I 


Common logorlthmi^*) 

Any positive number except t can be used as the base of loganthms, 
but only t^o bases are commonly used 
The natural system of logarithms has the base i, which has the ap- 
proximate value 2 71828 The base / is useful jn theoretical mathe- 
matics because the rate of change of the function r* u equal to the 
value of e* Natural logarithms arc called Napienan logarithms in 
honor of John Napier, their inventor The expression log, 45 is often 
wntten m the abbreviated form In 45 

Loganthms having !0 as the base are called common loganthms 
The base 10 is used in computation because we use the decimal system 
of notation Unless stated otherwise* logarithm” will mean "common 
loganthm” and it will not be necessary to wnte the base 10 For ex- 
ample, log 75 means Iogio75 Bnggs (15^0-1630), an English math 
ematician, by 1616 had completed a table of loganthms to the base 10 
of all integers from I to 999 inclusive In other words he had prepared 
a table in which all integers from 1 to 999 inclusive were expressed as 
powers of 10 Later he extended the table to include all integers from 
1 to 20,000 

Decimol Powers of 101*1 

The table shown here gives the integral powers of 10 from — 3 to 
-f 4 inclusive From the table we may infer the 
following 

Any number, such as 23W, that a greater 
than 1000 but less than 10,000 is equal to 10 
with an exponent whose value lies between 3 and 
4 Any number, such as 892, that lies between 
100 and 1000 is equal to 10 with exponent 
greater than 2 but less than 3 Any number be- 
tween 10 and 100 is equal to 10 with an expo 


10000 = 10 * 
1000=10’ 
100 = 10 ’ 
10 = 10 ' 

1 = 10'' 
01 = 10 -' 
0 01 = 10 “* 
0 001 = 10 -’ 


Find the followingJcsarithms 
g) log, 4 logs 256 42 logj i 

35 log , 0 100 39 log, 32 43 1ogio0l 

^logiBlOOOO ‘^ogs512 44 log, 0 0 01 

37 logs 125 41 log, 27 45 log,o0 001 

46 Find log 4* to base 4 47 Find log 10’ to base 10 
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nent between 1 and 2 Any number, such as 4, between 1 and 10 js 
equal to 10 with an exponent between 0 and 1 Any number, such as 
6, between 0 1 and ] js equal to 10 with an exponent between — 1 
and 0 Any number between 01 and 1 is equal to 10 with an expo- 
nent between — 2 and — 1 And any number between 001 and 01 
is equal to 1 0 with an exponent befnwn — 3 and — 2 
From this table you can see that only a small percentage of the 
positive numbers can be expressed as integral powers of 10 The re- 
maining positive numbers arc decimal powers of 10 For example, 

1 8 as 1 0’ 300 = 1 02 S 2 «, and 84 5 = 1 O' 

Th« Characteristic and Mantissa'*' 

The integral pan of the logarithm is called the characteristic and 
the fractional part the mantissa In the expressions 82 « 10' and 
log 82 = 1 9138 the characteristic is 1 and the mantissa is 9138 In 
the expressions 467 tss lo* wt* and log 467 « 2 6693 the characteristic 
IS 2 and the mantissa is 6693 ^ 

Either the charactensiic or the mantissa may be zero In the ex-y) 
pression log 100 * 2 the mantissa is zero and in the expression log 6 
= 7782 the characteristic is zero What number has the logarithm 
whose characteristic is zero and mantissa is zero’ 

Hew to Find LoSQrlthms of Numbers between 1 end 10'*' 

Since the logarithm of any number between 1 and 10 is greater 
than zero and less than I, the characteristic of such a number is 
rero Tabfc II at the back of die book gtwes fhe toganthms of num- 
bers from 1 00 to 9 99 inclusive to four decimal places Can you tell ( 
why it IS called a table of mantissas’ 

In the column headed N are the fint two digits of the number 
The third digit of the number »s m the row with N The loganthms 
of the numbers are below row N and to the right of column N Now^ 
study the two examples 
Example 1 Find log 3 56 

Solution In this example we are to find the power of 10 which 
equals 3 56 We know that the charactcruuc is zero To find 
the logarithm of 3 56 we look in the column headed N (num- 
bers) m Table II to find 3 5, which consists of the first two / 
digits of 3 56 Then we follow the line honaontally to the 
nght until we reach the column beaded 6, the thud digit of 
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3 56 Here we find the number 5514 The decimal points 
whch precede the loganthms arc not written in the table 
We must supply them Placing the decimal point before 5514 
we get 5514 

Then 100«‘* = 3S6 or 3 56*=0 5514 

Example 2 Find It^ 7 8 

Solution We write each number so that it has 3 digits In this 
case we add a aero to 7 8 to make it 7 80 Wc look m the col 
umn headed N to find the number 7 8 which consists of the first 
two d gits of 7 80 Then we follow the line 7 8 horizontally to 
the right till we reach the column headed zero the third digit 
of 7 80 Here we find the number 8921 VVniing the decimal 
po nt before this number we have 8921 which is log 7 8 
Then 10“ * 7 8 or log? 8«0 8921 


Express each of the following numbers as powers of 10 


1 8 32 3 2 64 

2 5 17 4 718 

Find the loganthms of 


5 310 

6 8 20 


7 91 

8 77 


9 29 11 8 

10 1 4 12 6 


J3 4 99 15 7 13 

14 9 85 16 411 


How to Find th« AntUogurlthm (eharoctorUtlc 0)1*1 
The antiloganthm (abbreviated cnltlog) is the name of the number 
whose loganthm is given 

Examples Smcelogfi 5 = 0 8129 thenantilog 8129 = 65 
Since log 8 = 9031 thenantilog 9031 =8 
Finding the antiloganthm is finding the number whose loganthm 
is given This is done by reversing the steps in finding the loganthm 
when the number is given Now use pencil and paper when you study 
the next two examples 


Example 1 Find the antilc^ of 1147 ' 

Solution In thu example we are to find ihe number whose 
loganthm u 8549 or find the number that equals 10®**** 
IVc look among the loganthms in Table II to find the number 
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8549 We remember that the decimal points which precede 
the logarithms arc omitted m the table We find 8549 m 
row 7 I and in column headed 6 Then the antilog of 8549 
or ,s7 16 


Example 2 Find the antilog of 7125 
Solution We look among the logarithms in Table U to find 
7125 This number is not in the table but the number in the 
table nearest it is 7126 The number 7126 is the logarithm 
of516 The antilog 7126 = 5 16, to the nearest hundredth 

Find the numbers to the nearest hundredths which equal 
the following ^ 

1^}()0 8209 3 IQOSSSS 5 7 jOosroo 

2.10®®®** 4 10®”“ 6 10®*‘*» B 10®**®* 

Find the antiloganlhms of the following logarithms to the 
nearest hundredths 

9 0 9375 11 0 9475 13 0 0253 15 0 8670 

10 0 7778 12 0 1139 14 0 3263 16 08888 


/ 


EXEROSES 


u 


How the Loserlthm of a Number Changes When the Number It 
Multiplied by a Power of 

You have learned how to find the logarithms of numbers ranging 
from 1 00 to 10 00 and to find these numbers when their loganihtns 
arc known We shall now prove a theorem which will aid us in find- 
ing the logarithms of numbers less than 1 and the logarithms of num- 
bers greater than 10 It will also aid us m finding these numbers 
when their logarithms are given 

Theorem. If a positive number N «i mgltipKed by the nth power of 10, its 
logarithm is increased fay n 
PROOF Let logie JY = x 

Then JY- 10* 

Af,o» jV 10- = I0»^“ 

Or logCA- 10-)=x-Fn 

Substituting logioXfor x, 

log (JY 10") = login A'-h n 

If the number is multiplied by a negauve nth power of 10 (divided 
by 10"), the logarithm is decreased by n 
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Example 1 Given log 6 41 = 8069 Find log 641 
Solution 641=6 41 X 102 

By the theorem, k^641 = 1<^ 6 41 + 2 
Then log 641 = 8069 + 2 = 2 8069 

Example 2 If log 7 28 = 8621, find log 72 8 
Solution, 72,8 = 7 28 X 10' 

By the theorem, log 728 = 1^7 28 + 1 
Then log 72 8 = 8621 + 1 = 1 8621 

Example 3 If log 3 47 = 5403, find log 00347 
Solution. 00347<=3 47XlD-» 

By the theorem, log 00347 = log 3 47 — 3 
Then log 00347 <= 5403 - 3 


'ORAL 

EXERCISES 


Given log 7 55 = 0 8779 


a Find log 755 

c. Find Jog 7550 

b. Find log 75 5 

d. Find log 755 

Gwen 1 72 = 2355 


a. Find log 17 2 

c. Find log 172 

b Find log 172 

d. Find log 1720 

, Given log 6 35 = 8028 


a Find log 6350 

c. Find log 0635 

b Find log 63 5 

d. Find log 635 


How to Find ih« Losntlthm of Any Thr«B>Dlglt Nimborl*! 

You have learned how to find the logarithm of a three-digit num- 
ber whose v^uc is greater than 1 and less than 10 We shall now learn 
how to find the logarithms of numbers like 523, 84, and 2750, whose 
values are less than 1 or greater than 10 

If you have forgotten how to wntc numbers in standard notation, 
you should review pages 211-212 

Now use pencil and paper as you study the three examples which 
follow 
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&«opIe 1 

, 847 = 8 47x10« 

Table 11 8 47 =» 10 ««• 

The” 84?»=109«»^ 10 847= 1026279 

log 847 « 2 9279 
847 = 847X107 

fog 847 « 2 9279 

®>4nipU2 Pmdlos92 8 
£'‘Sb.4n ”8‘r,v*.l‘» 

Then 92.8=109 «"j5 JO <)28»=10 9*’ 

log 92 8 =a J 9675 
92 8 = 9 28X10. 

T « ^ ^ I»8 928 = 108928+1 

TlZ^“'" 10* 9 28 = 9475 

log 92 8 = 1 9675 

I^MmpleS Find log 1760 

wTfi .. 1760=176X10> 

l76«l0-«« 

1760=10«“X10» 

Th 1760»H)”<« 

lo8l760«3 245S 

ItTV 1760=176X10^ 

r me theorem on page 293 Jog J 760 = log 1 76 + 3 
Table II Jog 1 76 = 2455 

” Jog 1760 = 3^455 


1 In, 

)ou fi ^ number is wntten m standard notation liow can 
cbaractcnsuc of ils loganthm’ Ho v can you 
tts m^nussa^ 




2 

3 

4 


^‘nd the log^ithms'bf 


5 85 6 

8 7630 

11 6 32 

^ 419 

9 8100 

12 504 

7 84 

20 93000 

13 819 


U 
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\Vc shall now leam a shorter method of finding loganthxns of 
numbers 

Example 4 Find log 783 

Solution We place a caret to the nght of the first significant 
figuTeofibemimbcr, thus 7^83 Starting at the caret we count 
the number of decimal places to the decimal point Wc count 
2 places to the nght From Table It, Jog 7 83 = 8938 Then 
log 783 u 2 more than log 7 83 Then fog 783 =» 2 8938 

Rul« for Finding th* Logarithm of e Numbor (tho Power 
of B^uols tVio Uunt^t^ 

1 Place a caret 

to the nghl of the Bri) sigtHflcont Bgure of the nvniber 

2 To find the charaeteriitK (the inlegrol port of the loganlhml, 

tlort cl the caret 

and count the number of plocet to the decimal point 
If you count to the nght. it (s positive; 
end yocr ioarrt hp Mo feA*. rr rr rregohye 

3 Find the mantissa (the decunoi power of )D] In Toble II 

4 Find the loflorilhm of the number 

by adding the ehoroelenstie ond the mantisso 


With practice you will be able to do Steps 1 and 2 mentally 
Example 5 Find log 356 

Solution Placing the caret to the nght of the first significant 
figure, we have 3a56 Starting at the caret, wc count two 
places to the nght to the decimal pomt Then the charactenstic 
IS + 2 ConsKfcring the caret as a decimal point, wc find in 
Table H that the loganthm of 3.^56 u 5514 Adding the 
characterwtic 2 to the mantissa SS14, we get 2 5514 
Then 356 = 10> »»'<, and the loganthm of 356 10 base 10 is 2 5514 

Example 6 Find log 58 

Solution We place a caret to the right of the first significant fig- 
ure, thus 5 a 8 Starting at the caret, we count one place to the 
nght to the decimal point The characteristic u + t 
Considenng ibe caret as a decimal point, wc have the number 
5 8 Wc add a xero to the number so that it will have three 
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digits, and get 5 80 To find the mdntissa of the logarithm of 
58, wc find the logarithm of 5 80 m Table II We find that 
log 5 80 (which IS the mantissa of the logarithm of 58) is 7634 
Wc add the characteristic and mantissa and get 1 7634 Then 
58 = 10* and log 58 = 1 7634 


Find the logarithms 

of 

726 

4 24 9 

&>5 2 

2 843 

2S?1320 

S 346 

§ 860 

6 4 75 

(|J3260 


EXEROSES* 


10 632 92 1 

^21 8 U 540 
12 2180 g)700 


NesQffvB Characteristics 

You have learned how to find It^arilhms with positive characteris- 
tics and now we shall consider loganthms with negative characteristics 
Suppose that wc wish to find log 0 58 We place the caret thus, 
0 5/^8 Starting at the caret, we count to the left one place to the 
decimal point Then 0 58 * 5 8 X lO’*, that is, 5 8 must be mul- 
tiplied by 10-* to equal 0 58 Then the logarithm of 58 is one less 
than the logarithm of 5 8 Hence the characienslic is — 1 
From the table, log 5 8 * 7634 We cannot write the logarithm of 
0 58 in the form - I 7634 because the mantissa 7634 is positive 
Then how shall we write the Ic^nthm’ Shall wc write it 
m the form — 1 + 7634’ 

or m the form r7634’ 

or m the form - 2366, which equals - t + 7634’ 

Or in th^ form 9 7634 — 10’ 


Wc shall use the last fomi because it simplifies coraputalion For ex- 
ample, ,f the eharactenstie is - 3 and the manussa is 2716, tie ^le 
the cbaractensnc in the form 7-10 and the logarithm m the form 
7 2716-10, and if Ihe charactetisuc is -< and the mantissa is 
4603, we write the loganthm m the fonn 6 4603 - 10 


Write the following 
— 10 form 

1 IQS7JJ-1 

2 


lOmbeis vnth their exponents in the 


5 

6 


3 

4 
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G 


^Vnte the following loganthim in the — 10 form 

7.3416-1 9.-I + .2316 Jl. 5278 -6 

8.2 6146 10.-4+ 6325 12.4913-4 



Example Find It^ 0023 


Solutioa. Placing the caret to die right of the first significant 
figure, we have 02y3 Starung at the caret, we count two 
places to the Irfi to the decunal point Then the characteristic 
w — 2. or 8 — 10 In Table II we find that log 2 3 ** 3617 


Then log0 023 = 8 3617 

Find the loganthrm of 

(^0 563 l^)0719 

2. 0 9B1 6 OSH 

@0068 

4.0 0143 8.0 971 


( 1)0 125 (^0 00728 

10.0063 14.0 00443 

^.0 047 ( g )0 728 

12 0 561 16.0 003 


Finding the Arttllegorilhm When the Chareclerlillt Is Net Zere’*^ 
On page 292 you learned how to find the number when its loga- 
rithm u known and has a zero characteristic The following rule can 
be used to find the antiioganthm m all cases 

To Find a Number When Its Logarithm Is Givon 
1 Use Toble II to find the number 

whose logarithm Is the monltsso of the given logarithm 
Use 0 caret (to the right of the first significant figure of the 
number) os the decimal pornt 

2. Starting ot the caret, count (to the right if Ihe eharaclerutic Is 
positive and to Ihe left If it Is negotive) the number of places 
equal to the absolute value of the characteristic to find the 
position of the decimol posnt of Ihe number 


Example 1 Find the number whose logarithm is 2 8370 
Solution We ioc4i in Tidsle I! to find the mantissa 8370 It u 
in row 6 and in column 7 Then 8370 u the logarithm of 
6^7 We use the caret as a temporary decimal point From 
the caret we count two places to ^e nght to find the position 
of the decimal point 687 

Then antilog 2 8370 = 68\^^^ 
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Example 2 Find the anlilog of 7 7060 — 10 
Solution We search among the loganthim of Table JI for the 
number 7060 There is no such number in the table The 


nearest number to it is 7059 The number 7059 o the loga- 
rithm of 5 08 We place the caret diua, 5y\08 
Since the characteristic is 7 10, or — 3, we count to the UJt 

three places from the caret to find the final position of the 
decimal point We get 0 O0508 as the result 
Then antilog 7 7060 — 10 » 0 00508 to the nearest hundred 
thousandth 


Find the antiloganthms of 
® 2 8476 4. 3 6571 @ 9 6514 - 10 

2. 1 8021 gl 1 7101 8. 9 7076 - 10 

& 2 5635 6 0 4045 (^9 1645 - 10 


10 3 3729 
0. 7 8615 - 10 
12 8 9304- 10 


VogurUViTnU Curvn 


The loganthmic curve 
shown at thp right will help 
you to remember many 
facts you have already 
learned 

The graph docs not five 
a true picture of the re- 
lationship between a num- 
ber and Its logarithm 
because the x- and /-units 
are different You may like 
to construct the graph with 
the same scale on each axis 



1 

2 . 


\Vhat is the value of log 1’ of log 10’ \. 

When a number become* laigcr, how does its logarithm' 


change’ 

3 Complete The logarithm cS a number greater dian 
is posime, and the logarithm of a number between 
and IS negative 



299 


ALGEBRA, BOOK TWO 


Fdclt You Should Know obout Logarithm* 

I The mantisjas of two numbers are the same when the numbers 
differ only m the positions of their deanial points 

II The characteristic depends upon the position of the decimal 
point For each place the decimal point of a number u moved to the 
right, the characteristic (and k^anthm) is increased by 1, and for 
each place the decimal point is moved to the left, the characteristic 
(and logarithm) is decreased by I 

m. The characteristic of a number between 1 and 10 is rcro 

IV, To find the logarithm of a number 

1. Place a caret to the nght of the first significant figure 

2. To find the characteristic, start at the caret and count the num- 
ber of places to the decimal point o( the number If you count to the 
right, It u positive, and if you count to the left, it is negative 

3 Gonsidenng the caret as a decimal point, find the mantissa in 
Table II 

V. To find the antiloganihm 

1 . Use Table (I to find the antiloganthm of the mantissa of the 
loganthm Use a caret a* the temporary decimal point of the anu* 
loganthoi 

2. Starting at the caret, count (to the nght tf the characteristic is 
positive, and to (he left if it u negative) the number of places equal 
to the absolute value of the characteristic to find the position of the 
decimal point 


How to Find the Logorlthm by Interpolation 

Table 11 at the end of the book gives the logarithms of numbers 
of three digits from 1 00 to 9 99 Since the mantissas of numbers 
which differ only in the position of the decimal point arc the same, 
Table II gives the mantissas of numbers with three significant 
figures 

The mantissas of numbers with more than three significant figures 
can be found approximately by the method known as interpola- 
tion 

Suppose that wc wish to find the loganthm of 48 361. We round 
the number off to 48 36 so that it has four significant figures The 
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charactenstic is I From Table II we can find ihe logarithm of 4 836 
Let us forget the decimal point of 4 836 while interpolating and write 
It 4836 From the table the mantissa of 483 is 6839 and the man- 
tissa of 484 IS 6848 Let us add a zero to 483 and to 484, making 
them 4830 and 4840 Let us arrange the integers 4830 to 4840 m a 
table 

4840 
4839 
4838 
4837 
4836 
4835 
4834 
4833 
4832 
4831 
4830 

From this table 4836 is tV of the way from 4830 to 4840 Then x, 
the mantissa of 4836, will be approximately of the way from 6839 
to 6848 The tabular difference 6848 — 6839 » 0009 In writ- 
ing the tabular difference, we omit the decimal point and zeros Thus 
a tabular difference of 8 means 0008 Then x » 6839 + -ftC 0009) 

= 6839 -h 0005 = 6844 Notice that -ft of 0009 is 00054, and that 
the result is rounded off to four decimal places, making it 0005 

Then log 48 361 «= 1 6844 

In using a four place table, such as Table II, all numbers should 
be rounded off to four significant figures When rounding off a num- 
ber ending in 5 or in 5 followed by zeros, either the 5 » dropped or I 
IS added to the preceding digit so as to make it rwn 



To Find th« MamU«« by )nt»rpclcitlon 
I Round off th« number (9 four sign flcani figures. 

2. Rnd the monlissa of the first three dig tv 

3 Muti ply ^ of Ihe tobwior sTfference by the fourth d*g 

4 Add the results of steps 2 ond 3 
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Example 1 Find log 37 654 

Solution 37 654 rounded off to four significant figures becomes 
37 65 The charactenstic is + I 

3770 5763 1 

3765 * 11 

3760 5752 ' 

*= 5752 + 'i%(001I)« 5752+ 0006 
x= 5758 
log 37 65* 1 5758 


Example 2 Find I<^ 488 5 
Solution The characteristic is 2 


4840 6693 

4885 X 

4680 6884 

X*. 6884 + ^(0009)*= 



6884 + 


0004 


tog 488 5 * 2 6838 


Example 3 Find log 8 047 
SoKition The charactenstic is 0 

8050 9058 1 

6047 * 5 

8040 9053 * 

X » 9053 + 1%( 0005) - 9053 + 
** 9056 
tog 8 047 * 0 9056 


0003 


Note Since ■^{0005) is 0 00035 you would think that 0004 
would be added to 9053 in Example 3 We do not round off 
the correction ( 00035) so that i/ is an even number instead we 
round off the correction so that the manliiia u an tven number 


Find the 

loganthnu of 



?41 23 

^3141 

^ 0 0235 

<3)797 7 

5 265 

6 0 4965 

10 091535 

14 0 82476 

1 321 5 

05 0821 

0 1004 

@0 04025 

7 734 

8 7 1936 

12 0 9417 

16 0 071265 
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How to Find the Antllogorlthm by Interpolation'*! 

By reversing the process of finding the logarithm of a number, w< 
can find the antiloganthm when the If^arithm is known 

Example Find the antiloganthm of I 5445 

Solution Table II does not contain the mantissa 5445 The 
mantissa 5445 lies between the mantissas 5441 and 5453 We 
find that the antilog of 5453 is 3 51 and the antilog of 5441 is 
3 50 We Ignore the deumai points of the antibgs and add a 
zero to each one Then we make the table 


3510 

3500 



The tabular difference is 12 Then 5445 is or §, of the way 
from 5441 to 5453 Then * is approximately J of the way from 
3500 to3510 Thens« 3500 + i(10) = 3503 Now we plac^ 
the caret to the right of the first significant figure thus 3^S03H^ 
Since the characteristic is I, the antilog of 1 5445 *■ 35 03 


Find the numbers whose logarithms are 

(p3 0S31 2^8671 (2)7 7056- 10 

2 17782 ^1 6170 10 2 1846 

(J) 2 8094 ^4130 8546-10 

4 0 8745 8. 3 1732 U 8 2413 - 10 


< 2^4261 
14 04718 

'' 2 £ 3^5216 - 10 

16.8 8454-10 



Laws of Logarithms'*! 

The laws of loganthms are derived from the laws of e'^^cnts 
We shall state four of these laws without proof y ' 


1. The logarithm of a product cquols the sen* of the logarithms of its factors, 
log IA4N) » log M + log N 

2 The logarithm of o quotient equots the logarithm of the dividend minus the 

logarithm of the divisior 

log =s log M — log N 

3 The logarithm of the nth power of 0 nwnber equals n times the logorilhm of 

the number. 

log M"=sf» log At 
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4 The logarithm of the reol potiFive nth root of o number equoU ^ timei the 
logorithm of the number 

log = - fog M. 


Computing with Approxlmato Numbers Ml 

When approximate numbers are added, subtracted, multiplied, or 
divided, the results arc approximate numben Since most logarithms 
arc approximate numbers, the results obtained by computing wlh 
logarithms are approximate Various rules may be used for comput- 
ing with approximate numbers In thu text we shall follow rules 
which are sufTicienlly accurate and easily applied They follow 

RuUt for Adding (or Swbitocting) Approslmnfo Numbers 
1 Round lh«m off to the some unit of meoturomont 
and odd (or lubtroel) 

3 Th« sum lor diBeronee) will hovo lh« tome unit of meoturement 
os the numbers odded (or subirocted) 


Example Add the approximate numben 13 6, 14 32, and 
19 65 


Solution The quamiiies should be meas- 
ured by the same unit of measure The 
smallest unit of measure common to all 
three numben is 1 Then we round off 
14 32 and 19 65 to tenths Adding 13 6, 
14 3 and 19 6, we get 47 5 as the sum 


[ 136 
143 

I JL2i 

j 47 S the sum^ 


1] Thepr 


The product (or Quetient) of two opproximofe numbers 

L should not contain more ngniAcont figures 

than the given number containing the fewer signiftconl figures 


Example Multiply 2 461 by 1 4 
Solution We multiply the numbers and 
round off the product so that it has the 
same number of significant figures as 
\ 4 The same result can be had by 
rounding off 2 461 to 2 46 and multi 
plying 2 46 by I 4 
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Computing with Logarithm* 

As you compute with logarithms you should remember that loga- 
rithms are exponents and that they are also approximate numbers 

Exampre I Multiply 47 2 by 3 61 
Solution Let * *» 47 2 x 3 61 

Then logr= log 47 2+l<^3 6l 
log 47 2 = 1 6739 
lc« 3 61 =» 0 S575 
logxs=2 2314 
x=1704 

If 47 2 and 3 6J are approximate numbers, 170 4 should be 
rounded off to 3 significant figures Then * = 170 

Example 2 Multiply 79 43 by 057 
Solution Let x »« 79 43 X 057 

Then log x *= log 79 43 -h log 057 
log 79 43= 19000 
log 057 = 8 7559-10 
log x = 0 6559 
x*4 528 

Examples. Divide 48,200^ 0 913 
Solution Let x= 48,200 0 9l3 

Then log x =« log 48200— log 0 913 
log48200s= 14 6830-10 
log 913«« 9 9605—10 
logxss 4 7225 
X » 52790 

The characteristic of log 48200 u 4 It u >*rmcn m the form 
14 _ 10 Id make subtraction caster 


Example 4 Divide — 4 563 by 13 22 
Solution When logarithms are used to compute with negative 
numbers, we calculate as if the numbers are positive Then 
we give the proper sign to the result 
Let » = 4 563-*- 1322 
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Then 


logi = Iog4563-IogI3 22 
loS4 5«3« 10 6593- 10 
log 1322= I 1213 

9 5380-10 
SB 0 34S2 

-4S63-*- 13 22 = -034S2 

WK-j <♦.« '.he chsmctem^v: of «Ae lositwUxw. of 4 563 wUWa ui 
the form 10— 10* 

Example 5 Fmd ihe value of 7 1 632* 

Solution IVe round olT 7 1632 lo that u has four significant 

Ut *=7 163* 

Then log <=3 log 7 165 

log 7 163 = 0 8551 
log*=2S653 
* = 367 5 

Example 6 Find the cube mot of 0682 
Solution Let * = V 0682 

log 0662 - 28 8338 - 30 
lc^xf-96113- 10 
* « 0 4086 

The characterutic of log 0682 u written 28 — 30 so that ihe 
negative pari will be exacfl)' divisible by 3 
In the following exercises the numbers are exact 




Compute by loganihms giving the answen 
third significant figure 


c*l 

the nearest 



« 91 X 172 
9 200 X 612 

@ 458+76 

12 100 + 53 

13 4X316 

14 27 X 0 093 


15 (1 9 4)(3 46) 

16 V 0673 



19 90 8 + 74 

20 63 4 + 172 

21 283 X 3 46 
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22. 365 X941 30 583 x76 X 07 

23. 27 5 -v 382 3t 4 3 X 1 07 x 9801 

24. 76 x 403 5 f^(-?063)^ 

34 1000 ^3 14 

35 (31416)3 

36 7842x3 34 


'ey. 45 82 + 50 67 
26 - 40 7 X 5029 
57. - 603 4 + 3 75 
&. 3154a 
% <^5 


Ekample 7 
Solution 


Thfn 


of-v^ 


l47 2 xTd 
0 032 


1 6739 
i 0 9S23 


Find the value 

log47 2- 

tog96= 

log products** 12 6562 — lO 
log 0 032 « 8 5051 - 10 
log fraction » 4 1511 
log -v^aciicm *= 2 0756 
antJog 207S6s» 1190 

**1190 




2X96 


0032 


27 35 


(^Vo64 X 7 89 
38. 9 96 X 3 15* 

39 (-0 0578)* 

. 5 317 X 4 787 
18 

, 7 63. ■4. 628fervA^ 


43. ^84 9 X 1 04 a 


40.- 

41 


017 


i 2M6 X 1 7 
9 64 

45 (4832 X I 67)* 

46 (1732X1 414) 
, 1 006 x 5000 


47. J 


328 6 
I VTO-ia X 75 , 




The zero u wntten to the nght of the decimal point to ihow that 
the answer is correct to four significant figures 

ni 

Compute with loganthtm 


■c 


H 
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12 ^ 


w 


1 If log 5 »= 0 6990, find without using tables 1^25, 

log 125, log 500, log 05 \ 'b‘\‘SC> 

2 log6 = 07782andlog8 = 0 9031 Find without the use 

of tables log 36, log 216, log64, log 48, log log 75, log 384 

3 Find the area of a triangle whose base is 16 4 inches and 
whose altitude is 8 9 inches 

4 Find the altitude of a tnangle if its area is 380 square 
inches and its base is 47 inches 


5 Find the area of an equilateral triangle if a side is 11 6 
inches ^■^=^'s/3^ 

6 Find the side of an equilateral triangle whose area is 
125 square inches ^Solved = ^V3 for J and use logarithms j 

7 How many cubic yards of earth must be removed for a 
cellar 30 feet long, 26 feet wide, and 7 feel deep’ 

8 Find the number of gallons of water needed to fill a pool 
30 feet wide and 60 feet long to an average depth of 5 feet 
(1 cu ft - 7 48 gal ) 

9 Using the formula F « J irr> for the volume of a sphere, 
find r when F »* 50 cubic inches and tt « 3 1416 


u 


10 5 = Find t when S = 400 Use5 = 3216 

11 V — "^Zgs IS a formula for uniformly accelerated mo 
tion Find v when j = 65, using 32 for g 

12 Chapter 12 of this text is a study of progressions One 
formula in this chapter ul = ar*~' Find I when a = 9, r = 2, 
and n^\2 


13 The formula / = x 


4 


gives the time, 


seconds, of the 


swing of a pendulum when its length /, m feet, is known Find 
the time between the tidis of a clock if the length of its pen 
dulum 13 18 inches (Use g = 32 ) 
tt*E 

14 S = — ■ 1$ a fonnula for finding the area of a triangle 


on a sphere Find 5 when r = 3 44 and E — 75, using 
3 14 for X 
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15 Find the area of a tnangle baying sides 18 26 and 31 
Use the formula A = V7(j — a){s — ~ c) the sides being 

a b and e, and s ~ ^(a + b + c) 

Compound Interest 

If money is loaned for a long period of time the interest when due 
IS usually added to the principal to form a new principal Loan 
companies usually compound the interest semiannually 

If p dollars is imested at 4% compounded semiannually then 
2% of p IS added to p at the end of the first 6 months Then the 
amount at the end of 6 months w 1 02 p This sum becomes the 
principal for the next 6 months At the end of the year the amount 
is 1 02(1 02 p) Continuing this reasoning we find that the amount 
of p dollars for n periods at r% per period is given by the formula 
A s=p(l +r)'* 

Example Find the amount of $375 for 8 years at 4% com 
pounded semiannually 

Solution In this problem r = 2% and ne» 16 
A a 375(1 + 02)’* e 375(1 02)'* 
log 102 = 00086 
log 102>« = 01376 
log 375 = 2 5740 
log 4 = 27116 
4 = 514 8 

The amount is S514 80 

W 

Find the amount using Ic^anthms 

1 $400 compounded annually for 6 years at 4% per year 

2 $875 compounded annually for 8 yean at 6% per 
annum 

3 $2000 compounded semiannually for 10 years at 4% 
per annum 

4 $1500 compounded semiannually for 14 years at 3% 
per year 

5 $6500 compounded semiannually for 7 years at 3% per 
year 

6 $840 compounded semiannually for 9 years at 5% per 
year 
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' 7 $500 compounded quarterly for 6 years at 4% p«r year 

8 $650 compounded quarterly for ? years at 6% per year 

9 Manhattan Island was purchased about 330 years ago 
for $24 If this money had been invested at 3% per year, 
compounded annually, what v^uld its present value be^ 

10 How many dollars must be invested at 4%, compounded 
annually, to amount to $1000 in 2® years’ (VVe have 
1000=^(1 + 041*® Then lc« 1000 = log^ + 20 log 104) 

11 How much money must be invested for IS years at 4%, 

compounded semiannually, to amount to $2500’ 

12 The McrchanU Building and hoan Assooauon pays 
3% and compounds the interest every 6 months How much 

J money must be invested in it to amount to $4000 in 10 years’ 

CxponcnStet Equt>tl«ns 

vs swit vn wJufam ocoms. ta. 

the exponent Thus 2' » 16 and 5* » 125 are exponential equations 
If X IS a rational number, it can often be found by inspection If x 
IS an irrational number, we use logarithms to solve the equation 

Example I Solve 5* = 125 
Solution We write 125 as a power of 5 
Then S* = 5* 

Then x = 3 

Example 2 Solve 2"* = 32 
Solution 2“‘ = 32 


2-» = 2»' 



Example 3 Solve 4* = 15 

Solution 15 cannot be written as a rational power of 4 We find 
the ioganthms of both members obtaining 
*log4= log 15 
,= !2Si5 
log 4 
^ 1 1761 
* 0 6021 
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log 1 1761 » 10 0704 — 10 
log 0 6021 g 9 7797 — 10 
log*= 0 2907 
r=1953 


You should note that is not the 

log 4 

same as ^ 

Solve 




1 2*= 16 

6 

4*= 16 

11 log2 r= t 6435 

2 2* = 64 

3 3' = 21 

7 

5*-® = 125 ‘7 

12 logt® = 2 2279 

8 

6-* = 216 

13 =245 

4 3-* = 243 

9 

7* = 343 

14 1 24* = 2 3 

5 3*-» = 81 

10 

2* « = 8 

15 1 46* = 1 96 

Chonge 0# Base I*’ 







It w sometimes necessary (o find the loganthm of a number to a 
different base For example, suppose we wish to find the logarithm 
of SO to the base 2 


a log* 50 
*50 


Let 

Then 2* « 

Taking logarithms of both members, 

X logio 2 =* login 50 

login 50 _ 1 6990 . . 
*”iog,n2 oma' 
This IS a special case of the following theorem 




Tliaomm The logonthm of a number, N, to the boie b ii equal I9 the 
logorithm of the number to the base o dmded by the logarithm of b 
to the base a 


Let 

Then 


X « log» vV 
X log, b =S log, X 


log. X 


log, X. 
log,i 

Sometimes we state the theorem m the form x »= log, A logs 0 
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Find the Ic^nihms of the following numbers 
010 to the base 2 5 10 to the base 4 

V^20 to the base 3 6 1300 to the base 8 

3 75 to the base 4 Q?750 to the base 5 

120 to the base 20 8 10 to the base 5 

9 Show that logw 75 = 


III 



C*1 

1 If log 7 55 = 0 8779, find log 755 

2 If log 6 = 7782. find log 6000 

3 If log 172 » 2 2355, find log 1 72 

4 If log 7 29 = 8627 find log 0729 

5 If log 6 35 « 8028, find log 0635 

^ If log 6 » 7782 and log 2 » 3010, find log 12 

7 If log 20 ® I 3010 and log 5 - 0 6990, find log 4 

8 If log 9 s. 0 9542, find log 81 

9 Iflog9 -09542, find Jog 3 
©If log 80 » 1 9031, find log VSO 

m 

The following exercises can be solved without the use of a 
table Can you solve them* 

II The log of 27 IS I 4314 and the log of 4 IS 0 6021 Find 


R The log of 7640 u one of the following T^fn, 4 067, 
5to 31, or 7 640 Which is it* 

13 The Ic^ of 2 IS 0 3010 Find log "V^ 
log 9 = 0 9542 Find log 300 

15 log 3 — 0 4771 and log 4 = 0 6021 Find log 128 

16 The log of 2 IS 0 3010 Find the log of 16 

17 If log 30 = 1 4771, find log 0 03 

18 Does log = log a log^y* 

19 If iog6 72 = 0 8274 find log.67200 
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20 Iflog210 = 23222andlog07=88451 -10,findlog3 F 
§) If Jog 2 « 0 3010, find log 5 

22 If log 0 528 IS 0 7226 - 10, what is the log of V5280’ 

23 log 25 + log 4 equals one of thefollo>*ing 100, log 29, 

10, or 2 Which is it’ 

24 Iflog700*=28451.findlog(V) 

25. Given log 12 >= 1 0792 and log 625 = 2 7959, find log 6 


26 Find the value of 1(^188 4 — log! 125 
^ If logiQ jr* — 2 * + 7 — 1, find r 

28 Find the value of logs VS? 

29 Find the value of log, I + logs 4 

30 logio 5 = 0 6990 How manv digits are there in the ] 

result when 5 is raised to the 20ih power’ t ^ 3 


The slide rule is an instrument used to solve problems ^volvmg 
multiplication, division, squares, cubes, square roots, cube roots, or 
proportion It performs mulnphcauons^ numbers fay^echanically 
adding their logantbms, and divisions ofiiumbers by mechanically , 
subtracting the loganthms of the divisors from the ^ganthms of the 
dividends It squares numbers by doubling Iheir/loganthms How 
do vou think it can be used to find the square rt»ts of numben’ 
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The Ports of a Slide Rule^*] 

A slide rule consists of three parts, — the fixed part or rule proper, 
the dtde, and the runner The rule of the slide rule shown on the pre- 
ceding page contains three It^athmic scales, A, D, and K The 
slide contains three loganthnuc scales, B, C, and Cl, on its face and 
two logarithmic scales, S and T, on its back 
Scales C and D, which are identical, arc used in multiplication and 
division, and scales A and D are used in squaring numbers and m 
finding their square roots The K scale is used witWthe D scale in 
cubing numbers and in finding their cube roots Tne Cl scale gives 
the reciprocals of numbers on the C scale Scale S an the back of the 
slide is used to find the sines of angles, and scale T on the back of the 
slide is used to find the tangents of angles The/simplest slide rule 
(the Mannheim slide rulcTT^s only six logarithmic scales— A, B, C, 
D, S, and T It may have ihis^alc L, whielyis the scale of equal 
parts N. / 

The runner is often made of glass and met^ with a hairline on the 
surface of the glass The hairline is use^H^Iign the scales 

The Legarlthmie SsoteW / 

Before we learn how to read a logarithmic scale^4et us study the 
principle which is used in its constru^ion Below is aNqble of loga- 
rithms (correct to two decimal places/ of the integers 1 to lb^{ncluslve 




On a strip of paper draw any convenient line segment AL We 
chose the segment below, which is 10 centimeters long 

A B C D £ F G H I L 

I 2 3 4 6 6 7 8 9 10 

Since log 1 = 0 and log IQ = I, we label A with I and L wuh 10 
Remember that AL is one unit long Next we plot the logarithms of 
the other numbers of the taUe For example, the logarithm of 2 is 
represented by AB, which is 30 of Then AB, which is 3 ccnti- 
meten long, represents 2 Likewise, AC represents log 3, AD rep 
resents I'og d, etc 
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The scale formed on AL is called a Ic^nthmic scale Do you sec 
that a logarithmic scale is sinular to Table 11 in that it gives the 
logarithms of numbers from 1 to 10’ 

Suppose that we vvish to find Ic^ 60 on our logarithmic scale We 
know that log 60 = Jog 10 + log 6 Noiv log W = AL and log 
Then log 60 = AL + AF Since AL = 1 and AF « a fraction less than 
1, we know that AL is the characteristic of the logarithm of 60 and 
dFis the mantissa 

We use the logarithmic scale, just as we use Table II, to find the 
mantissas of numbers 

Then AF oa the scale represents any number of the form 6 x 10", 
n being an integer 

To simplify operations on a slide rule the number 10 is replaced by 
the number 1 Then the scale starts with I and ends with 1 Each 


of the two 1*8 which are at the ends of the scale is caUed an index 
(plural indices) We denote the left index by 1 L and me nght index 
by 1 R / 

How to Read the Scales ‘*1 \ / 

Let us learn how to read scale D, which i> lowucal with scale C 
After you have learned to read scale D, the read/i^^the other scales 
will not be difficult / n. 

Using the figure on page 313, you can s«r that scale divided 
into 9 unequal parts, or units Unit one ext^ds from large 1 tb^rge 2, 
unit two from large 2 to large 3, and soon /Let usseehoweachoNhese 
units is divided / \ 


Unit one starts at large 1 and ends at large 2 It is divided into 10 
unequal parts, the division points b«ng numbered by the smaller 
digits 1, 2, 3, etc Each of these parts represents 0 1 of a unit Each 
‘iVrtse •p.'a’is \ w, dunAei wJa Ifl each of which rep- 

resents 0 01 of a unit 

In the diagram above, the A reading is 1, the B reading is 19, the 
C reading is 118, the D reading is 134, the E reading is 1495, and the 
F reading is 164 
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Unit two extends from large 2 to large 3 It is the same as unit one 
except that the subdivisions are not numbered and each of the smallest 
parts represents 0 02 of a unit instead of 0 01 of a unit 
In unit two, illustrated at 

the right, the A reading ^ *lf 

the B reading is 3, the C read- f ||| inf) |i| || | l || M[ || | | |ll ll [ llll lHl l l lll l[ lli n 
mg IS 28, the D reading IS 214, | ' ' I ' | 

the E reading is 23, and the F * ® 

reading is 249 Unit three is 
like unit two except that the divisions arc smaller 

Each of the units four, five, six, seven, eight, and nine is divided 
into ten parts, each of which is divided into two parts Each of the 
smallest parts represents 0 05 of a unit 


How to Multiply with the Slide Rule'*’ 

As you know, two numbers are multiplied by atuing their loga* 
rithms Use your slide rule m studying Examples 2y2, and 3 

Example 1 MuHiply-^by 2 / 

.Solution Place I E (left iimsx) of sulle C above 3 of scale D 
Use the hairline of the runner^fi^ra the number of scale D that 
11 below 2 of scale C The ouma^ is 6 Then 3 X 2 ™ 6 

Example 2 24 x 18 = > / \ 

Solution Place 1 L of scale C above 24 ofV^ D Use the hair- 
line to find the number on scale D that is belbw 18 on scale C 
It IS 432 The digit 2 is estimated Since 18 u inoie than 10 
and less than 20, the product u more than 240 and less than 
480, that IS the product has three digits to the left of the 
decimal point Then 24 X 18 = 432 


Example 3 74 5X46 = ’ 

Solution If we place 1 L of scale C over 745 of scale D, the 46 
of scale C extends beyond scale D In such a case we place 
1 R (right index) of scale C over 745 of scale D There, as 
before, we find the number on scale D that is below 46 on scale 
C The number is 343 By inspection, the product has three 
digits to the left of the decimal point Then 74 5 X 4 6 = 343 
In general, results arc only accurate to three significant figures 
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Multiply using the slide rule 



8X2 

4 65 X 15 

7 

49 

2 

5X4 

5 18X48 

8 

63 

3 

6X30 

6 75 X 70 

9 

77 


How to Divide with the Slide Rule IN 




EXERCISES 


X 52 10 455 X 65 

X41 11 780 X 47 

X 84 12 843 X 125 


Division IS performed by subtracting the logarithm of the divisor 
from the logarithm of the dividend Study the following solutions 


Example 1 60 4 = ^ 

Solution Place the 4 of scale C above 60 of scale D Then find 
the number on scale D that » below 1 L of scale C The num 
ber u 15 


Example 2 Divide 85 by 20 


Solution Place 20 of scale C above 85 of scale D Then find the 
number on scale D that is below 1 L of scale C ft is 4'’5 By 
inspection 85 20 * 4 25 



EXEROSES 


Haw to Square a Number with the Slide Rule l*J 

Scales A and D are used to square a number 
Example 1 Find the value of 75* 

Solution Find 75 on scale D Opp«>‘« “ 

By inspection the square of 75 has 4 d gits Then — 
The actual value of 75^ is 5625 
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Example 2 Square 26 1 

Solution Find 261 on *ca!e D Opposite it on scale A read 
681 By inspection the square has 3 integral digits Then 
26 1» = 681 


How to find the Square Root of o Number with the Slide Rule 

Two examples and their solutions will be given 

Example 1 Fmd the value of ■'/784 

Solution First point ofT (he numbe^as you did in finding the 
square root arrthmetically, thus 7 The first group, 7, 
has one digit When (he first group has one digit, we use the 
left half of scale A We find 784 on the left half of scale A 
Opposite It on scale D we find 28 That is V784 = 28 

Example 2 N^56 7 = * 

Solution We point off the number thus ?5 The first group 
has 2 digits therefore we use the right half of icale A We 
find 567 on the right half of scale A Opposite it on teale D 



How So Solve n Proportion with the Slide Rule I**’ 

The solution of any simple proportion requires no operation other 
than multiplication and division 

For example, the proportion ? *= §» m which x = ^ -■ can be 

4 6 6 

solved m these ways by multiplying 4 by 2 and dividing the product 
by 6 or by dividing 4 by 6 and moitiplying the quotient by 2, or 
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by dividing 2 by 6 and muhipl>tng the quotient by 4, or by divid- 
ing 6 by 2 and then dividing 4 by the quotient 

When using the slide rule the last procedure is the shortest and 
most easily remembered Sec how easy it is We leave die proportion 

X 2 

- = g as it IS written We use scale C for the numerators and scale D 

for the denominators We start with the fraction which does not 
contain x 

Opposite 6 on scale D set 2 of scale C We do not move the slide 
Then opposite 4 on scale D we find 133 on scale C We estimate 
the number to be more than 1 and Jess than 10 Then ^ = 1 33 
The explanation for this procedure is as follows We first dmdc 
6 by 2 and get 3 on the D scale To divide 4 by 3 means by what 
number must we multiply 3 to get 4 We find the answer on the C 
scale to be I 33 

Have you observed that for any position of the slide m the rule the 
ratio of any pair of opposite numbers on scales C and D js equal to 
the ratio of any other opposite numbers on these scales’ Now use 
your slide rule as you study the examples 

Example 1 Solve ^ 

Solution Opposite 10 on scale 
right index for 10) Opposite 
scale D When placing the 
10 is about 3 times 3 Then ■» will be 
x = 467 

X 7 61 

Example 2 Solve 

Solution Opposite 84 on D set 
read 321 on C Since 7 61 w about of 84, * u about t'h 
of 354 

Then x = 32 1 Notice that the numeraton ate read on scale C 
Example 3. Solve j 

Solution Place 17 on scale C opposite 45 on scale D Since 6 
on scale C extends beyond the D scale, we interchange 1 L 

and 1 R We do this by placing the hairlme over 1 L of scale C 
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and then moving the didc until 1 R u under the hairline 
Now opposite 6 oa Jcale C, we read 159 on scale D W'c place 
the decimal point by inspection Then * = 159 


Solve, using the Uide rule 


I 

J ^38" 


-Ax 125 
® 39 76 


a THi aiMAtV SYStfM or MrCfttHTlHO HUMtett tOrtlOHAU ' 


Before we discuss the binary system, let us examine the structure 
of the decimal system, which we use constantly 
You know that 


13 « I ten + 3 unto 
»l(tO)'+ 3(10)®, 

276 » 2 hundreds + 7 tens + 6 units 
- 2(I0)» +7(10)' + 6(10)® 

and 4802 » 4 thousands -h 8 hundreds + 0 tens + 2 uniB 
= 4(10)1 + 8(10)1 +0(10)' +2(1M0 


From these examples we understand that the decynal system of 
representing numbers has 10 for its base^ We also sw that the ab* 
solute Vidue each digit is affected by its^acr number For 

example, the 7 m 276 means 7 tens, or 7 Do you sec that 

the expressions 13, 276, and 4802 arc convemem ways of denoting 

the sums of powers of 10^ / ^ 

Other numbers, such as 2, 8, and 12 cartM used as bases for num- 
ber systems Why do you think we use 10 as a base’ Can you give 
a reason for using 12 as a base instead of 10’ 

The binary system of rcpresenimg numbers is a short way of rep- 
resenting numbers as the sums of powers of 2 It has the base 2 and 
uses only two symbols, 1 and 0 The table below shows how the in- 
tegers one through ten are vmtten in the decimal and binary systems 
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Because the binary system uses only two symbols, 1 and 0, it is used 
m some of the large electrical computers The 1 can be represented 
by an open circuit, a magnetized spot on a drum, or a punched hole 
m a tape, while the 0 can be represented by the opposite m each 
case. 

Now study the meaning of some binary numbers 

10 means 1(2) +0(2)o 

111 means 1(2)’ + 1(2)» + 1(2)» 

1011 11 means 1(2)’ + 0(2)* + 1(2)‘ + 1(2)® + l(2)-‘ + 1(2)-* 

Now study Examples 1 and 2 which illustrate how a number ex- 
pressed by the binary system can be written by the decimal system 

Example 1 Change lllj to the decimal scale 

Solution Ills « 1(2)*+ 1(2)' + Ua)® 

a4+2+! 

•a? 

Then Mls^Tio 


Example 2. Change 1101 Is to the decimal'scale 
Solutton 1101 lj = l(2)’+l(2)» + 0(2)‘+l(:J'’+l(2)' 
«8 + 4 + 0 + l+ 5 
= 135 

Then 110113=13 5,0 


Change from the binary system to the animal system 
1. lOj 3.1, 5 1110, 9 1111, 

2 111, 4.11, 6.1010, 8 11110, 10.1011, 


Now study Examples 3 and 4 to learn how a number written 
m the decimal system can be wnlicn in binary form 

Example 3. Change 19io to the binary form 
Solution 1 The largest power of2in 19 IS 15oc 2* 19—16 = 3 
The largest power of2in3u2‘or2 3 — 2=1 1 = 2® 

23* ~ 10000 
2 '= 10 
1 

Then 19,0=10011* 
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By reading ihc remainders upward 
10011 
Then 

Cxunple 4 Change 7 



jhc number to be 


4 halves e 8 fourths 
8 fourths o 1 6 eighths 
6 eighths s t 2 sixteenths 

i + O+i + iV 

al(2) ' + 0(2) »+l(2) 3+l(2)-« 


Then 7,o» lOlt* to four places 


Change from the decimal scale to the binary scale 

1 7 4 10 7 8 10 33 13 6 

24 5 15 8 16 II 100 14 13 

3 9 6 24 9 32 12 415 15 24 

Now study Examples 5 and 6 to learn how to add and subtract with 
the binary scale Remember that 1 + 1 == 10 m the binary scale 

Example 5 Add lOlOU and 11001 

Solution IDIOIl 

ttOOl 

1000100, the sum 

Example 6 Subtract llllO from IQIOIO 
Solution 101010 

lino 

01100 the difference 
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Add or subtract, 
1 111 +101 
2 111+110 
3 10101 + 1010 


indicated 

4 nil + 111 1 

5 1110+1010 

6 1011 - 1010 


7 1110-111 

8 1000 - 10 1 
9 101 1 - 1 1 


u 


If you can add and subtract with the binary scale you can easily 
multiply and divide with it 
Example 7. Multiply 110 by 111 
Solution 110 

ni 

110 

no 

no 

lOlOlO, the product 
Example 8 Divide lOOOll by 111 
Solution 101 . the quotient 

infTooon 
in 
n 
00 . 
in 
ni 

Multiply or divide, as indicated 

1 11 X 11 4 1111 X 11 

2 100 X 11 5 1110 X 101 

3 100 X 100 6 10 1 X 101 1 


7 lOnOl 1001 

8 100111 + 1101 
9 nil 1 + 101 


You should now determine whether you have mastered 
this chapter Be sure that you know 


1 The meaning of exact and approximate numbers 285 

2 How to round off numbers 

3 How to compute with approximate numbers 304 

4 How to change exponential notauon to logarithmic 
notation, and conversely, to change logarithmic nota- 
tion to exponential notation 
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5 How to compute with loganlhms 305 

6 How to soKe exponential equations 310 

7 How to compute with the slide rule 316-320 

8 TIic meaning and spelling of the following words 



MATNIMATICAI VOCABUlAIT 


antiiogarithm 

292 

loganthm 

287 

approximate number 

285 

logarithnuc notation 

289 

base of a logarithm 

288 

mantissa 

291 

characierisiic 

291 

rounding olT numbers 

285 

exponential equation 

310 

significant figures 

286 

exponential notation 

289 

unit of measure 

286 

interpolation 

300 




W 

Round off the following numbers to the nearest tenth. 

17 46 2.3194 3.8135 


4. What IS the number of tignihcant figures in the measure* 
menl 13 02 m ’ in the measurement 40 0 inches’ 

Exercises 5-25 arc to be solved without rtrcrcnce to a table 
of logarithms 

Give the characierisiic of the logarithm of each of the fol- 
lowing numbers 

5. 1 003 6. 72 9 7- 7200 8. 0 004 9. 0 0763 

The mantissa of the loganihm of 8364 u 9224 Find the 
numbers whose logoriihnu are 

10.1 9224 13.8 9224-10 16.17 9224 - 20 

11.3 9224 14.9 9224- 10 17. 4 9224 

12. 0 9224 15. 2 9224 18. 6 9224 

19. The mantissa of log 802 is 9042, and the mantissa of 
log 803 IS 9047. Find the mantissa of log 8026 

If log 6 « 0 7782 and log 2 = 0 3010, find 

20 log 12 22. log 4 

21 log 3 23. k%216 
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Use a table of logarithms to make the following computa- 
tions* 


26. 85 x40 

27. 745 1 32 

28. 472* 

29 (1.09)® 

30 Vo 645 X 0 95 
91 18 37 X0 0 65 

43 6 

32. Voom 


33 V4I27 

34 1 034’ X 4 78 

35 V7 146 X 84 
36. 364 8 -f 4 5® 

37 / 4 61 ~~ 

■Vl 84X 2 07 

38 Solve 3*+‘ = 54 

39 Solve 7 2* = 60 


40 Find the compound amount of $1675 invested at 3% 
for 8 years when the interest u compounded annually 
4J Change log« 25 to exponential form 


Ifae4,6» 

— 5, and c = 2, find the value of 

1 «» -1- i® 

3 l0-l-2a6 

5 abe + 60 

2. 6® -2 a® 

4 be +10 

6 ao + b^ + c^ 

Factor 

7. 9 *» - 25 

9 x^ + 27 

11 jt» - 4 jp- -h 4/ 

8 

10. — ay 

12 x* + x^ 10 

13 Find the value of 64 ^ + 15® 



14 Find the fourth proportional to 6, 8, and 12 

15. Find the ratio of 

a 7 to 21 b. 20 to 4 c ab to 6® d irrf to rf 

16. If 280 feet of fence cost $6960, what will 160 feet of the 
fence cost® 


19 The sum of three consecutive even integers is 138 Find 

the integers ^ 

20. Find to the nearest hundredth the value of § - VJ 



325 



AVCEBRA, BOOK TWO 
T 21 A*(V + 2;t-")= > 

22 So\\cA = p(t+rt)forr 

23 Solve V2* + 3 « 6 

24 Simplify V3 OO + Vts - V48 

25 Find the slope andj*-intercepl of the graph of the equa- 
tion 3^ =» 5 — 6 X 

26 r=® J Trf* 1* a formula for finding the volume of a 
sphere How is the volume of a sphere affected when its 
diameter is cubed^ 

f»J 

27 Solve ax - a* = *(x - 3 a -I- 2 A> for x 

28 Factor *♦ + 2 x*j.* + Oy* 

29 Graph the function,;' = x* — 8 x 

30 A number consists of two digits The number exceeds 
8 times the sum of ns digits by 2 , and if 3A is subtracted from 
the number, the digits are reversed Find the number 

3 1 The sum of the ages of a father and son is 55 > can If 
the age of the son u doubled, n •will be three fourths of the 
father’s age How old is each’ 

32 Find the equation of the line that passes through the 
points (- 3 2) and (5, — 4) 

33 Find three numbers such that their sum is 43, the first 
J IS 3 of the second and the third exceeds the second by 3 

{TMX] 

1 Give the characteristic of the logarithm of each number 

a 425 6 b 0 013 

2 The mantissa of the logarithm of 596 is 7752 Find 
the numbers whose logarithms are 

a 2 7752 b 9 7752- 10 

3 Change logi 64 to exponential form 

4 Change 2* = 8 to loganthmic form 

5 Find the value of 125 

6 Solve 2 X* = 810 
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7. Find the product of the approximate numbers 18 43 
and 1 32 

8 Complete log x + log> = log _ *. 

9. Complete 3 log m** log , 

Use a log table to find the results of the following 
10 78 54 X 125 12 § X 3 14 X 17* 

0 42 13 1456 62 5 

11. 'i'421 

14. A =■ P(1 + r)* Find the amount of $750 compounded 
annually at 3% at the end of 8 years 

15 F w» y/2 gs Find 1' when ^ ® 32 2 and s ~ 435 

16 If the loganthm of a number is 3 1472, what is the 
loganthtn of a number 1000 times as large^ 


Do exercises 1-10 without the use of table? 

1 Solve 3* = 243 3. Solve 5** = 15625 

2 Solves*-* = 16 4. Solve 2*- » yh 

5. Find log if log 2 = 0 3010 

6 log 70 = 1 8451 and log 14 = 1 1461 Find log Vs 

7 Doesi2^^2^ 

log 2 m 5 

8 Express as a single loganthm 

a log X + log^ b log x* — l<^ t 

9 If log 3 = 0 4771 and log 2000 = 3 3010, find log 60 
10 log 672 = 2 8274 Docs antilt^ 8 8274 -10 = 6 72’ 


Compute with logarithms, 

11. ^478 3 

12. 76 43“* 

13 Find logs 400 

14 VT 163 X 14 7 


sing a table 
15. -^0 0008603 

16 Find logs 186 

17 Find log 45 to base 8 


I 




Trigonometry 


tn ih*t chepf»r yov will fivdy 
pnnerpfet of indirect maoturement 


> 


328 



TRIGONOMETRY 


The word trigonometry is derived from two Greek words meaning 
triangle measurement ” In fact, trigonometry had us origin in the 
finding of distances and angles, which is still one of the chief purposes 
of elementary tngonometry It includes a study of the relation be- 
tween the angles and the sides of a triangle Trigonometric functions 
and their relations with other functions are used extensively in the 
application of mathematics to science and engineering 

If you have studied trigonometric ratios m elementary algebra or 
plane geometry, >ou are familiar with the discussion that follows 


TrlgonemetrU Ratloi'*’ 

It IS customary, m the study of tngonometry, to let the capital let- 
ters A, B, and C represent the angles of a triangle, C being a right 
angle We then denote the sides of the triangle by the lower-case 
letters a, 6, and e m such manner that each angle and the side opposite 
It use the two forms of the same letter We call such a triangle a 
standard right triangle 



In any right triangle, 

1 The sme (sm) of an acute angle is the ratio of the opposite side 
to the hypotenuse 

2 The cosine (cos) of an acute angle is the ratio of the adjacent side 
to the hypotenuse 

3 The tangent (tan) of an acute angle is the ratio of the opposite 
side to the" adjacent side 

These three ratios, sine, cosine, and tangent, are called the prin- 
cipal trigonometric rauos and are the only ones considered m this 
book There arc three other tngonometnc ratios used in trigonome- 
try These are the reciprocals of the sme, cosine, and tangent On 
the next page the three principal tngoimmetnc ratios arc defined in 
terms of the standard right tnai^e 



£EP0i;»2^ 2 " 

adjoeentvde 

'These definitions should be memortzed so that the ratios can be 
read from a figure instantly 

1 Using the three mangles below, give the sine, cosine, and 
tangent of each acute angle m terms of the sides of the right 
mangle Thus sm O - and so 


2 In A AWP, Pilj.A{M _ 

Give the three cngonometnc 

ratios for angles A/, and JV ^\. 

m terms of SiP, pn pj^ \ 

and QN ' n \ 

e 

Trigonometric Functions ‘*1 

rate”™/! “ “““ “““"t, Ihc valu« of ffl su 

shall la. HBC aod ^ B r bo ,w„ „Bh, manglo, having 

The tnanglos arc similar boimo a 

acute angle of one equal ,o an aen.o angle „r ,he „u,er are simil. 
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y = y =« p because corresponding sides of Similar triangles are 
In proportion From this it follows that ~ ~ p VVhy’ But - = sin A, 
p = sm Consequently, sin /4 = sin d' 


In similar manner it can be shown that as long as an acute angle 
remains constant, its cosine and ns tangent remain constant 
Conversely, it can be shovm that as long as the sme, cosine, and 
tangent of an acute angle remain constant, the size of the angle 
remains constant 

As an acute angle changes in size, its sine, cosine, and tangent 
change To demonstrate this we shall let ABC and A'B'C' be two 
nght triangles m which angle A is not equal to angle A' 



If this u true, « -7 Why’ Then the mangles are similar, because- 


two nght triangles having the hypotenuse and the leg of one proper/ 
tional to the hypotenuse and the leg of the other arc similar But since' 
corresponding angles of similar triangles are equal, d = d', which 

IS contrary to our original statement that is not equal to A A' 
Therefore we know that two unequal angles do not have equal sines 
In similar manner it may be shown that as an angle changes us 
size, its cosine and tangent change 

Conversely, it may be shown that as the sine, cosine, and tangent 
change, the acute angle changes m size 

Since the sine, cosine, and tangent depend upon the size of an 
angle for their values, we say that they are functions of the angle, 
that is, trigonometric functions 
Tables ot th® Trigonometric fim«lon«W 

The values of the trigonometric functions for different angles have 
been calculated by methods of more advanced mathematics and have 



AIGEBRA BOOK TWO 

been collected m tabular form known as tables of tngonometnc func 
tions In Table III at the end of the book the values of the pnncipal 
functions from 0® to 90“ arc given to 4 decimal places For angles 
between 0“ and 45“ read the angles m the left column and use the 
column designations sm cos tan at the top For the angles between 
45 and 90 read the angles in the ttgkl column and use the column 
designations tan sin cos at the bottom 



[A] 

Using Table III find the value of each of the following 
functions 


1 cos 5® 

2 sin 6“ 10 

3 tan 11“ 20 

4 sm 21® 50 


5 cos 32“ 40 

6 tan 39“ 30 

7 tan 46“ 10 

8 sin 49“ 20 


9 cos 82“ 20 

10 cos 62“ 30 

11 sin54“50 

12 tan 76“ 10 


13 As (he anglo increase which of (he Ihree functions in 
crease and which dccrcases> 


Find the sue of the angle in each of the 
^8m/l« 0843 18 tan 6873 

© cos il= 0932 g?cos^=. 690S 
16 XatiA = 1733 20 sin /I s 7771 

^sm A = 4067 ^cos A = 5736 


following 
22 tan.4 » 1 935 
sm ^ - 8923 
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Inferpototlon^^l {/ 

In order to find the value of a function of an angle nor given in the 
tabic, jt ts necessary to use interpolation 
Example 1. Find sm 32* 12' 

Solution Since 12* is of the way between 10' and 20', the 
*me of 32* 12' u found b> adding to the sine of 32* 10' two 
tenths of the difference between sin 32* 10' and sin 32* 20' 

Thus sin 32* 20'* 5348 

sin 32*10'== 5324 


Tabular difference =» 24 

Thmlt of 24 IS 5,” and mentally add 5 to the last digit of 
5324, which gives 5329 Then sin 32* 12"' ■“ 5329 
In the case of increasing functions, such as the sine and tangent, 
the correction must be added to the value of the function of the smaller 
*ngle, but m a decreasing function, such as the cosine, the correction 
must be subtracted 

Example 2 Find cos 53*37' 

Solution cos 53* 30'* 5948 

53*40'* 5925 


Tabular difference *» 23 

tB of 23 u 16 Subtracting 16 mentally from the last two figures 
of 5948 gives 5932 Then cos53*3r« 5932 


Find the value of 




6 cos 67* 12' 
^tan 11* 17' 
tan 49*41' 
tan 86*4' 
3* 9' 


1 sm82*54' 
COT 7* 19' 
Si cos 42" 18' 

ta «s>n 10* fj 


14. tan 12* 

15 tan 63* 36' 


c^sin 36“ 15' 

2. Sin 45" 24' 

& sin 72“ 42' 

4 cos 8“ 16' 

@ cos 36” 23' 

Invers. Us. of T.bi.rf"* 

The process of finding Ihe angl' '■>' 'h' fnnclion is 

given svill be illustrated by tsso esamplea 
Example 1. Find fl if Ian B “ JMS 

Solution The values of the tauueuts of angles behwu 0“ and 
45" are leas than 1 , and of uuglea beroeen 45 and 50“, greater 
ihanl Lookingtnthecoloinnheaded"tan">tthetop,uie6nd 
that 2905 lies lielween the values 23W atid ^731 in the tshle 
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llwn WJI l»n »fi* 20 

)!)• 

J2 ■■ utniUf tliffcrfrice 

Tlwr dithrrixr IitIhtth JWS 211^) U6 
(>ic ani>Mni i» I*" **1 Ini to 16* 10* Tlxrcfofr /I " 16*12 

I xamplf 2 I iw! li if an fi 3H0 

Solution Tli^ valurt tJ ilirtounn «f »nRlf» $»iwffn 0* and 4S* 
ilnrra»f from i lu jlnut 7, and liflncrn <5* and 90* they 
drrrfair frmn alioiit 7 to O IxKikinff »n ll>f column dni? 
natnl ci* at the Inxiion «vc find that Sl*f> hn liftwccn the 
vatun SM^arwt IIIA in the uhlrt 

Then IMS • cm 71* 40 

mu -cm 71* yy 
17 taUiUt rtillncnCT 

The difTcmtcc lictnccn 5140 anil JI18 ii 22 Then H ^ 
10 “8 tlie amount to lie tohi/actH from 71* SO Then 
Sl*0«icm7J*42 

Sinte the ttnine tt a iWiratmt function the dilTmTiCf t* wl>* 
traeietl fnim *1* SO 

^an5-.U8? 

10 un d « 2.168 
‘iTj»m r» 9054 
12 cm/1- 0065 


Anglaa of C(a«at(qn end Oaprottlon**! 

In Che fi^rc Z A it the angle of *> 
clevttion of // from A ^ AIID is the 
angle of deprctsioo of A from It 
\Vh> does /LAKD’^^.CAH* No. 
tice chat the angle of elevalion and ^ 
the angle of depression are measured 
from the honzonial 

Finding Dlitoncat and Angina, Using TrIgonomntrU Functions I*’ 

In finding disianccs and angles by means of trigonometric funciions 
the following direciions hi)| be hel^u! 



I>eiermine the angle 
G*m"l-07J0 iSstt 
2 cos /f- 9912 « sir 
Q nnr- 1600 ^eo 
4 tan \ - 4000 8 co 


4 - *21% 
W- 57J9 
t - 7840 
< m 7000 
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In Using Trigonometric Functions to find Distances and Angles, 
1. Draw a fairly accurote figure 

2 Place the known values on the figure 

3 Represent by a fetter the quontity to be found 

4 Write the proper equation 

5 Solve the equation and check. 

Example 1 A ladder leans against a building and ma] 
an angle of 62" 12' with the ground If the ladder js 2l 
feet long, at what height on the building does it touch’ 


Solution iDraw a figure and label it 

*s= 20 6 im 62* 12' 
x»i20 6( 8846) 

18 22276 or 18 22 

The Udder reaches a point 18 22 feet 
high on the wall We round the 
answer off to 4 significant figures, 
since the tables are 4 place The 

answer cannot have a greater degree of accuracy than the 
tables Since the ladder u measured to three significant figures, 
we round off our answer to 182 because it cannot have a 
greater degree of accuracy than the least accurate of the given 
data, which are considered approximate 



Example 2 Find the angle of elevation of the sun when a 
telephone pole whose height is 
30 0 feet casts a shadow 41 2 
feet in length 

Solution Draw a figure and 
label It V. 

J2- 

From the 

X = 3^', or 36" 

•Thu equation u not algebraic. It u the sunidest type Ingonomeine 
equation, which a one of many types of rquatiocu ui mathematics eaJJed 

traTixinJental lijuatit*s 



335 



ALGEBRA, BOOK TWO 



[AJ 

In A nght triangle 

1 Given A « 60“ 15', b = 4 000, find e 

2 Given A = 12“ 30', * = 4 00, find a 

3 Given D = 56“ 10'. i « 10 6, find a 

4 Given A = 20“ 50', e =* 80 6, find a 

5 GivenBs61“13',f«16 12,finda 

6 Given a = 4 84, A — 3 63, find A 

7 Given a = 6 52, c = 9 84, find D 

8 A man standing 1 10 feet from thefoot of a chimney finds 
that the angle of elevation of the top of the chimney is 47“ 25 
Find the height of the chimney 

0 A rectangle 18 5 feet long has a diagonal 21 2 feet Itmg 
What angles does the diagonal make with the side* of the rec- 
tangle’ 

10 From the top of a building 60 00 feet high, the angle of 
depression of an automobile on a road is 24“ 18 How far is 
the automobile from the foot of the building’ 

11 At a horiromal distance of 1 12 5 feet from the base of a 
tower, the angle of elevation of the top is 69* 24' Find the 
height of the tower 

12 The Washington Monument is 555 feet high What is 
the angle of elevation of the top when viewed from a point that 
IS a half mile away and on a level with the foot of the monu- 
ment’ 

13 At the time when the an^e of elevation of the sun is 
39° 10 , the length of the shadow of a tree is found to be 76 3 
feet What IS the height of the tree^ 

14 A line joins a vertex of a square to the midpoint of an 
opposite side Find the acute angles the segment makes with 
three sides of the square 

15 On a certain grade a railroad track rises 1 foot for each 
32 25 feet measured along the track What angle does the 
track make with the honzontal’ 
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16 A mine shaft extends downward aran angle of 6® 27' 
with the horizontal How long will the shaft have to be in 
order to reach a point 60 feet vertically below the surface’ 


Loaorlthms of Trigonometric Functions’*’ 

The loganthms of the values of the tngonomctnc functions are 
given in Table IV The column designations arc ' log sin,” “log cos,” 
and "log tan ” 

To avoid the printing of negative characteristics, the number 10 
has been added to each logarithm with the exception of those of 
tangents of angles equal to or greater than 45* Hence in wnting 
down any logarithm from (his table with the exceptions just noted, 
— 10 should be wntten after it 


Find each of the following loganthms 


■6> log sin 12" 30 

2 log cos 15® 10' 

3 log tan 22* 40 

4 log sin 14® 8 
©logcos 21® 17' 

6 log tan 33* 53' 

7 log sin 38* 19' 

8 log cos 42® 14' 

9 log tan 19® 35' 


10 sin 51* 42' 

11 log cos 56* 15' 

12 log tan 61* 18' 

13 sin 72* 54' 

14 log cos 75* 27' 

15 log tan 82* 11' 

16 log sin 88® 21' 

17 log cos 87* 3' 

18 log tan 45* 








Ml 


^Fmd A corresponding to each of the following loganthms 
' 7 940 S — 10 26 log cos /I = 9 7781 — 10 

27 l<^ sm A 


10 


^ log sin i4 
20 log cos 24 = 9 9994 

log tan <4 = 8 9420 — 1 0 

M log sin yl « 9 1466 - 10 

23 log cos yl- 9 9932 - 10 

24 log tan 24 = 9 7236 - 10 

25 log tan 24 = 10 1085 - 10 


9 9138-10 

28 log sm /I = 9 9574 — 10 

29 log cos il = 9 6083 — 1 0 

30 log = 10 5453 — 10 

31 log tdh 4^^= 10 7592 - 10 

32 logciM^va: 9 1953 — 10 


geesyl 

thrall 


Solution of Right Trlungle. by logurlthm.W 1 

Solvinff a tnangle means finding the remaming parts of the triangle L 
when certain parts are known You will save time and avoid crrorsl/^ 
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if you first select all the formulas to be used and make a complete out- 
line of the work to be performed 



Now we are ready to fiH in the outline Note the following ttepi 
Fimt Turn to Table II, look up the logarithm of 42 56, which 
u \ 6290, and place it in both columns of the outline, as shown 
below 

Second Tom to Table IV, look up 48* 16’, find log sin 48* 16* 
=*9 8729—10, and place it m its proper place, then find 
log tan 48* I6'= 10 0496— 10, and place it m us proper place 
Thiko Subtract in both columns to find log r and log 6 
Fourth Turn to Table H to find c and ^ / 


Completed outline and solution 


2 To find c 
4266 


3 To find b 

42 56. 


^ I 

48*16''^ 


__ 42 56 

* swi48*16' 

log 42 56 *=16290 
log sin 48* 16’ »=9 8729 - 10 
tog««17S6l 
< = 5703 




1 42 5(^ 

tan 48“ 16' 
log 42 56= 1 6290 
ln4S*16' = 10 0496 — 10 
log 6 = 1 5794 
b= 37 97 
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CHECK First compare the reasonableness of the results with the 
dia^am If we have made a la^ «Tor, it will be detected 
For an accurate check, use one of thejr^os not used before, 
or the Pythagorean relation from geor^ry that ii*+6*e=f*\; 
We can change the formula + into an equivalent! 

formula adaptable to the use of logarithms, as follows ' 

a!‘ = e»-b^ 

Then 2 log a = log (r + 6) + 1<^ (« ~ A) 

Does 2(1 6290) = 1 9777+1 2801 > 

Does 3 2580= 3 2578> Yes 

Notice that the difference of the two numbers m the last step of 
the check is only 0 0002 

Example 2 Solve the right triangle ABC, given o •« 40 24 
and i s 42 68 

Solution Draw and label the figure 


r *= 57 03 
& - 37 97 
<•+* = 95 00 
e-i=1906 



1 To find d 

, 40 24 

tan ^ - 42 68 
log 40 24 = I 6046 
Inp 42 68 = 1 6302 
logtan^ = 9 9744~10 
,4 = 43*19’ 


I 2 To find ( 
40 24 


Ic« 40 24 = 1 6046 
logsmi4 = 9 8364-10 
loge= 17682 
r= 56 64 


3 To find B 

5 = 90* - ^ = 90"'- 43* 19'= 46* 41' 
The check is left to the student 
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The automobile gas turbine 


Do •you know whal o twbme »* T>ie •wmdrnill ond •wolerwHeel ore 
turbines which you have probably seen The windmill which has been 
used on the form for pumping water receives its power from the wind, 
end rtie waterwheel which *t pioneer days was used to furnish power 
for grinding grain orsd sawing logs and is now used extensively in 
power plants receives its power from flowing water 

The steam reciprocating engines m the large power plants are gradu 
ally being replaced by the quieter, more efficient, and longer lasting 
turbines 

You may wonder why the got turbine has not been used in the 
eulomobile Engineers hove been trying for years to design on auto 
mobile gaS engine Their own was to apply the internal combustion 
principle to the turbine There were many obstacles to be overcome 




After nikKh expenmeriiation on expenmentot fios turbine wo$ finally 
produced and tested in 1954 The performance of the engine was most 
gratifying Compored to a piston engine having the same horsepower, 
thehicbme engine has oljout the some fuel economy, is about 215 pounds 
lighter, hos obout one fifth as many movesg ports, has no radiotor, has 
only one spark plug, end hos better performance 

Gas turbines are thus far confined to vse m planes and locomotives 
You moy osic "When wj|| the motonst hove o goi tvrbme m hii cor? 
The cost of producing the motors mokes them prohibitive at present, but 
Within a decade they may become feosible It « planned to use such 
o motor in the Gofden Oolphin shown m the picture This is o new type 
of bus designed for a cruising speed of 125 miles per hour 



Systems of Equations 
Involving Quadratics 


h thit <hapter we thoU sfvdy 
pairs of equations 
(one, or both, quadratia) 




SYSTEMS OF EQUATIONS INVOLVING QUADRATICS 

In Chapter 9 you studied quadratic functions of the form or* + + c 
and quadratic equations of the forms a** + ix + r = 0 and y = 
ax^ + bx + c The first of these two equations contains one variable 
and the second contains two vanables In this chapter we shall study 
different forms of quadratic equations in two variables 
The general form of a quadratic equation in two vanables is 
Ax^ + Bxy + C^‘ + Dx + Ey + F = 0 

with at least one of the coefficients A, B, or C not zero The locus of 
this equation is the curve of intersection of a plane and a right cir- 
cular cone For this reason the curve of a second-degree equation m 
two vanables is called a conic section or simply a conic The locus 
may be a circle, an ellipse, a parabola, or a hyperbola, as shown 
on the next page, or, in special cases, it may be a point, a line, or 
two lines 

These curves are found frequently in the physical universe You 
are already familiar with the numerous applications of the circle 
Headlamp and searchlight reflectors, electnc-wave reflectors, the 
path of a projectile fired obliquely upward, an object dropped from a 
moving conveyance, and the paths of some comets furnish illustrations 
of the parabola The track of a plane making an on pylon turn in a wind 
of constant velocity, the orbits of the planets, and the orbit of an elec- 
tron in reference to the nucleus of the atom of which it is a part, are 
illustrauons of the ellipse The rclauon of any two quantities which 
are inversely proportional is hyperbolic 
The idea of studying curves by means of algebraic equations was 
known to the early Greeks Apollonius is reputed to be the first man 
to define the circle, parabola ellipse, and hyperbola as conic sections, 
though he did not realize that these can be sections of a single cone 
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PIgne Sections of a Right Circular Cone I*' 

The drawings below show how the four conic sections can be 
formed by a plane intersecting a nght circular cone 

In a right circular cone, the base i$ a circle, the axis is the line 
segment drawn from the vertex to the center of the base, and an 


element is a line segment drawn from the vertex to any point of the 
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Example Construct the graph of x* — 2^ = 4 
X* — 4 

Solution Solving for^, we have y «= • £— ■ 

In an equation of the type = ax* + 4 we can coiutnict a better 
graph if we first find the point where the parabola crosses the 
j»-axis that u, 
the value of y 
whenx— 0 and 
then assign to * 
pairs of values 
having thesame 
absolute value 
The values cho- 
sen here are 
shown in the 
table 

Plotting the points from the table 1 1 11 l~i 1 I I ) I 
and drawing a smooth curve 

through them we obtain the graph shown in the figure This 
graph IS synunetnea) with respect to ihe^asts When *= 
4* i the curve u symmetrical with respect to the x axis 

[SI 

Construct the graphs of the following equations 

3y-2x»4 5 x»~4>e6 

2 x«2^» 4y-4x»6 6 x*-3>»8 

Th* Graph o1 x* +• y’ « ?*. Th* Clrtld** 

The graph of every equation of this type is a circle with its center 
at the origin and its radius equal to r Note that the coefficients of 
x’ and y"^ are the same If r = 0, the graph is a point This point is 
called a point circle or a null circle 

We know from geometry that a circle is the locus of points at a 
given distance from a given point, the given 
point and distance being the center and ra- 
dius of the circle, respectively 

The equation x* -f- =* r* is easily derived 
In the figure let the circle have its center at 
the origin and its radius = r Let /*(x, be 
any point on the circle Join P to 0 and 
draw PD J. OX Then QP «= r, OD « x, and 



Em 

U 
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PD^y Then **4-7* = r* by the Pythagorean theorem Note that 

the CJrdc « s)’mmctrjc wjth respect to both axes 


Example Construct the graph of 4 4- = 81 

Solution Dividing both members 
of the equation by 4, we have 
The graph of this 
equation u a circle with its center 
at the origin and its radius equal to 
or ^ It u obviously easier 
to construct the graph with com* 
passe% than to find the points and 
plot them 



W 

Draw graphs of the following equations 
l.x»+J'* = 25 2 x»+^<=36 3 


EXERCISES 


U 


The Graph of ext 4* hy^ » t. The Ellipse 
The graph of every equation of the form or* + b c, where a, b, 
and c are positive and b,n an ellipse with its center at the origin 
If a «• &, the ellipse becomes a circle The curve is symmetrical with 
respect to both ax« If either a or t is zero, 
the graph consists of two parallel lines 
The ellipse is defined in analytic geometry 
as the locus of points the sum of whose distances 
from two given points (the foci) is constant In 
the figure, vf P is any point of the ellipse, 

PF' + PF = kbv definition 
Example Construct the graph of 9 ** + 25_y* = 225 
Solution Solving forj>, we baveji = i:iV25'-'** 

By a study of this equation we sec that for any value of x greater 
than 5 or less than — 5, j will be imaginary Therefore we 
shall lake values of x from ~ 5 to 5 


J* 



Ellipse 


iliTdkZ.* ±2.8 ±3 ±« ±14 ±18| 


349 




ALGEBRA, BOOK TMO 


Plotting the points and drawing the curve we obtain the ellipse 
shown in the figure 




Construct graphs of the following equations 

1 4 ** + 9^ = 36 3 25;r»+y»25 

2 9:r> + 4y-s36 4 *»+16^»=»I6 




The Graph of xy < or ox* >■ by* *• «. Th» Hyporbelo'^l 

The graphs of jy = r and ox* — bji* “ c where c^O and a and t 
are positive are hyperbolas If r — 0 tn either equauon, the graph 
consists of two intersecting straight lines If s 0, the lines coincide 
with the axes 

In analytic geometry the hyperbola u 
defined as the locus of points the differ 
ence of whose distance from two given 
points (the foci) is constant The hyper* 
bola IS an open discontinuous curve 
of two branches In the figure r and 
F" are the foci, and P is any point on 
either branch of the hyperbola TTien 
PF' — PF~k by definition 

Example 1 Construct the graph of jyr =» 4 

4 

Solution Solving for_y, we have J*®®” 

The tubsticulion of xsO in this equation involves division by 
zero However we can say that as x approaches 0, / ap> 
preaches infinity 



Hypertiola 
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Graphs of the form approach the axes but do not touch 

them In the equauon >y^t,x and y vary inversely Boyle’s Law 
{pv « k) IS an application of ‘hts type of graph 

Example 2 Construct the gra ph of 9 x* - 4^ ». 36 

Solution. SoUmg for_j'>0’“i ^ 

From a study of this eqo**'®" that for values of x between 
2 and — 2, ^ is imagtnaty Therefore we shall me x » 2 and 
— 2 and other values of * greater than 2 and less than — 2 




Graphs of equations of the form ax* ~by^=c are symmetrical 
with respect to both ax*?* 
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Construct graphs of the following equations 
^xj>^6 — = 9 


2 = 

3 y~x»==2S 

4 4- 8 = 0 


6 4s* — 9>* ®= 36 

7 s/=10 

Qi 6 s*-9>* = l44 


1*1 


The Graph of a Pair of Strolght Lines 

If all the terms of a quadratic equation arc in the left member and 
that member is factorable, the graph consists of two straight lines 


Example 

Solution 

Grouping 

Factoring 

or 


Construct the graph of s* + 2 sy +^* *= 4 


x»+2;^+y-4 = 0 

(x+7)*-4=0 

(*+/-2)(x+^4-2) = 0 

and x+^ + 2 = 


0 
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Graphing the linear equations *+^ — 2 = 0 and x + 2 » 0 
we obtain the two straight bncs shown in the figure These 
two lines are parallel In the case of other equations the lines 
may intersect or be sdcnueal 


Construct the graphs of the following equations 

1 x» + x^~2y*0 5 x»-4^»=Q 

2x*-3^==0 6 xj>=0 

3 X*- 2x^+7**= 9 7 3;9'+^*«0 

4 X* — 4 1^ — 5^* *• 0 8 — 4x + 4^» 
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Graphical Solutions of Equations (one> or both, quadratics) 

If we plot on the same diagram the graphs of two equations in- 
volving quadratics and the two curves intersect, the coordinates of 
the points of intersection are real roots of the equations If one equa- 
tion IS linear and one is quadratic, their graphs may have two points, 
one point, or no point m common If the graphs have two common 
coincident points, the Ime » tangent to the conic 

If the equations arc both quadratic, their graphs may intersect in 
4 points, 3 points, 2 points, 1 point, or not at all Such equations may 
have as many as four real solutions or none If two of the points of 
intersection of two curves are coincident, the curves are said to be 
tangent to each other at the point of coincidence 

Do you see that the graphs of ** +ji^ = 9 and = 1 6 do not 

intersect and that they have no common solution’ 

Example 1 Solve graphically 2 x — 3^ = 3 (1) 

X/ 3 (2) 

Solution 
x^-3 


The graph of (1) u a straight line and the 
graph di u an equilateral 'nypcrotfia 
The graphs lateiscct m the points (3, 1} 
and (— 1 J, — 2) Then one common lolu- 
IS *ss 3, I, and the other is x — — 


* 

1 

6 

i 

3 

I 

i 

6 


-8 

-3 

-1 


-i 


2x-3^=:3 


t 

1 

0 

-1 


k 


1 
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Examples Solve graphically + (1) 

Solution V® +_)'*:= 16 (2) 


The graph of (1) » a straight line and the 
graph of (2) is a circle with radius 4 and 
center at the origin The graphs do not 
intersect Then the two equations do not 
have any common real solution 

Examples Solve graphically + (0 

x + 2>«6 ( 2 ) 


5r+8^ = 40 




Graphic Solution 


From(l) j-±}V32-*» 



The graph of (1) w an ellipse and of (2) a straight 1 nc 
From (he graph she I ne u apparently tangent to the ell pse at 
(4 2) 

The common soltitions are (4 2} and (4 2) showing that the 
line a tangent to the dl per 
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Example 4 Solve graphically x*+^* = 25 (1) 

x»-3^ = 21 (2) 


Solution The graph of (1) 
IS a circle whose center is 
the origin and whose ra 
dius IS 5 The graph of (2) 
u a parabola whose turn- 
mg pomt 13 (0, —7) The 
Common solutions are 
(3.-4). (-3,-4) 

(4 9, l),(-4 9, 1) 



Solve graphically 
t 25 

x+y-i 
2. x^ ->» a 16 

1 


3 

2x-y=l 

4 4x* + 9^»«25 
3-r-2^*4 


I»T 

5 x»+^a-34 
2x+^«13 

6 x» + 2y = 8 
sr + 2>-»4 




Solve graphically 

7 x*+y = 16 

9 X* + 16y = 144 

8 *2+y*=25 

12 

9 X* = 36 

9 -16^2 = 144 




10 2x»-5>*s=27 
;ry= 18 

11 xa-y = 4 

9x* + 36/«16 

12. x* + 3y = 28 

jpr + S ^ 0 


Aloebrale Solution of Pairs of Cquotlons Involving Quadrotlcs 1*1 

The general solution of pairs of quadratic equations m two vari- 
rr Si'td &vus}}y icsdt to- sob/ttOiV iVigAcrsatgrtrc 

equations, which we arc not prepared to solve at this time How- 
ever, the ability to solve three simple cases of sets of equations involving 
quadratics is sufficient for most applications of mathematics 
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Algebrok Solution of One Linear and One Quadratic Equotlon 1^1 
Example Solve algebraically x* + 4^* = 32 
x + 2^ = 8 

This pair of equations was solved graphically in Example 
3, p 354 

Solution. The method of the algebraic solution is elimination 
by substitution We solve the linear equation for one variable 
and subsutute its value in the quadratic equation 
Solving x-i-2jf = 8 for x, we have x =* 8 — 2_y 
Substituting x= 8 — 2^ in x*+ *= 32 

{8-2^)* + 4/=32 
64 - 32^+4y + 4y«32 
8y-32^+32«0 
y-4j. + 4»0 
O>-2)Oi~2)«0 
.^-21^=2 




Substituting these values of^ in X » 8 — 2 J’, we havcx = 4 and 4 
Thu shows that the graphs intersect in two eoincidenC points, 
(4, 2) and (4, 2), and hence the line u ungent to the ellipse 
These equations have a pair of soluuons, (4, 2} and (4, 2) 

Solve algebraically 

Exy*12 8.x+^i«l 


a.--';:, 


x-^ 3 

4.3x» + xv«=15 
2x-f j( = 2 
5.3xy+y = 25 
x + 2^=10 
6 2x*-3xy=3S 
3 X + 2^ = 27 
7.2x»-3x>-+j*«0 
5x+/ = 12 


9..x* + 2>» = 51 

[ io./* « 34 

V/x-3^«12 
II 2x»-3y = 24 
2x-3j'»0 

12. X* — 1^'+^* — 7 

x+jf = 4 

13. 4 X + 4ji ^ 8 

2 X = 8 

14. 2.^4-4x + 3r« 
2x+^~3-0 
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15 x^~-2 xy = 4 
2 X —y = 3 


16 = 4 

1 + 1 = 5 


Algebrolc Solution of Pairs of Equations of the Form ax^ + by^ = c 

Every pair of equations of this form can be solved by the addition- 
subtraction method or by the substitution method 

Example Solve algebraically x* +_)'* = 25i 
jc* + 4y *= 36 

Solution ^"^“25 (1) 

x» + 4> = 36 (2) 

S(l)from(2) 3>* = 11 ^ 

'~i=±jV35 

Substituting^ =» in (1), 

we have x® + ** 25 

SAJ+UaTS 
3** a 64 
*a±|>/3 

Then (^Vs, JVm) and <- SV3, iVw) are two solutions 
Substituting^ a “ tn (I), 
we have + V “ 25 

3x2+11*75 
3 X* a 64 
x2adb!V3 

Then (fVs, -4^33) and (— fVJ. — jVIS) are two more 
solutions The four solutions arc 

§V3,iV33 |V3,-5Vw 

-5V3,iV33 -|V3,-4V33 

PROOF Docs ^ + 25’ Yes 

Docs^ + ¥=36’ Yes 

wmm 

Solve 

+yal6 
+ 25>* = 225 
+ 2j-»al7 
i - 3y a 6 
3 3x3 + 4^>a31 
5 X’ - 6^ « 1 




A. 3x»+y a52 
2x»-5^al2 

5 5*»-2y = U 
7x*-37»alS 

6 4x2 + 4y«65 

6jr»w4^ = 25 
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Many other pairs of equations involving only like terms can 
be solved cither by the subsutution method or by the addiUon 
subtraction method 




Example 2 Solve 

2x» + 5x>’«33 

(1) 


3x*-2^ = 21 

(2) 

Solution M{l)by2, 

4x>+10xt= 66 

(3) 

M(2) by 5 

lSx*-10x»=105 

(4) 

AO) and (4) 

19x» =171 


Pit 

x» = 9 


Rt 

x = ±3 


Substituting x= 3 in (1) 18 4" 15/= 33 



/= 1 


Substituting x= — 3 in 

.(1). 18-15/=33 



/ = -l 


Therefore the common solutions ate (3 1) and (—3 — 1) 


PROOF in (1) 

PROOF m (2) 


2**+5xf=33 

3r»-2^r=2l 


Does I8 + 19=33» 

Yes Does 27-6 = 21? Yes 


The proof u ihe tame for either tet of roots 




(A] 

Solve algebraically 

2 x* + 7/ = 32 

4 x»-3/ = 46 


3x*-5/«l7 

2x» + 3/=101 


X* + ^ = 8 

5 3 X + 5/* = 44 


3 X* — ^ = 56 

5x-2/» = 32 


2 xy +/* = 40 

6 Sjipi4-2/ + 60 = 0 


3 ^ + 2/* = 68 

_ 3/ - 5 = 0 



Algebraic Solution of Poirs of Equations In Which All Terms Contoln* 
Ing the Varlobles Are of the Setond Degree I*’ 


Example Solve algebraically 

x» + 2jry + 3y = 17 
2 a* — jtf 4-^* = 64 

Solution Let/ — vx and substitute in both equations 
From (1) **+2«»*+3e***= 17 

Factoring s*(l + 2 a + 3 »*) = 1 7 

and — 1 I 2 1 1 3 


(1) 

(2) 
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From (2) 2 ** - = 64 

Factoring jr®(2 — e + n*) = 64 

Equating the values of ** from (3) and (4), 

17 64 

H-2b + 3i>» 2-p+ir* 

Simplifying, 34 — 17 b + 17 tr» *= 64+ 128 « + 192 e* 
17»’-192 »*-17b— 128B+34— 64 = 0 
-175b»-H5b~30«0 
D-s 35b» + 29b+6 = 0 

(S»+2)(7b+3) = 0 


5 p = -2 I 7 t. = -3 

B = -} I B*-? 

Substituting these values in (3), 


e— 1 

pas— } 

, 17 


“i-i+ri 

■ i-l+H 

x»=2S 

x»»V 

x»±5 

x=J:JV2 

Since j a px, we hnd for b = 

— J and a ± S, ^ — 


= T 2 The T sign means thai when a « + 5, ^ ^ — 2, and 
when as!»--5,/ = + 2 Hence (5, — 2) and (— 5, 2) are two 
sets of roots 

For p = and + /«= ?(±lV2) «= TfV? 

Hence (3^2, — and (— 3 n^, 3V2) are two kIs of roots 
Therefore the solutions are (5, —2), (—5, 2), {3>^> — fVS). 
and (— 3V2) The student should prove the solutions 


The equation^* r» eapresses the ratio of^ to * This ratio is 
often used in rnathematics to tran^orm expressions into 
simpler expressions for particular purposes 


Solve algebraically 
1 . X* — ^ = 48 
^+^3^,20 
2 x*+3xt = 54 
jpr + 4y = ll5 


3 x»+4^»« 13 
xr + 2^ = S 
•*.x» + x7 + 2^» = 77 
,a^xr-5»0 
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I 


5. *»-2x>+2>» = 2 
-y - 3 *= 0 
6 i» + jyr+y=»52 
x> - ^ + 8 » 0 


7. ** + 2^)'-3y = 5 
2x» + 5>»«»13 

8. x» + 5*>-4->*=*75 
^ = 10 


Sp«(lal MMhods o1 So{ullon(*l 

Many systems of equations may be solved by other methods Your 
success in solving such systems depends on your ingenuity and ex- 
perience in mathematics The following examples illustrate typical 
methods 

Example 1. Solve 2 x* — 3_y* + 4x + 4yssSS (I) 

3x» + 3^»-f-6x-4> = 120 (2) 

Solutian. rrom a study of the equations we observe that by ad- 
dition we can cluninate jr from the equations and obtain a 
quadratic equatioo in * 


A (1) and (2) 

5x*-}-l0x».175 


D, 

x»+2x-35 = 0 


Solving 

(x-h7)(x-5) = 0 
x = — 7 and x« 5 


Substituting these values m (1), we obtain 


for X--7 

98-3^-28 -h4^-55 

(3) 

Car * = S 

50-3/-l-20-|-4y»55 

(4) 

Simplifying (3) and (4), we have 


from (3) 

3/-.47-15 = 0 

(5) 

from (4) 

jy-4^-15 = 0 

(6) 


Since the equations are identical, the solution of either u 
(3^+5)(?-3) = 0 
j’s*' — J, and>= 3 

The solutions arc (— 7, — i), (— 7, 3), (5, — |), and (5, 3) 

Example 2. Solve x* +J'* 4- 4 x + 4j' ^ 29 (1) 

xy^-12 (2) 

Solution M(2)by2 2^1’ = — 24 (3) 

A(Oand(3), + + 4 x-f- 4^= 5 

or (*-|-^)*-|-4(*+/)-5 = 0 

Factoring (x-h^-h 5)(x-f y — 1) = 0 

Then x-f-j-s*— 5 and x+_ji= 1 
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Combining cacb of tb«e finJ-dcgrte oquaiion* with rquation (2), 
vft ha\t lYfo acts 

® * +7 " — 5 and h x+jr^l 

xj = -12 ; rr «=>-12 

These two sets of equations together are equivalent to the original 
set. that u, their solutions are the solutioru of the original set 

Sets a and b may be soUed by substitution Their solution is left 
to the student 


SoKe algebraically 
1. 16>*=0 
X* » 64 
2.4** +/*«*52 
2**+/- H 

*• — 5* + 4»0 

5 ** +_)i* + *+_>'*» 14 

^ = 3 

6. **+^* + 2* + 6^»-I 
2 * + 2 « 0 
7.,s+y-10**0 
+^*-20^»0 


8 


* y » 

9. x> +y + 4x‘-6^‘^39 

**+^*-14x + 6^e-45 

10 2^»-9jt + 8>- 10-0 

4y + 9r+l6^-n »0 

11 3^*-16*-30^ + 75-0 

**+/»- 10^-0 

12. 4 ** +y + 8*-4^«44 
^*-18*-4jr~14»0 

13. ** - 4 * +J1 » 0 

14 r»-jr-^as0 

2*-7 + 2 = 0 


tsi 

Use two unknowns m the solution of the following problems 
I The sum of two numbers is 5 and the sum of their 
squares is 1 3 Find the numbers 

( 2 / The difference of two numbers is 5 and the sum of their 
squWes IS 53 Find the numbers 

3 The difference of two numbers is 5 and their product Is 
24 What arc the numbers’ 

4. The sura of two numbers is 10 and their product is 21 
Find the numbers 
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5 The difference between the legs of a nght tnangle is 14 
and the hypotenuse is 26 Rnd the lengths of the sides 

iOne train running 5 imlcs an hour faster than a second 
traiffrequircd 4 hours less time to travel 400 miles Find the 
rate of each tram 

7 An airplane going a distance of 1000 miles can make 
the tnp in 2 hours less tunc tf it increases its speed 25 miles 
an hour Find the rate of the plane 

8 Two automobiles each travel 72 miles One goes 
4 miles an hour faster than the other and makes the run m 
12 minutes less time Find the rate of each 

9 It takes one automobile 2 hours less time than another 
to travel a distance of 360 nules If the rate of the first auto- 
mobile u 6 miles an hour faster than that of the second, find 
the rate of each automobile 

The sum of the digits of a two-digit number M 9 Find 
theVumber if the sum of the squares of the digits is 53 

1 1 The sum of the squares of the digits of a two digit num 
ber IS 26 Find the number if the tens digit exceeds the units 
digit by four 

12 The difference of the areas of two squares u 223 square 
feet and the difference of their penmetOT is 24 feet Find a 
side of each square 

13 The difference of the areas of two squares is 1100 square 
feet and the difference of their perimeters « 40 feet Find a 
side of each square 

14 If the width of a rectangle is increased by 2 inches, the 
area » 140 square inches If the length a increased by 1 inch 
the area is 120 square inches Find the dimensions of the 
rectangle 

15 The penmeter iff a floor is 44 feet and its area is 120 
square feet Find its dimensions 

16 It takes 52 rods of fence to enclose a rectangular lot 
whose area is 1 acre Find the dimensions of the lot (I acre 
= 160 sq rd ) 
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17. The penmcter of a 5-acre rectangular field is 114 rods 
Fmd the length and width of the field 

18. The ratio of two numbers is 3 to 2, and the difference 
of their squares is 20 Find the numbers 

19 The area of a rectangular field is 40 acres, and the ratio 
of the width to the length is 2 to 5 Fmd the length and the 
width _ ' 

[81 

20. /IBC IS a semicircle BDxAC From geometry, 

9a sy Find A, x, and y if AC *= 20 and A = 2 x 



2 1. The front wheel of a wagon makes 10 revoluuons more 
than the rear wheel tn going 360 feet If the arcumference of 
each wheel is increased by 3 feet, the front wheel will make 
only 6 more revolutions than the rear wheel m going 360 
feet What is the circumference of each wheel’ 

22 At simple interest a sum of money amounted to $2600 
for one year, and to $2700 for two years What were the 
pnnapal and the rate of interest’ 

23 The amount of a sum of money on interest for 1 year » 
$4240 If the rate were 1% less and the principal $500 more, 
the ^rhount would be $4725 Fmd the prmcipal and the rate 
"^4 jrhe area of a right mangle is 600 square feet and its 
hj^iorenuse is 50 feet Fmd the lengths of the two legs 

25 The sides of a mangle arc 8, 10, and 14 Fmd the alti- 
tude on side 14 



Suggestion From the figure, use the Pythagorean Theorem to 
form two equations 


I 


t 


i 
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j 26 The bases of a trapezoid are 6 and 16 inches rcspec 

J lively and the two nonparatlel sides are 8 and 10 inches 

respectively Find the altitude of the trapezoid 



Succesnov Draw a line between (he bases parallel to one of 
the nonparallel sides as shown in the figure Find the sides and 
altitude of the resulting triangle 

27 An airplane makes a tnp of 600 miles and returns Its 
rate going was 3 the rate returning If ii look 1 hour longer 
to go than to return, what was the rate each way’ 

28 The altitude of an isosceles mangle is 4 feet and its 
perimeter u 16 feet Find ihe sides of the triangle 

29 48 pounds of iron are made into a bar If the bar were 
made 1 foot longer, the weight of a foot would l>e I pound less 
FiyJ the length of the bar and the vitight of 1 foot of the bar 

SO-lTwo men can do a piece of work in dda)^ It takes one 
man S more da)! to do the work when working alone than it 
docs Che other In how many days can each do the work’ 

31 The area of a rectangulir lol is 60 square rods The 
diagonal of the lot u 13 rods Find the length and Ihe width 
of the lot 

32 The sides of a tnangle are 1 3, 1 4, and 1 5 inches mpre* 
tiiely Find the altitude on the longest side and ihe area of 
ihe mangle 

33 The sides of an ol>tuie mangle are 5 Inches, 12 inches, 
ami IS inches, tlnd the altitude on the thortest side 

34 The sidrsof a tfiangleare 10, 13, and 18 nridlhepfO- 
jections of the Tint two sides on the third side 

35 Tlie sides of a triangle are 7, 25, and 30 inrliet ropec- 
lively Find ihe pnijreiKKts of die t»tl>er two sides on the 
short ude 
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36. A farmer contracted the job of grading a township road 
After working alone for 2 days, he hired his neighbor to hdp 
him and they completed the work m 5f- days If the farmer 
had worked alone, he would have required 4 less days than 
h>s neighbor to do the whole job Find the time each would 
r^uired to do the work atone 
/37^ill and Dick start at the same time from the same place 
One walks north and the other walks east At the end of 
3 hours Bill has walked 3 miles more than Dick and thev are 
15 miles apart What « the rate of each’ 


38. The fore wheel of a tractor makes 10 revolutions more 
than the rear wheel when going 360 feet If the circumference 
of each wheel were mcrea^ by 6 feet, the fore wheel would 
make only 5 more revolutions than the rear wheel when going 
this distance Find the circumference of each wheel 



You should now determine if you have mastered the most 
important topics of this chapter Be sure that you know 

FADS 

1 How to graph quadratic equations 347 

2 Why the graphs of second-degree equations arc 

called conic sections 346 

3 How to recognize the equation of the parabola, 

the ellipse, the circle, and the hyperbola 347-351 

4 How to find graphically the common solutions of 
pairs of equations when one, or both, of the equations is 

a quadratic 353 

5 How to solve algebraically pairs of equations when 

(q) one IS linear and one is a quadraUc 356 

(i) both equations are of the form «r* -h — c 357 

(c) all terms containing the vanables in both equations 
are of the second degree 358 

6 How to solve verbal problems using pairs of equa- 
tions, when one or both equaUons are of the second 
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1*1 

! Why are the loci of second*degree equations in two s'ar- 
lablcs called conic sections’ 

2 Define circle parabol-i ellipse and hyperbola 
Construct (^aphs of the fc^loMing equations 

3 »’+y = 3 6 * = 2y-4 9 

4 _)'=s4a* 7 **+_/* = 8 10 *t**6 

5 *» + V«9 8 11 *>~*T-2r» = 0 

Solve graphically and algebraicili) 

12 x»+j»=17 13 a* + 4>» = 20 14 »-r»3 

x*-4jr^\2 i-3^«l »r“4 

Solve algebraically 

15 3a»“2/*»30 
2*> + 5j»«77 

16 7jry-/-30 
3xy + 2^-25 

17 *»-3»r+y-31 
3/-2*-S 

18 Ttic sum of two numbers is II and the sum of their 
squares is 65 find the nuinliers 

19 The area of a nght triangle ii 60 square feet and the 
hypotenuse u 17 feet Find the lengihs of the two sides 

20 llie sides of a triangle arc 6 8 and 9 Find thr altmide 
on fide 6 

21 One tram running 12 miles an hour fitter ilian a second 
irain requiteil 2\ hours less time to travel 600 miles Find 
the rate of each tram 
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What type of curve is the graph of each of the following 
equations^ 

a b clxy^l 

d 5 +J-* = 25 e 6 x» + xj- -7* = 0 

2. Draw a graph of the ellipse 9 t® + 4>* = 36 

3, Draw a graph of the parabofa r -f-y* =* tO 
4 Solve graphically «r — 2_y® — 6 

X ~ 4_y — 4 

Solve algebraically 

5 + 6 xj, = 52 6 «* + 7^ » 16 7 «> +y = 25 

J’^2x 3x® — 2j' = 25 X —y^ i 

8 The altitude of an isosceles triangle is 3 feet and its per- 
imeter IS 18 feet Find the length of each side 

An airplane makes a trip of 400 miles and returns Its 
going was J the rate returning If it took 1 hour longer 
to go than return, what was the rate each way’ 

10 The area of a rectangle ts 240 square inches and the di- 
agonal is 26 inches Find the dimensions of the rectangle 
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From this table we sec that the coeffiaent of d in any term is one 
less than the number of the term Then the eighth term is a + 7 
the ninth term is a + 8 rf, and the nth term is a + (n — l)d If we 
let / denote the nth term or last term, wc have 
1= o+Ib— tW 



Example 1 Find the 14th term in the sequence 5, 7, 9, 

11 , 

Solution In this exaniplc 4=5 5, 2 and«=14 

J=54+(n-lV 
/=5 + (14-l)2 
1=5 + 26 
/*=31 

(« 

1 Find the 1 1 th term in the sequence 3, 4, 5, 

2 Find the 20(h term of the sequence 1, 3, 5, 

3 Find the lOth term of the sequence 17, 13, 9, 

S Find the last term of the sequence — 2, 0, 2, 4, to 
■ms 

5 Find the last term of the sequence 5, 10, 15, to 42 
terms 

6 Find the 18th term of the sequence 8, 3, ■- 2, — 7, 

7 Find the last term of the sequence a a + 4, a + 8, 
a + 12, to 12 terms 

8 Find the 8tb term of the sequence x + 5, x + 3, x + 1 , 


9 If a = 5 / = 395 and «f = 5, find the value of r 

^ Find the first term of an arithmetic progre ss ion when 
d = 4, / = 73, and a = 24 

11 Find the coininon difTcrcnce of an anfhmcuc progres- 
sion when the seventh term is 17, the fint term is 5, and the 
number of terms is 7 

12 The 18ch term of an anthinetic progression is — 71 and 
the common difference is — 4 Find the first term 

13 Wnte an equation showing that m n, and /> form an 
anihmeuc progression 
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14 The 16th term of an anihmetic progression is 48 Find 
the first term if the common dinercnce is 3 


Example 2 The seventh tcriti of an anthmctic progression 
IS 22 and the tenth term is 31 Find the first term 
common difTcrence 


Solution 


a+(«-l)rf=/ 


Then 

and 

Subtracting 

Substituting 3 for d m (I) 


a-\‘6i=12. 

a-f 9rf=»31 

~3rf= — 9 

d=i 

a +18 *=22 


The first term is 4 and the common difference u 3 


0 


Wi 

1 The ninth term of an amhmetic prt^ression is 21 and the I 
fifteenth term is 33 Find the fuat term, the tommen differ^j-v 
ence, and xiie first lour terms ol the progression 

2 The fifteenth term of an arithmetic progression 
the twentieth term is 121 Write the fint five terms of the 
progression 


IS 9i and 






3 The third term of an anthmeiic progression » 1 and the 
seventh term is — 1 1 Write the first four terms of the 
progression 


4 The eighteenth term of an arithmetic progression is 47 j 

and the second term is -- 1 Find the common difference j 

Which term of this progression is 32^ 1 

5 Solve f = a + (n — l)rf for a, for n, for d J 


Arithmetic Means!*' 

The terras which are between any two nonconseculive terms of 
an arithmetic progression arc called the anthmctic means between 
the two terms Thus in the sequence 4, 6, 8, lO, the numbers 6 
and 8 are the arithmetic means between 4 and lO 

The arithmetic mean between 7 and 1 ! m the sequence 5, 7, 9, 1 1 , 
IS 9 Do you sec that 9 is the average of 7 and IP When there 
vs OTvfy one a.wV.tenetvc. vrwavi TOimbers, VL vs 

of these numbers 
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Example Insert five anthmetic means between — 3 and 21 
Algebraic Solution and o = — 3 

21=-3 + 6</ori/ = 4 

Then the sequence M — 3 1,5,9,13 IT, 21, 

Arithmetic Solution There are 6 differences between 21 and 
— 3 and the sum oi these differences u 24 Then each differ 
enceisiof24 or4 Thcsequence is— 3, 1, S, 9, 13, 17,21, 

fS) 

1 Insert one anthmetic mean between 1 and 29 
^Insert one arithmetic mean between 7 and 109 
3 Find the average of 1 1 1 and 125 
fiJ Insert three arithmetic means between 6 and 26 
5 Insert three arithmetic means between 1 1 and 23 
Find the arithmetic mean between — 7 and 41 
7 Insert six arahtnetic means between 4 and S3 
^ Insert five anthmetic means between SS and — 8 
9 Insert five arithmetic means between 2x — l and 
2x+ 11 

^l^^lnsert four anthmeue means between a — 9 and a + 6 
Finding she Sum of n Terms of *m ArlthmeMe Progression **1 

One method of finding the *um of a certain number of terms of 
an anthmetic progression is to add the terms but this method is too 
long Let us develop a formula for finding the sum of n terms 
Let S the sura of n terms of an anthmeue progression 
Then 

J«a + (c4'^ + («» + 2d)+ +(l~2<0 + (l-d)+l 

A1so5=/+(/-<0 + (/-2«0+ +(o + 2d) + i<t + d)+a 

Adding these two equations wc g4t 

25=(a + /) + {«»+0 + («+0+ , tonterms 


Then 2S=>B(a + 0 

•y=5(‘»+0 


\ 


\ 


a + Z ’ f 

IS the average of the tenns 


PROGResSIONS 


The formula for the sum of n terms in an arithmetic progression is 

Suppose that we wish to find the sum of the first ten terms of the 
sequence 6 8 10 We can find / by the formula / = a + (n — 1 )«/ 
We find / S3 24 By the formula i'e=2(a + /) ^=^(6 + 24) = 150 
We shall develop a formula for finding ^ when n a and d are given ) 
5 = I (a + 0 and / = a + (fl - l)rf 

Then 5 « 2 I'* ^ ~ ^ )‘^1 

^ = ^t2a + (n-l)<fl 


We shall now solve the problem above by this formula 
5="(2« + («-IWl 

i -¥ I 12 + (’)21 

ISO 

W 

1 Find the sum of the Integers 1 to 50 inclusive 

Find the sum of the odd integers 1 to 99 inclusive 

3 Find the sum of the even integers 2 to 100 inclusive 

f^Find the sum of the first eighteen terms of the sequence 
3 6 9 12 

5 What IS the sum of the first twenty terms of the se 
qucnce 8 6 4 ’ 

Find the sum of the first twelve terms of the sequence 5 
7 9 

7 Find the sum of the first fifteen terms of the sequence 
48 45 42 

Find the sum of the first twenty five terms of the se 
quence 0 — 6 — 1 2 

9 Find the sum of all the even integers between 80 
and 196 

^ Find the sum of the first hundred terms of the sequence 
88^0 72 


EXERUSE5 
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1 If you receive 10 cents on the first day of the year, 12 
cents on the second day> 14 cents on the third day, and so on, 
how much will you receive on the 365th day’ What is the 
sum of these 365 gifts’ 

^ Bill Blue made deposits in his school bank as follows 
10 cents the first week, 13 cents the second week, 16 cents the 
third week, and so on until he had made 52 deposits What 
was the amount of his last deposit, and what was the sum of 
his deposits’ 

3 An iron ball will fall 16 1 feet the first second, 48 3 feet 
the second second, 80 5 feci the third second, etc How far will 
It fall the thirtieth second’ How far will it fall in thirty seconds’ 
^Mr Brown’sfirstmonthlypaymentonalo3nwas$47 15, 

hts «cond was $45 93, and hu third was $44 71 If his pay- 
ments decreased at the same rate, how much did he pay on 
the loan in 1 year’ 

S [n a potato race 20 potatoes are placed m a straight line 
5 feet apart, (he first potato being placed 10 feet from the 
starting point How many feet does a contestant travel in col- 
lecting the potatoes one at a time and placing them in a basket 
stationed at the itanmg point’ 

(^If your father had given you $1 the day you were one 
year old, $2 the day you were two years old, $3 the day you 
were three years old, and continued this plan till you were 
fourteen years old, what would the sum of these gifts be’ 

7 A ball rolls down an inclined plane 5 21 feet the first 
second, and durmgeach succeeding second 10 42 feet more than 
during the preceding second How far will it roll in 8 seconds’ 
f^The average of three numbers is 56 The difference be- 
tween the second and first equals the difference between the 
third and second Find the three numbers if the sum of the 
first and second is 96 

9. Find the sura of the first n integers 
/Qm Derive a formula for finding^ when S, a, and / are given 
11. How many integers between 90 and 150 can be exactly 
divided by 7’ 
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Geometric Progreiilen’*! 


A geometnc progression is a setjuence of numben any one of which, 
after the first, can be obtained by muluplying the preceding one by 
the same number For example, 4, 12, 36, 108, and 25, -- 5, 1, 
— i, are geometric progressions 
The common ratio of a geometric progression is the number by 
•which any term of a gcomttnc progression must be multiplied to 
equal the next term It is the ratio of any term of the progression to 
the preceding term The common ratio of the sequence 4, 12, 36, 
IS 3, and the common ratio of the sequence 25, — 5, 1, — J, 

•s-i 


Find the fifth term and the sum of the first S terms of each 
of the following geometric sequences 

1. 2,4, 8, 16. 5 20, 10, 5, 2J, 

2 1.3,9,27. 6 8,2,4, i, 

3.5,10,20,40, 7 27. -9, 3, -I, 

4 8, -4, 2,- 1, 8 1,01,001,0001, 


Formula for the Last Term of a Geemetrit Progres tien 

We shall now develop a formula for finding the last term m a geo< 
metric progression Any geometric sequence is of the form a, ar, ar*, 
ar*, ar*. In this series a is the first term and r is the common ratio 
The first term is a 
the second term is ar 
the third term is ar* 
the fourth term is ar* 
etc 

The exponent of r in any term is 1 less than the number of the \ 
term Then /, the last term or the nth term, is ar"”* 

In a geometnc progression, 

l = w"-» 

Example 1 Find the eighth term of the sequence 6, 12, 

24, 

Solution /=:ar""* 

/ = 6(2)^ = 6X128«^68 


375 



ALGEBRA, BOOK TWO 



Find the designated term m each of the following sequences 
1 The seventh term trf the sequence 1, 3, 9, 

^£^The fifth term of the sequence 1, — 2, 4, 

3 The sixth term of the sequence — 8, — 4, — 2, 

^ The fifth term of the sequence — 8, + 4, — 2, 

5 The seventh term of the sequence 64, — 16, 4, 

^The fifth term m the sequence x, 2 x*, 4 x*, 

7 The sixth term in the sequence 6 a, 2, § a"', 

^ The sixth term in the sequence 3, 0 3, 0 03, 

9 Use logarithms to find the twentieth term of the se- 
quence 2, 2 50, 3 125, 

10 Use logarithms to find the thirtieth term of a geometnc 
sequence whose first term is 24 and common ratio is 1 1 

Example 2 The eighth term of a geometric progression is 
640 and the sixth term is 160 Find the common ratio and the 
first eight terms 

Solution <rr*”* = / 

For the eighth term 4»^«640 (1) 

For the sixth terin, (2) 

Dividing (1) by (2) f*«4 

r“*±2 the Common ratio 
Substituting r = ± 2 in (2), wc get 

32.1=160 and — 32a*160 
Then a=5 and a = — 5 

One sequence IS 5 10,20 40,80 160,320 640, 

The other is — 5 10 — 20, 40, — 80 160, — 320, 640 


Find the ratio and the first three terms of the geometric 


sequence in which 
(^The fifth term 
/2 The eighth ten 
I Qj The sixth term 
4 The fourth ten 
\ ^ The sixth term 


IS 45 and the seventh term is 192 
m IS 10,935 and the sixth term is 1215 
1 IS 192 and the eighth term is 768 
m IS 7j and the sixth term is ^ 

i IS — 10 and the eighth ^©rm is — 2J _ 
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6 The fifth term is 1075 2 and 


the^mtl 


PRO^GRESSIONS ^ 


Wnth term ,s 275,251 2 

7 Wntc an equation showing that x,y, and ^ ^ geo-/ 

metric progression ‘ 

Hint ji=xr and e =jr Ehmmatc r 

Geometric Means 

The terms which are between any two noi 
geometric progression arc called the geometnj 
terms For example, in the sequence 3, 9, 27, 81, 

27 arc the geometric means between 3 and 81 
The geometric mean of tvvo numbers is the and only ten 
which IS between two nonconsecutivc terms of ^ geometne progres- 
sion The geometric mean of two numbers is th^. mean proportioi^l 
between them The geometric mean of I and 25 is ± 5, and ^e gei 
metnc mean of 5 and 125 is ± 25 



:ecutive terms oi 
iMns between those 
the terms 9 and y 


Exan^ole Insert twojteomeinc means betwe^jj 

Solution « ss 3, 1 B 24, and n » 4 
nr'-**/ 


Then - 3i4=.24 

/ 

V f*2 

^A- y-' 

The required means are 6 and 12 



^^nsert a geometne mean between 5 and 4^ Qjye two 
solutions 

2 find the mean proportional between 9 any jg Write 
the firrt 5 terms of the geometne progression hav^g 9 ,ts 
first-Krm and 16 for its third term 

Insert two geometric means between 4 and jQg 
4 Insert three geometric means between — 2 ^nd — 32 
Insert four geometric means between — 3 anj 95 
6 Insert two geoni^tnc means between 4 and (^2 5 

The sixth term of a geometne prc^ression 95 gnj (he 
ninth term is 168 Find the seventh and eighth 

8 Find the mean proporuonal between 10 any ^ 

Find the geometric mean between l| and 
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Nn 10 Find ihe geometric mean between 5 * and i x 

n 11 Insert two real geometric mean} between 

^ j a 2 and 4V2 c m and n e rVr and r*i* 

S , b Jt* and »* d >/21 and OV? f jVl and } 

J 12 Solve / = at" 'fora, forr, forn 

Finding ttva Sum of n Terms of a Geomottle Progression 1*1 

A formula for finding the sum of n terms of a geometric progression 
wilt now be developed 

Lei S denote the sum of the n terms, t denote the common ratio, 
and a denote the first term of a geometric 
Then S = a-i-ar+iiT*+ 

Subtracting S — Srma—er^ \ V X A\iii 

“ ItM 


then If « «f" Substituting ir for or* in thWom 


\Vc now have these t> 
geometric progreswotT* 


3 formulas for finding the sum of 


i 


them can be found when the values of the other three are known 


Find the sum of 

1 The first five terms of tiic sequence 1 0, 20, 40, 

2 The first six terms of the sequence 5, 1 5, 45, 

3 The first seven terms trf the progression 2, — 4, 8 

4 The first five terms of the progression 5, — tf , f , 

5 The first six cerms of the sequence — 81, 27. — 9, 




6 The first five terms of the sequence 360 >- ^ 

7 The first ten terms of the sequence A i J 

fi The first four terms of the sequence — 192 48 —12 
9 The first eight terms of the sequence Vs \/2 ^Vz 
10 The first seven terms of the sequence ^V3 1 VJ 

In Exercises 11 18 the values of three of the letters a r n / 
and S' of geometric progressions v»iU be given Fmd the values 
of the two letters that arc not given 


(t^a = 5 r=3 n := 4 

12 f = 2 n = 6 / «64 

13 a = 8 r = i n*8 

14 a = 6 n-5 186 

19 Indicate the eighth 6 



15 a = 25 r = I „ = 7 

16 a-3 r = 3 / = 729 

17 f = 2 n = 7 / = 128 

18 r^6 1296 1 ^ 

n the sequence 

'-■hi) 


^The pres^ population of a city IS 30 000 Ifitspopu/a - 
tion should double every 10 yean xvhat would n be at the 
end of 80 years’ 

2 A golf ball is dropped from a height of 30 feet to the 
pavement and the rebound is one fourth the distance it drops 
If after each descent it continues to rebound one fourth the 
distance dropped what is the distance the ball has traveled 
when It reaches the pavement on jrs tenth descent’ 

3 If I deposit 2 cents m a savings association on January I 
6 cents on February 1 1 8 cents on March I etc throughout 
the year how much will I deposit on December 1’ How 
much will I have deposited during the year’ 

^ You have 2 parents 4 grandparents 8 great grand 
parents and so on How many ancestors do you have in the 
last 10 gencrauons if there are no duplications’ 

5 A gardener plants a lily bulb and at the end of the year 
has 4 new bulbs He plants the new bulbs the next year they 
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EXERCISES 

Mlic«ll«nMu< 


divide like the first one, and he has 16 bulbs If they continue 
dividing m this manner, how many bulbs will he have at the 
end of 10 years’ 

6 A hell jar containing 400 cubic inches is connected with 
an air pump At eadi stn^ of the pump ^ of the air is re- 
moved from the bell jar What part of the air is left after 
8 strokes of the pump’ 

A farmer, wishing to keep help on his farm agreed to pay 
a laborer $4 the first month, $8 the second month, $16 the 
third month, and so on for 8 months At this rate how much 
did the farmer pay the laborer lor eight months’ service’ 

8 Find the cost of nailing 4 shoes on a horse, each shoe re- 
quiring 6 naib if the blacksmith charges 1 cent for dnving the 
first nail 2 cents for the second nail, 4 cents for the third nail, 
and $0 on for the remaining nails 

A man saves $1 50 the first year Each year after the first 
hft saves IQ% more than \n the preceding year How long 
will It take him to save $696 15’ 

I IS] 

I 1 Find the sixth term of the sequence 1, 6, 11, 

^ Find the sixth term of the sequence 2, 4, 8, 

3 Find the fourth term of the sequence 54 — 18, 6, 

Q Find the tenth term of ihc sequence 1, 8, 15, 

3 Insert three geometric means between J and 32 

6 Insert three arithmeuc means between 22 and 46 V, 

7 What is the number which added to each of the num 
bers 1, 10, and 46 produces a geometric progression’ 

^ The arithmetic mean of two numbers is 50 and their 
geometric mean is 14 Find the numbers 

9 If a clock strikes the hours and twice for each half hour, 
how many strokes docs it make m a day’ 

10 If a rubber ball rebounds ^ of the distance it falls each 
time and falls the first tunc from a height of 90 feet, how high 
will It nsc after the sixth descent’ 
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Infinite Geometric Series'*' 

As you learned on page 369, a senes is the indicated sum of the terms 
of a sequence If a senes has a fixed number of terms, it is a finite 
senes You have learned to find the last term and the sum of a finite 
number of terms For example, you can find the sixth term and the 
sum of the first 6 terms of the senes 1 + 3 + -^ + 

If a senes has an unlimited number of terms, it is an infinite senes 
Consider the senes 3 + 6 + 12 + In this senes the terms become 
larger and larger There is no last term, and we cannot find the sum 
of an infinite number of its tcrriB 

Each term of the senes i + i + A + « smaller than the pre- 

ceding term, and as the number of terms of the senes becomes cx- 
ceedmgly large, the last term becomes almost equal to zero VVe say 
that the last term approaches zero as the limit as the number of terms 
IS indefimtely increased We can find the sum of this senes 


Sum of an Intlnlto Number of Terms 1*1 

Let us find the sum of an infinite number of terms of the senes 
i + i + i + Do you think that the sum u as much as 50’ 

Let us study the problem by the use of a diagram Let the line 
segment AB denote 1 foot Suppose that a point starts at A and moves 


along AB and goes ^ foot the first second The point at the end of the'“ 
second 15 at C It goes J the remaining distance, CB, the next second, 
and reaches the point B The third second it goes J the distance i)/? 
and reaches E If the point continues this procedure, the point will ^ 
almost reach B We say that the point approaches B as its limit The 
lirruting value of the total distance the point moves is the limiting 
value of i -f i -h i -h • * V which is I We say that the sum of this 
senes is I 

Let us consider any geometne senes of which the ratio has an ab- 
solute value less than 1 Examples of this kind of ratio are — J, 
and 85 As n Increases without limit, the nth term decreases and 
approaches zero as its limit / 

For any finite value of n, the sum of the fini n terms is given bw 
the formula S ° n is increased indefinitely, r" approach^j' 

1 
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zero as its limit Then or* approaches zero as its limit and _ j 

approaches — ~ or — as its limit We say that j is the 

sum of the series 

The sum of an infinite number of terms of a geomctnc progression 
in which the ratio is numerically leas than 1 is given by the formula 

^=1^7 

Example 1 Find the sura to infinity of the series 6 + 2 + § 

+ 1 + 

Solution and r — ^ 


Find the sum of an i^ 
1 12+3 + I+- 
>3 5 + i+i+A 
3 16 + 8 + 4 + 

'll 3 +1 + J + 

5 i+l+S+ 
'ftl+i+i+ 


when I * I < 1 


imSer of terms of 

74+ 1^ + 1+ ‘ 

©i+A + ?^ + 

9 2 + V2 + 1 + 

© i+x + x» + 

11 5 + 34 + 2? + 

12 § + (!)» + (!)» + 

Example 2 f*' Change 454545 to a proper fraction 
Solution In this erample 4Sandrs 01 

^ 045 _045 _45_1 

1-r 1 - 01 099 99 11 

tn 

Express the following repeating decimals as common frac 


^. 0 6363^ 

3\353535N 

4 0 3333 

Expresiasmw nbers 
9 2 i|3123/ 
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VI lAVLVMVUiPX 



PROGRESSIONS 


r*) 

1 A rubber ball is thrown vertically upward to a height of 
70 feet If It rebounds J the distance of the fall, how far does 
It go on the eighth rebound’ 

2 A square has an area of 16 square feet A second square 
IS formed by joining the midpoints of the sides of the first 
square A third square is formed by joining the midpoints of 
the sides of the second square Find the sum of the areas of 
the squares if this process is continued indefinitely 

3 A pendulum bob moves 20 inches on the first swing On 
each succeeding swing u moves one eighth less than it did dur- 
ing the previous swing How far will it travel before coming 
to rest’ 

4 A rubber ball is dropped from a height of 12 feet, re- 
bounds one fourth of this distance, and continues to rebound 
after each descent one fourth the distance it fell Over what 
distance will it have passed if it conunucs indefinitely’ 

5. If you deposit SIO every six months in a loan associauon 
which pays 2% interest, compounded every 6 months, how 
much will you have to your cr^u at the end of 20 years’ As- 
sume that each deposit is made at the beginning of the six- 
month period The first sum is 10(1 01)*® 


PROBLEMS 


Some Applications of Pregresslons'®l 

Compound Intertsl Did you notice that the right member of the 
compound interest formula on page 309 is the nth term of a geometric 
progression having its first term F(1 + r) and its common ratio 1 + r? 
The following paragraph shows the steps in developing thE formula 
for the compound amount (principal plus compound interest) on P dollars 
at the end of n years if the interest at rate r is payable annually 
Since the interest on P dollars for one year at rate r is /V, the 
amount for the year will be F-hfV, or P(l -fr) Since the amount 
for the first year becomes the pmapal for the second, the amount 
at the end of two years will be I 

P{1 + t ) + r[P(l + r)l = F(1 + 0(1 + r) ^ PCl^O’ 
Similarly, the amount at the end of tljrce years will be 

^(1 + 0 * + 0 F (1 + 0*1 + 0*(1 + 0 = '+ 0 ’ 
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Now It can be seen that the amounts form a geometric progression 

/’(14-r),ni+r)» 

in which the common ratio is 1 + r To find the nth term of this pro- 
gression we use the formula / = ar*"* and obtain 

^=p(i+oa+-^)"-‘ 

d«p(i-hf)- (1) 

Thus, the compound amount on P dollars at rate r for n years u given 
by the formula ^ 


When the interest is compounded k Umes a year instead of annually, 
the rate for each period bccomea ^ and the number of interest periods 

becomes kn where n is the number of years The formula for the 
amount on P dollars at rate r compounded k times per year for 
B years is then / ,\»« ... 

Formvlajfor Otgamc Groutk and Detoy Do you recognite that com- 
pound interest represents growth’ As time elapses, not only does the 



AiBounl o( $1 at conpounded aoDuattr 
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amount grow, but it grows more rapidly This is shown dramatically 
by the graph on page 384 which shows the compound amount of $1 
at 6% compounded once per year If the interest is compounded 
more than once per year, the amount grows even more rapidly The 
increase is only slight, however, because as the number of interest 
intervals grows larger, the length of the intervals grows smaller, thus 
cutting down on the amount of interest which can accumulate during 
the interval Do you sec that as i in formula (2) becomes larger, the 
compounding becomes more nearly continuous^ 

If /t 

Since ^ ^ ®nd since - nr = ibi, we can rewrite formula (2) as 



It can be shown by methods to be demonstrated m the next chapter 
that as k approaches infinity, the value of /l + approaches the 

I V 

number 2 718 which we symbolize by e If we represent by 
the limit of A, as k approaches infinity, the formula becomes 




(4) 


We call the formula the formula for organic growth because it can, 
within limits, explain many natural phenomena of growth 

Bacteria, under favorable conditions, multiply according to the for- 
mula Q_ = While the formula cannot be applied exactly to the 
matter of compound interest, since it would be impossible to compound 
interest an infinite number of umes per year, it does approximately fit 
the situation m large companies where interest is received and loans 
made many times each day 

The formula ft""' results when r in formula (1) is replaced 
by — r to give a formula for discount We call the formula = ft""' 
the formula for decay You know that as you rise above sea level, 
the pressure of the air around you decreases, but do you know that 
the pressure at a given height can be found by the formula Q_ = 

Do you know that a pan of hot water or a motor cools in open air 
according to the formula^ Radioactive materials disintegrate accord- 
ing to the same pattern Telephone companies must set up, at in- 
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tervals staiions lo step up the intensity of the s oice because, on long 
distance telephone calls, conversation fades out at a rate which fils 
the formula 

During World War I a group of doctors showed that if a wound 
heals normally , the area of the wound fits the pattern Q. “ Pe~*' In 
many cases where the rate of decrease of the size of the wound did not 
follow the pattern of the formula, the doctors were able to detect in- 
fection before it was visible By being able to start treatment earlier, 
they probably saved lives that would otherwise have been lost 

Amuittts An annuity is a senes of payments, usually equal m 
amount made at equal intervals of time Rent paid for a house, 
premiums paid on insurance, and pensions are forms of annuities 
If a man deposits P dollars in a bank each year for n years and the 
money earns interest at the rate of r per cent compounded annually, 
his annuity increases in value To find its amount at the end of n 
yean we reason as follovs-s 

If the man deposits Pdonan in the bank at the end of each year 
for B years, the first year s deposit will earn interest forn — 1 yean, the 
second for n - 2 yean the thud for ii — 3years, and soon, with the last 
deposit earning no interest (interest for n — n yean) At the end of n 
yean 

The amount of the fint deposit will be f(l -h r)"“‘ 

The amount of the second deposit will be /’(I -h r)*“* 

The amount of the third deposit will be P(l +r)"“* 

The amount of the (« — l)5t deposit will be /"(I +r)" 

The amount of the nth deposit will be /*(1 + r)® 

The sum of these amounts will be amount of the annuity at the end 
of n yean If wc add them m reverse order, that is with the last 
amount first, and so on, we have 

P + P(l+r)+ -f-nH-f)' » + />(! +r)-* + /»(l+r)-' 

We recognize this as a geometric senes of n terms having a common 
ratio of I 4- f The sum of this senes is 
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Formula (5) is then the formula for the amount of an annuity of P 
dollars per year if the annuity is invested at rate r compounded an- 
nually 

When the interest is compounded k times per year, we may consider 
that rate per interval to be ^ and the number of intervals during the 


n years as kn Accordingly the formula becomes 






At this point you should check your understanding of the 
principles mentioned in Chapter 13 and your ability to handle 
the operations described in it Nfake sure that you can 


1 Recognize an arithmetic progression 269 

2 Find the last term of an arithmetic progression 369 

3 Form an arithmetic progression by inserting a de- 

sired number of arithmetic means between two given 
numbers 371 

4 Fmd the sum of the strms of a bmte anlhmetic 

progression 372 

5 Recognize a gcomctnc progression 375 

6 Find the last term of a geometric progression 375 

7 Form a geometric progression by mscriing a de- 

sired number of geometric means between two given 
numbers 377 

8 Find the sum of the terms of a finite geometric pro- 

gression (p 378) and of an infinite geometric senes hav- 
ing the absolute value of its ratio less than 1 381 


9 Give the meaning of, and spell correctly, the expressions 
at the top of the next page 
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KMKtMATKAL VOCIltUlIkllY 


anthmctic mcanJ 371 
anihmcuc progression 369 
common diflierence 369 

common ratio 375 

finite senes 381 

geotneme means 377 
geometne progression 375 
infinite senes 381 

mean proportional 377 

progression 369 

sequence 369 

senes 369 



w 

1 How u each term of an anthmetic progression obtained 
from the preceding term* 

2 How IS each term of a geometne progression obtained 
from the preceding term’ 

3 What IS therauointhesequence6 —3 If, ’ in the 

sequence 14, 35, 87 5, * 

4 What IS the common diflerence in the progression — 4, 

- 1 . 2 , ’ 

5 Write the formulas for 

a The last term of an antfunetic progression 
b The last term of a geometric progression 
c The sum of r terms of an anthmetic progression 
d The sum of n terms of a geometne progression 
e The sum of an infimte number of terms of a geometne 
progression which has a ratio with absolute value less than 
unity 

6 — Do x,y, and « form an anthmetic pro 

gression or a geometric progression^ 

7 Three consecutive terms of a geometne progression are 
a, b, and t Write an equation showing the relation of a, b, 
and c 
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8 Find the 24th term of an arithmetic progression whose 
first term is 50 and common difference 5 

9 Find the 7th term of a geometric sequence whose first 
term is 49 and common ratio 2 

10 Find the sum of the first 8 terms of the sequence 36, 
12, 4, 

11 Find the common ratio of the sequence 3®, 3^, 3^, 3, 

12 Find the difference between the geometric mean of 9 
and 25 and the arithmetic mean of 9 and 25 

13 Insert 4 anUimelic means between 12 and 56 

14 Insert 5 geometric means between 2 \ and 

15 Find the fifth term of the sequence 2 + V2, 2 — Vz, 

2 - 3 V 2 , 

16 Find the fifth term of the sequence 1 + V3, V3 + 3, 
3 + 3'^, 

17 Insert 3 real geometric means between 2 and 50 

18 Find the 12th term of the sequence I 03, 1 08, 1 13, 

19 Fmdthe 12th term of the sequence 1 03, 1 03*, 1 03*, 

20 If each year an automobile depreciates 30% of its value 
the preceding year, find the value of a car which cost $1980 
four years ago 
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a«t*j 

1 Find the fourth tenn of eich sequence 

. J, 1! tj b }, 1,1 

2 Wnte formulas for 

a The nth term of an anthmetic progression 
b The nth term of a gcocneicic progression 
c The sum of n terms of an anthmetic progression 
d The sum of n terms of a geometric progression 

3 Find the twentieth payment if the first three payments 
are $4 50, S4 35, S4 20 

4 Find the sum of the payments in exercise 3 

5 Find the sum of the first 10 terms of the sequence 6, 12, 
24 . 

6 Find the eighth term the sequence 16, 32, 64, 

7 Find the seventh term of the sequence 1 04, 1 04*, 
104*. 

8 Find the sum of the odd numbers from 7 to ISI in 
elusive 

9 Find the sum of the first 6 terms of the sequence 432, 
- 144, 48, 

10 Insert three geometric means between 3 and 

11 Find the first term of an anthmetic progression of 10 
terms if the common diflcrcnce is 7 and the last term is 108 

12 A clock strikes once on each quarter hour, twice on the 
half hour, three times on the three quarter hour, and at the 
end of each hour strikes the hour How many times will it 
strike in 12 hours^ 
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The Binomial Theorem 


In this chopper wn leam 
o short meftod 
of finding powors of binomials 
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The Binomial Formula 

The binonual theorem is a formula for expanding any integraJ 
power of a binomial without performing the actual rauluplication 
If we perform the multiphcauon indicated by the integral powers 
of the binomial (a + 6 ), we have 

{a + b)o= I 

(a + i) ‘ = a + b 

(a + by= a* + 2 ai + i* 

(a + 6)3= a3 + 3a*A + 3^51 + ^3 

(a + 6)t= a* + 4fl'6 + 60*6* + 4 06® + b * 

(a + 6 )*= a® + 5a<6 + 10a®6» + 10a*3® + 5 a 6 < + 6 * 

(a + 6 )« = a» + 6 a »6 + 15 a* 6 * + 20 a® 6 ® + 15 a* 6 < + 6 06 ® + 6 » 

If we remove the literal terms from the above expansion, we have 
an arithmetic triangle 


'\A/' 

\ X X 
\ /v /\ Xx J 

1 y lo*^ > \ 1 

v/ \ / \/ X/ X*' 
V 15 20 IS ^6 


This triangle, known as Pascal’s triangle, was named for the French 
mathematician Elaise Pascal (1623-1662) The tnangle is bordered 
by I's on two sides 'Hie numbers in each row give the coefficients 
of the expansion of a binomial Have you diMovered how the numbers 
in anv horizontal row are found^ The first and last number in each 
row is 1 To find each of the other numbers m the row, add each of 
the two numbers nearest it in the row above For example, the num- 
bers m the sixth row arc obtained m this manner 
0 + 1=1 1+4 = 5 4 + 6 = 10 6 + 4= 10 4 + 1 = 5 1+0 = 1 

1 5 10 10 5 1 

Pascal’s tnangle may be used to find the coefficients of the expan- 
sion of (a + 6) to any integral power 

If we let n represent the exponent of (« + 6) in any of the expres- 
sions of (a + 6) and make a study of the products, we observe that 
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1 The fint term i$ a* anti the last term is h" 

2 The second term » »m“ *4 

3 The exponents of a decrease by I and the exponents of b increase 
by 1 in each successne term 

4 If in any term the coePkicnt u multiplied by the exponent of a, 
and divided h^ the number of that term, the result u the coefFicienl 
of the next term 

5 The number of icrim is * + 1 

From these relations we can write a formula for (a + fr)" when 
n < 7 It IS as foUoWiX 

Binomial Formula 

ao-«fa . i/ft-tlo— V . r.{n-tKn-2V»-*b* 

b+W-o- + -f-+ + j-^-5 

+ TTYT + +** 

In this chapter we shall assume that the fommia is true for all values 
of a and 6 and for all postiive integral values of n Later (page 55t) 
we shall prove the formula true for all posmve integral values of n 


The Factorial Symbol 1*1 


In expanding binomials and in higher mathematics it is often de- 
sirable to indicate certain products by symbols For example, we m 
dicate the product 1 X 2 X 3 X 4 by 4' Likewise vfe indicate the 
product Ix2x3x4x5x6by6', which is read "factonal six ” 
The symbol n’ (read factonal n) indicates the product of all the positive 
integers from 1 to n inclusive 

Since n! »s n(n — 1)! is true for all positive integral values of b, it is 
necessary to define 6' We define 0’ as et^ual to 1 
Example Find the value of 7* 


Solution 71=1 2 3 4 S € 7=5040 


Find the values of the following 



8* 

412' 

2t4l 

6» 




(B-1)' 


2b! 
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The factorial notauon may be used in wnimg the binomial for- 
mula, as follows 



Example 1 Expand (x + j>)* by the binomial formula 

= X* + 4 xV + ^ + 4 x>* +>* 

Example 2 Expand (a — i)* by the binomial formula 
Solutw = + 

■ t20.a(-^)* , I20(-_D» 

+ 41 ^ 5! 

» e» - 5 - }0 i » 

W 

Expand by the binomial fomiula 
1 (a + A)’ 3 (r-rf)^ ^ 5 

2. 4 (x+>)» " 6v(c + d)» 

Write only the first four terms of 
7. (fl + A)« 8. (x-7)'* , P (r-J-rf)*'* 

Examples Expand (2 x — 3^)* 


(2x-3^)»=(Zx)s + 




= 32 x* - 240 x®>» - 1080 xV 

+ 810^ — 2437* 

Example 4 Expand (3 x* " 1)* 

Solution. 

(3 x^- + 

^ 31 ^41 

= 81 x"- 108 X» + 54x*- 12 x*+ 1 
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Expand 

1. fi(5* + l)« 9. (!-:»)» 13.(2x-hy 

2. (a + ai)" 10. (fl + 2)^ 14 Cy + i)* 

3 (2x~y)* 7.(3-2f)s ll.(2-;f)« 15.(^* + I)‘ 

4 (!+*)» 8 (l-Sm)* 12.(fl*-4)« 16 (3x + 2^)» 

17 (a^ + 2i0* 21. (m-'+n"0* 

18. (2“iy 22 Cj»:* + 1)® 

Exainple 5 Find the value of (99)* 

Solution. 99**= (100-1)* 

(100- 

«= 1,000,000 - 30,000 + 300 - 1 *» 970,299 
Example 6 **• Find the value of (1 04)* to the nearest 
thousandth 

Solution (I 04)*-= (1+ 04)» 

1680 l«(04)« 

"*■ 




4! 

• 1+ 32 + 044B+ 003584 + 000179 + 

« 1 369 ^ 

The twie* vias terTnunted when the value of the term b^atne 
leu than 0001 Do you see bow the binomial formula ckp be 
used to find compound amounts* 

Find the value of J 

1. (98)* 2. (19)< 3 (102)* 4, (31)* 

5 Find the value dS (1 02)* to the nearest hundredth 

6. Find the value of (0 8)'* to Uie nearest hundredth 

7. Find the value of (1 2)» to the nearest thousandth 

8. Find the value of (I 7)» to the nearest thousandth 


Finding Any Term of on CxpsntlonIM 

i Sometimes it is necessary to wnte a certain term of the binomial 
expansion, or to find a term that has a certain exponent for one of 
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the letters Let us study the various terms in the general expansion / 
as given on page 394 • ' 

The 2tl term is ~ 

The 3tl term u 

The 4th tem. 

The 5U. term „ " - (" - - - Dfe T . r 
4* 

By examining these terms, we obsen-e that 

1 The exponent of 6 is one less than the number of i 

2 The exponent of a is n minus the exponent of b for that term 

3 The number of factors m the numerator and also in the de- 
nominator of the coefficient is the same as the exponent of b for 
that term 


If we let r represent the number of the term we wish to find, then the 


rth term 




(r-1)l 


Example 1 Find the 5th term of 
Solution From the formula for the rth term, we have, 
5th * 10(10- l){10-._2)a0_-_3) .o-*^i,s-l 


10 9 8 7 


*v =® 210 xV 


Note the importance of the number 4, that is, 5 — 1, m find- 
ing the fifth term There arc 4 numcncal factors m the nu- 
merator Factonal 4 is in the denominator The exponent of 
j> is 4, and the exponent of x is 10 — 4 


Example 2 Find the term in the expaiuion of (I — x*)* 
that contains x'® 

Solution From the formula for the rth term, we know that the 
exponent of x m the required term is Since (x®)'~' 

IS 2r — 2=10 or t = 6 Hence the 6ih term of the 

expansion will contain x*® 
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8 7 6 5 
1 2 3 4 S 


3 Find the nuddte term x 


lolution l?rhe middle t< 


Find the indicated term m the expansion of each of the 
allowing I 


@ T>i^h teA 

The 6ifhtct 
IjjThcTthKr 


0(4-6)'* 

I 

n of (2V^^)J* 


^Thc 15lhtcrmof(x— 
C)The 7th term of (2«+ 3 by 
6 The 8th term of(x^)'* 
(S)The 7th termefy^s)'® 


8 f (x + 3^)* ^ 

f (2x — 
jf (a — 2 6)^ 
jf (a* — !)• 
ig X* in (x + 7 )‘® 
ig X*® in (x* + I)*® 
»g^^ in (1 — 

Ig X® in (1 — 3x*)' 


efexpa^ (1 +x)" by the buionual formula, we have what is 
as tlwbjhomial senes 


I Theiight member is called the binomial senes It is valid for a 
v'aJnes oS x when n is a positive int^er or zero 
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When n is integral, the bmonual scries terminates vnth v" When 
n IS fractional, the series has an infinite number of terms It is proved 
in advanced mathematics that this theorem is valid when n is fractional 
if - 1< X C 1 

Any binomial may be written in the form of the binomial series 
Thus (a + b)" = ^ svhcrc — 1 < ^ < 1 

Example Find to the nearest hundredth 

Solution = 26* = (27 - 1)* = 3(1 - 
3(1-^)* 

= 3[i ~ ^ ^ 1- + j 

=»3[l- 0123- 0002+ ] 

=» 98751 “ 2 96 

The senes was terminated with the ihird term because the value 
of the fourth term would have no effect on the accuracy of the 
root to the nearest hundredth 


Of course finding roots by means of logarithms is much 
simpler The binomial senes is given here because inis an 
important senes in more advanced roathemati<» l\\ \ V 

\v\p 

Find the following roou to the nearest hundreaU^j, using the 
binomial swies \ 1 ^ ^ 

1 % 2 3 4 


1 


EXEROSES 






At this lime you should chedw how dioroughly you have 
mastered this chapter Be sure that you know 

1 How to make Pascal s Fnangle and how to use it when 
finding an integral power of a binomial (p 393) 

2 How to vmte the binomial formula (p 394) 

3 The meaning of factorial n (p 394) 

4 How to expand a binomial by the binomial formula 
(p 395) 

5 How to find any term in a binomial expansion (p 396) 
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6 That (1 + *)' = 1 + ** + ”^”21 

(а) when n is zero or a positive integer (p 398) 

(б) when n is a fraction provided — 1 < * < 1 (p 399) 



[TwtAl 

1 Find the value of 8* 

2 How many terms are there m the expansion of 
(a + 6)’« 

3 What IS the difference between a senes and a sequence’ 

4 Write the fourth row of Pascal s Tnangle 

5 Expand (a — t)* 7 Expand (2 x* — !)• 

192 

6 Expand (2 x + 3^)» 8 Evaluate 

9 Find the 6th term in the expansion of (x +>)'* 

10 Find the term containing r* in the expansion of (r+2j)’® 

CTWll 

1 Evaluate 2 Expand (5 a — 2 J)* 

3 Expand (3x»- J)» 

4 Find the middle terms of (3 r + j*) ’ 

5 Find the term containmgx'm the expansion of (3 x*+>)^ 

6 Find the value of (1 2)* by the binomial theorem 

7 Find Vis by the binomial senes 



CB] 

Solve each problem and write the answer (a), (b), (c), 
Of (d) which you think is correct Give only one answer for 
each problem 

1 Find the maximum valucof the function — 3 x* + 6 X — 3 

a 0 C.-3 

b 2 d 3 

2 The soluticm irf H is 


c X = 2, or - 1 


d X = 2, or - § 
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3. Form the equation whose roots arc 2 and — J 

a. 2*» + 3A: + 2 = 0 e-jr*+^-l®0 

b. 2x»-3x = 2 a Not (a), (b), or (c) 

4 . The solution of >/*’ + 7 =* — 4 is 

a. xsa3 c x«±3 

b, X « 3 a No solution 

5. If log (x’ ~ 2 X + 2) = 1, the value of x is 

a. 2, or 4 c 2, or tO 

b 4, or — 2 d I,or — 2 


6 Iflogio2is 3010, find logio 160 

a. 1 2040 c 2 9030 

b. 3 2040 d 2 2040 

7. log X + log^ =* log (x only d 

a. X =»3' «“ I 


b. X = 0 


1-^ 

8. Solve 2-+' = 64 

a. » = 4 c« = 5 

b. V = 6 rf Not (a), (fa), or (c) 

9. If sm 17“ = 2924 and sm 18^ ®= 3090, find without the 
use of a table sm 17® 20' 

a. 2953 *=• 3W7 

b. 2961 ^ 2979 

10. The sine of x = f Find the value of tangent Z x 

a. I 

b. J '■ S 

11. In AACB, ,«'C«90*, ZA^40\ and BC=18 4 
Fmd the correct equation for solving for AB 

a, = sin 40® c = sin 40“ 


18 4 _ 
‘ AB 


n40“ 


18 4 
AB 
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1 12. The graph of ** “ 

25 — 4_j’* IS 

3 a circle 

c. a parabola 

b. a pair of lines 

d. an ellipse 

[ 1 13. The solution of the pair of equations 

3- 


** 

+y=13 

a.;r = -3, 3 

c.x = 3. t 

y^l, -2 

> = 2, 

b. x = 3, 

d. Not (a), (b), or (c) 

-i 


14. An airplane made a flight of 480 miles and returned 
Its rate going was | the rate returning, and it required 40 
minutes longer to go than to return Find the rate returning 

a. 200 m p h 

c. 240 m p h 

b. 256tnph 

d. 180 mph 

f I 15. The first three terms of an arithmetic progression are 

x+ 1 , Ax, and 5 ir + 9 

Find the fourth term 

3. 20 

c. 45 

b. 34 

d.48 

16. Change 1333 

to a proper fracUon 

a. 5 


b. 

d.i 

1 J 17. Insert three geometne means between — 4 and — 324 

a. 12, -36, 108 

c. 12, 36, 108 

b.- 12, 36, -108 

d. Not (a), (b), or (c) 

[ 1 18 Find the 5th term of the expansion of (2 * — 1)* 

Ij a. -1798x» 

C.-1120** 

U b.ll20x* 

a. -560x« 
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19 Which term in the expansion of 
tain <j’ 

a. 2nd c 4lh 

b. 6th d 5th 

20. Find the middle term of the expansion of (\/3 ~ Vz)* 
a. 60V^ c. - I20V^ 

b I 20 V 3 d. Not (a), (b), or (c) 
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B«fore the construction of o lorge building con be storied, o vast 
amount of study, plarviing, and computation must be done The orehi* 
tect must be a practical dreamer, leemg m his mind the Outside and the 
inside of the building, visualizing oil the activities that will toke place 
within it, and picturing it m relation to its surroundings. He must be sure 
that the building is practical ond beoulifut, and that its construction Is 
ecorsomical The pictures show modem buildings at the University of 
Flonda and the Harvard Graduate School 

Much mathematics is needed m designmg Hie building The size and 
weight of the building, the structure of the subsoil, ond the locol weather 
conditions ore focton that must be considered in determining the kind 
of footing to be used The various stresses must be computed end the 
sizes of the structural ports of the buildmg determined 

Students who contemplate entenng a college of orchilecture direct 
from high school should have had of leost one ond o half years of 
algebra, one year of plooe geometry, and a holf yeor of solid ge. 
ometry 

In on orchiteetwral college the student may expect to study algebra 
trigonometry, onolytic geometry, ond descriptive geometry In some' 
cdleges calculus is required 

Some architectural colleges require cc^ege training for odmission 
selecting only those opp!«ants who show the greotest optitude for 
architectural work. 



Advanced Topics 
in Quadratic Equations 



In this chopitr 
you wtH «x1«nd yovr knowiedge 
of second^egne equafiont 


> 
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ADVANCED TOPICS IN QUADRATIC EQUATIONS 


In this chapter you will leam how to determine the character of the 
roots of a quadratic equation without solving the equation For 
example, you will be able to find the sum and the product of the roots 
af a quadratic equation by inspection 

Character of the Roots of a Quodrotic Equotionl*^ 


The solutio n of the general quadratic equation aAr* + Jx + cs=0 
— b^y/b^ — A ac , j , • , 

IS X — Let xi denote one of these roots and X 2 rep- 

resent the other Then 


~b+Vb^-4a 
' 2a 


The radicand 4* — 4 ac in the value of x is called the discriminant 
of the equation because it tells so much concerning the roots of the 
equation 

The discruninant of a quadratic equation may equal zero, may be a 
perfect square, may be positive but not a perfect square, or ouy be 
negative We shall now study these cases in order 

1 If 4* — 4 de ** 0. then xi = and xa « t ^ Each 

■' 2 a 2 a 

root equals Then both roots are real, rational, and equal Thus, 

in the equation x* — 8x+16 = 0, 4* — 4 oc 64 — 4(I)(16) = 0, 

and xj = - = 4 Notice that the graph of this 

equation (Fig 1) intersects the x-axis in the points xi » 4 and xj = 4, 
which coinadc The x-axis is tangent to the parabola at (4, 0) ' 






ADVANCED TOPiCS IN QUADRATIC EQUATIONS 


We shall now summarize the facts which have been presented 


In the equation ox* + bx + e = 0, 

1 lfb*-4oe = 0, 

the roots ore reol, rational, and equal 
2. If b* ~ 4 oc It positive and a perfect square, 
the roots ore real, rational, and unequal 

3 If b* — 4 oe IS powtive but not a perfect square, 

the roots ore real, irrational, and unequal 

4 If b* — 4 oc IS fiegotive, 

the roots ore imaginary 


To help you remember the facts just given, keep m mmd a mentdl 
picture of the quadratic formula 


Use the discriminant to determine ihc character of the roots 
of each of the following equations 

l*a + 5,_.3=0 7.2in* + 3»p. 

2 *» + 9x+l4 = 0 8 xJ + x + ^=rO 

3;,a_5*_.4BiO 9.4*»+l=4* 

4 4 X* + 3 X =» 0 10 ey + 13> + 6 •» 0 \ 

5x*-6x--9 Ilx*~x-1«0 \ 

6 6y + 6^-l0j> I2x*--x+l*0 \ 

Example Fmd the value of k for which the equation 
Ax* + 4 X — 4 = 0 has equal roots 

Solution If the equation has equal roots, the discriminant equals 
zero Then 4* — 4 *(— 4) = 0 St4ving.* = — 1 

' [*] 
Find the values of k for which each of the following equations 
will have equal roots 

1 4,3_20Ax + 25 = 0 4 far* — 12x + 2A + l«0 

2. 9 _6^ + A = 0 54x* + fac + i+ 5s=0 

3.2m*+Am + 32 = 0 6 (2 1 + 5)^ *- A> + 1 = 0 

7. For what value of m are the toots <rfx* + 6x + tni«0 
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1 8 For what values of k does the graph of 6 at® + ix »= 15 

intersect the x*axis’ 

9. One root of a quadratic equation is 1 + « Find the 
J other root 


( 2 ) 

( 3 ) 


The Product and Sum of the Roots 
Let xi and xj denote the tsvo roots of 

4x* + Ax + c = 0 

Then x ^ xi and x = x* 

X — Xi ~ 0 and x — x* *= 0 
(x - x,)(x - xs) = 0 
X* — *tX| + x») + XiX* = 0 
Dividing both members of equation (1) by a, we get 
«’ + ;« + ;“0 

Equating the coefficients of equations (2) and (3), we have 
X| + Xj = 

and X| r? = - 

These facts can be stated thus 


The surn of the roofi of a qvodrgtic equotion in x 
equolj the negative of the coefficient of x 
divided by the coemoent of x* 

The product of the roots of a quadratic equation in x 

equals the constant term divided fay the coefficient of x*. 

Can you prove these facts by the quadratic formula"* 

Example Find the sum and the product of the roots of 
7x® + 19x-6 = 0 

Solution In the equation 7 x^-h 19 X — 6=0, 0 = 7, 6=19, 


and f = — 

The sum erf the rool»=— - = — 

The product cf the roots = - » 
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[*) 

Find the sum and product of the roots of each equation by 
the method used m the example above Then dieck vour 
answers by solving the equations and adding and multiply- 
ing the roots 


1 x»-5x + 6*=0 

2 2y-3j»-h2 = 0 

3 6x*-x-3 = 0 

4 -6 x + 9^0 

5 3y-7> = 2 

6 8x*-l-Ux-15 = 0 

7 3y4-llj'*=-6 

8 - X 4- 1 « 0 


9 3x»-2x=l6 

10 4x*-9x = 0 

11 5x»-8x=0 

12 4 X* - 100 = 0 

13 x* + 2bx-b»T^0 

14 2x* + 8fx + 6c*=0 

15 3x* — 10 mx -f 3 w* = 0 

16 c*x* + ex = 2 


EXEItaSES 


Without solving the equations, tell which of the following 
solutions are correct 

17. 3 X* -h 5 X - 2 *s 0 The roots are i and — 2 

18 4x* — 6x-h5ss0 The roots are J and | 

19 2 X* + 9 X » 35 The roots are — 3i and — 1 

20 5m*-l-13m = 6 The roots are f and — 3 

2 1 One root of 3 x* -h 7 x »* 40 is — 5 Find the other root 

22 One root of the quadratic equation v* — 2x-{'4 — Ois 
1 + V— 3 Find the other root 

23. Find the value of n if one root of6x* + 5xs=RisJ 

24 Solve the equation 2 x* — 5 x = 3 graphically and tell 
what IS needed to complete the following sentences which 
refer to the equation and its graph 

a f IS the sum of the - - - of the equation 

b I, which IS IS the sum of the roots of the 

equation 

c 5 IS the value of x at the __? — of the graph 

d For the roots of the equation to be equal, the graph must 
be raised uruts 
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P 

u 


e. The axis of symmetry of the parabola intersects the x-axis 
m the point x = . . 

f 4 X = 5 IS the equation of the ’ — . 

Example Find the value of k if one root of the equaoon 
2x»+x«itH-2 

Solution The equation should be written 2 X* + X — A = 0 Let 
r s one of the roots Thcnr — 2 = — i Solving, The 

product of the roots is Then ~ 2 “ A = 6 

25 Find the value of it if one root of 4-2_)i + A — Oisl. 

Suggestion First 6nd the other root 

26 Find the value of e in the equauon 3 x* + « — 8 = 0 so 
that one toot 11 4 

27. Find the value of k in the equation^* + 9^4 -Abs0so 
that one root u twice the other 

28 Find the value of m in the equation 10 x^ + nx 3 if 
one root u i 


Formlno equations When the Roots Are Given M 

The sum of the roots of the equation ax* + fix + c “ 0 is — and 
the product of the roots is -• TTiese two facts enable one to form 
an equauon when its two roots are known 

Example Form the equation whose roots are 3 and — S 
Solution 1. Thesumof theroots = 3 + ~j^ = and the product 
ofthcroots=3^^^=-2 Then-^ = ^and^=>-2 Solv- 
ing the first equation for fi and the second for e, we get fi = - ^ 
and f « — 2 o Substituting these vaiuea of b and e m ex* fix + ^ 
= 0, we get ax*— ^ — 2 « = 0 Oeaiing the last equaUon of 
fractions and divtding by a, we obtain the required equation, 
3x*-7x-6 = 0 
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SoIuUoa 2 * = 3 and x = — § 

X — 3 = 0 and x+ Js=sO 
(x-3)(x+|)»*0 

3x*-7x — 6s=0 


[*) 

Form the equations whose roots are 
1 2 and 3 5 2 and 8 9 3 and 4 

2—4 and — 6 6 J and J 10 1 25 and 4 

3 6 and 6 7 Jand— J 11 a and— ^ a 

4 5 and — 5 8 ^ and — J 12 A and ^ ^ 

Form the following equations 

13 If the product of the roots is J and the sum of the roots 

isi 

14 If the sum of the roots is 1 and the product of the roots 
IS 1 

Form the equauons whose roots are 

15 V2 and - 18 V? - I and V? + 1 

16 t and — i 19 1 — and 1 + >/7 

17 «V2 and - iV^ 20 4 + 1 and 4 - i 


Form the cubic equations whose roots are 

21 2, 3, and - 1 23 - 1, + 1, and 3 

22 4, — 6, and — 2 24 — 2, 1 + 1 , and 1 — i 


C»1 



Equations In Quadratic Formt*l 

Some equations that are not of the seaind degree can be written 
in quadratic form and solved by one of the methods used in solving 
quadrahe equations Four examples and their solutions will be given 
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Example 1 Solve 5** — 125 *= 0 
Solution 5**— 125=*0 

5 **=125 
** = 2S 

R* ^ = ±5 

,* = +5 I *» = -5 

R» x = ±y/5 \ R* x^iiy/s 


fnoot Does 5(+5)*-nS = 0> Yes 

Docs 5(-5)*-l25 = 0’ Yes 

Does 5(iV5)*-!25 = 0? Yes 

Does 5(-iV5)*-125=0» Yes 


Examples Solve ** - 2 ** - 24 = 0 

Solution This equation can be wniien (**)* — 2(**) — 24=JI, 
which u a quadratic equation in ** Factoring, we have 
(*»-6)(*»+4) = 0 

*s-6-0 I *» + 4-0 

**= 6 I ** = — 4 

* = ±V 6 I 

The roots are Vd, — Vd + 2 1, and — 2 1 These roots may be 
proved by subsiuuling in the original equation 

Examples Solve (*»-*)»-(*»-*)- 30 = 0 
Solution Thu IS a quadratic equation in — * We shall let 


/=** — * Then the equation becomes 

y__,_so=*o 

Factoring C/— 6)(y+5) = 0 

Replacing ^ by ** — *, we gel 

(*»-*-6)(*>-*+5) = 0 
Setting each factor equal to zxro we get 

1^ — »*-6=0 and ** — * + 5- 
Solving these two equatioos, we have 



‘0 

1 - V-~19 


2 


PROOF Does 
Docs 

If 


(9-3)*-(9-3)-30 = 0’ Yes 
(4+2)a-{4 + 2)-30 = 0> Yes 




Does (~5)»— (— S)-30 = 0> Yes 
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Example 4 Solve — 5 x* + 6 » 0 
Solution This is a quadratic equatum m 
member, we get — 2)(jf^ — 3) s= 0 
**-2 = 0 
** = 2 
x=16 

The proof is left to the student 
Solve the following equations 

1 r«-13x’ + 36 = 0 8 > 

2 y - 256 = 0 

3 x«-5x* + 4 = 0 

4 y - loy + 5 = 0 

5 3 77i* = 5m» + 2 

6 y-6y + 5 = 0 

7 m«-7m« + 6 = 0 



8 y = 13y-40 

9 6x^ = 7x*-2 

10 x«-64 = 12** 

11 (* + l)*-3{x + l) =40 

12 {y - 3)» + 40- - 3) - 21 a 

13 (,a_,)t-8(x2_x)=9 

14 0*-^)* + 40*-^)“12 


Solve and check 

15 »* + 3 »* - 10 = 0 

16 > + yj-6 = o 

17 »-V^ = 30 


,i-3.‘ 


3;>* + 2=0 


19 »->+«-'-3 = 0 

20 2»-" + 5«-> + 3 = 0 

21 VJ-3'W + 2 = 0 

22 3VJ-5V-; + 2 = 0 


Example 5 Find the three cube roots of 27 
Solution Let * = the cube root of 27 
Then x»-n 

** — 27 = 0 
(*-3)(*» + 3*+9) = 0 
If *-3 = 0 I If *» + 3*+9 = 


-3±3iV3 


Then the roots are 3, 


- 3 + 3 »V3 . -3 — 3iV3 


23 Find the three cube roots of 8 

24 Find the three cube roots of — 8 

25. Find the three cube roots of 1 and check your solution 
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l^iaia3i^nir.\faaaBais;a;c«^5j 



Now you should check your understanding of this chapter. 
Be sure that you know 

1 The formula for the solution of the quadratic equa- 


tion ax* -|- + r = 0 407 

2 That if fc* — 4 oc =* 0, the roots are real, rational, 

and equal 407 

3 Tiiat if 6* — 4 flf IS posiUvc and a perfect square, 

the roots are real, rational, and unequal 408 

4 That if i* — 4 ae is positive but not a perfect square, 

the roots arc real, irrational, and unequal 408 

5 That tfi* — 4 ae It negative, both roots are imagi- 
nary 408 

6 That the sum of the roots ol ax* bx + e ^0 is 

— and that the product of the reou is - 410 

a o 

7 How to form an equation when Its roots are known 412 

8 How to solve equations m quadratic form 413 



(«} 

1 What IS the discriminant of a** + fcr -h e «* 0’ 

2. What IS the value of the discriminant of a** + ix + f “ 0 
if the graph of the equation (a) intersects the x-axis in two 
points’ (b) u tangent to the x-axis’ (c) docs not touch or in- 
tersect the x-axis’ 

3 What IS the relation of a, b, and c when the roots of 
ax’ + fcx + e = 0 are (a) real and equal’ (b) rational and 
unequal? (c) imaginary’ (d) iirauonal and unequal’ 

4 What are the two roots of the equation ax* + bx + c = 0'^ 

5, Wliat 1$ the name of the graph of_>i = ax* -f- ix + r’ 

Give the sura and product of the roots of each of the follow- 
ing equations 

6 x*~2x + B^0 9 Zx* + 7x = 4 

7. 12x»4-nx = 5 10 2y-30 = -3y 

B x*-l-x-l=0 11 13jp-30 = -3y 
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Give the character of the roots of T 

12y_4^_21s=0 14 7x»-175 = 0 

13 4x2-28* + 49=0 15 2x*~x + S = 0 

Form the equations whose roots are 

16 2 and — 1 17 y/l and — yJl 

18 One root of a quadratic equation is 1 — J Find 
the other root 

19 Solve x« - 11 x’ + 28 = 0 

20 Solve 2(x*+x)*-7(x> + x)= 30 

21 Solve2x*-x* = l5 L 

Find the values of the discnminants of [ 

1 x»-6x + 9 = 0 
Describe the roots of 
3 2 X* + 5*- 12 = 0 

5 \Vhat do you know of the roots of at* + (x + c = 0 if 
i* — 4 « IS negative’ 

Form the equations whose roots arc 

6 - 2 and 5 8 VS and zVS 

7 i and f 9 4 1 and — 4 i 

Find the sum of the roots of 

10 3x»-4x + 2 = 0 12 2A*-10A*=32 

liy~7/ + 8=0 13 5x»+15x--70 = 0 

Find the product of the roots of 

14 4x»-18x-24«0 15 2m»-9m = -B 

16 For what value of it docs the equation 4 x*— 12x4''^ = 0 
have equal roots’ 

17 One root of the equation 6x’ + 2x — ^ = 0 is — ^ 

Find the other root 

18 One root of the equation 4 x* +/-x4- 12 = 0 is 3 WTiat 
is the other root’ 

19 So!\-cx«-l7x’ = -l6 20 Solve2x*-3x* = 9 


2 3x’-x + 7 = 0 
4 9x»+l = -6x 





Determinants 


In 1hi$ chopper 
you will learn 
to i/te 0 new symbol. 



DETERMINANTS 


Meaning of a Determinant 

A detennmant u a square array like 

<ti bi 

oa ba 

having as many rows as it has columns The number of rows or col- 
umns determines the order of the determinant 
joi ii| 

I As All 

IS a determinant of the sHond order and represents the expression 
oiba — aabi The numbers Oi, Ai, m, and Ai arc called the elements 
of the determinant The elements ai and Aj form the pnncipal di- 
agonal The value of a determinant of the second order is found by 
subtracting from the product of the two elements m the principal 
diagonal the product of the two elements in the other diagonal 

Example Evaluate 

Solution |^'|-<2)(S)-OK-4)-22 


The Solution of Two linear Equotlons In Standard Fermt*) 

Let us solve a set of two linear equations m standard form 
air + Ai^ = fi 
fljx + baj = ta 

M (1) by Ai diAjr4-AiAa/ = fiAi 

M (2) by Ai Ojbix -I- AiA>y — tabt 

Subtracting aiAjV a»Ai* = f|Aj ~ ftAi 

(oiAj — ajAi)* S3 aba c*Ai 

j_^ (tba—Cabi 

aiA»— a*Ai 

provided that aiA* — ajAi is not xero 

Inasimilarwayxmaybeeltminatedfrom the two equations toobtain 
y _ dK» ~<tKl 

aiAj—aiAi 

provided that aiA* — ajAi is not xerO ^ 

Study these values of x and j caipfully It was the symmemcal 
arrangement of the terms in the values that led to the iniroducticm 
of determinants 
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We nonce that the denominators of the values of x and are the 
same \Ve shall represent the denominator by 

o=l“‘ M 

|tfj bt\ 

This determinant is called the determinant of the coefRcients 
The numerator for the value <rf x may be represented by 




|fj i»| 


The determinant for Dt may be obtained from D by replacing the 
coefTicientsof X b) thecorrespondingr’s In a similar way the numer- 
ator for the value of may be wniten 


To Solvo a S«l of Two Unoor Equotion* In Two Vorloblot in 
Stanford Form 


1 Svoluot* the detenrinenti D, Di, 

2 Th«n«-&,r-&,0n»0 


Example Solve by determinants 2x*-j'wl0 
5x 


.|=«4-5 
’|=20 + 7«'27 
'=14-50 = 


X -1- 2 V « 7 


36 


Then x = 


36 


= 3 .rf 


,7=10 1 5* + 2>=7 

Doe* 6-h4 = 10» Yes | Does 15-8 = 7’ Ye* 


If the determinant 

D = |‘ 


= ttibi — 0261 = 0 


we have from uiJ* — ojti — 0,ai4* = ojJi, or, writing it as a proportion, 
£1 — ^1 
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This means that the equations are either equivalent or inconsistent 
and there is no solution For example, 

1 Equivalent 


4 k 


3*4-3v=I), 

^ { inconsistent 

3x + 3^sa 

5x + 5y = 2l 

Sx+S^yss 

Evaluate 

16 -21 2 1-1 01 

3 19 -81 

|3 -si 1-4 si 

U ol 

Solve by determinants 

5 

a 2x + 3> = 


Sx-y^- 

jB. 3x + 2j>i=i ^ 

9 4 X — 3 = 

\Jx-iy 

4 X - 5> = 

7.5x-2y=^ 19 

JO 3x+7>* 

7x + 3>= 15 

y^2x 

1 52 + 2^=51 

3 1+5=5 

4 8 

* y 

■f + T=>2 

5-4^2 

4 4 

X y 

2 + f = 1 -4 

4 2+2*A 

3 3 6 

r y ^ 


4 ^2 3 


■ y 


3Provc,ha<h M-xh ‘’i 

|t<ij *2 1 \ai oj! 

6 Pro\ c that 
7. Prove that 


.joi ail 
“|a* a»l 

Find the value of the following 


1^1 

1^2 02 1 


I2fl 


-30| 


„ iVa -V31 

’■|V3 V2I 

|(a + « («-«l 
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Detormlnanti o1 the Third Orderl*) 

i ai bi fij 
«* ti 
dj bt £» j 

havnng 3 rows and 3 columns, is a determinant of the third order It 
represents the expression «i6jfs + — oibtcj — 

aihiCi, which is called the expansion of the determinant ai4*fj 
IS the principal diagonal 

The expansion josi given can be wiiten by difTercnt methods 
One method is as follows 

1 Repeat the first two columns of the determinant at the nght 
of the determinant 

2 Draw arrows through the diagonals as shown 
3 Find the product of each set of three elements through which 
an arrow is drawn, gmng each product a plus sign if the arrow points 
down and a minus sign if the arrow points up 

This method of evaliiaung a third-order determinant does not 
apply to any other higher order 

12 -3 41 

Example Evaluate 15 1 —21 

U 0 -7) 

Solution 


= (2)(- 1)(- 7) + (- 3)(-2)(6) + (4){5)(0) - (6)(- 1)(4) 
-l0)(-2)(2)-(-7){5)(-3) 

= 14-1- 36+ 0 + 24 - 0-105 = - 31 

[AJ 

1 2 2 2| 1“ M 

2 2 2 3 U 1 0 

2 2 2 I Ic r ll 
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1 

3-15) 

-1 1 -1) 

3 0 -71 r 

4 1 

2-2 3 5 

-2 2 -6 6 

-5 0 2 


1 -3 71 1 

3-3 4! 1 

6 3 l| 


2 1 31 1 

* J' 1| 1 

a b e\ 

7.| 

1-1 18 

2-3 1 9 1 

3 f fll 


5 3 -l| I 

-4 5 l| 1 

c a b\ 


Solution of Sets of Linear Equations )n Three Variables 

If we were to solve the following set of equations in standard form, 


a\x + 3i> + eii = 1/1 

(1) 

OiX + bzy + Caz ** da 

(2) 

azx + bzy + ej* = dz 

(3) 

by the method of addition and subtraction, w 

c should find that 


dibiCs + dtbjCj 4 - djbiCt ~ dsbtci —dibjCj — dibig 

0162^3 + + 02^jfi *“ ttjbset ~ 0163^2 ~ Oibid 

_ aidiCi + csdiCj + Hidrei ~ aadtct — ~ oidiCs 

^ 0\bzCt + 33^1^2 + — oibaCx — oi&3f2 — as^ifs 

^ aibida •^•Oibidi + atbidi — <13^2^1 ~ aybsdi — aih\dt 
a\biCi + OibxCi + atbjtt — Oa^jci — ojiaCs — na&trj 

We notice that the denominators for x,j>, and c are all equal, and 
may be expressed by 

I tfi 61 fi j 

<13 ^2 r*l 

<•3 ^3 fs 1 


A study of the numerator for x reveals that the numerator is the 
same as the denominator except that the «’s are replaced by <fs 
Therefore we may wnte 

1 4ft ^1 Cl I 
dj bj Cal 
di bz fs I 


In like manner, 
D,= 


ai 


«t 


Hence the solution of the given set of equations is 
* = V n ^ n 
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a Set «f Thr«* UflMf Equailoni In Thr«« Varlabit* 
Pnd 0, the determinant of the coelficienti 
To find 0,1 reploce the coefTIc enft of x In 0 
by iVie mreipoed'no constant terms 
To find Oft reploce the coeRle ents of y In 0 
by the correspond ng constant terms. 

To find Oo reploce the coeffic ents of z In D 
by the conespond ng constoivt terms 


Example Solve 2x*-3_y — 4^ = 4 
3z-4>' = I 
5x-3/ + 9c»0 

Solution 




In the solution of a set of linear equations m three variables if 
D = 0 and the numerator determinants are not equal to 0 there are 
at least two inconsistent equations if i) = 0 and all the numerator 
] determinants arc 0 there are at least two equivalent equations 
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Solve by determinants 
I. 3*- 2> -4^ = 15 
4*- + 2>-5« = 18 ^x + i^~2 

x — 3y-6z~5 ^ + z~6 

8 3«-2> = 7 0< + 5j + 3j = 4 

3^ — 4^ = 6 3jc — 2/+4es=2I 

5x~2z=’U 2x + i_y-z-^-n 

3. 3x-2j + 5« = 15 ^t-> + 3e = 16 

4x+^-^ = 9 p7* + 6^+e=»34 

x-Sy + 2z-=\i 2x + 5y-7 z = 9 

Q x+y + z^6 ^*+j- + 3«=ll 

X -J-ji — 4 as 0 X + 3j»+i=U 

x—y~z^2 3 ^+ j ' + 4=13 

Minors 1*1 

The minor of any given element of a determinant \t the determi- 
nant that remains when the column and the row containing the given 
element are deleted For example, m the determinant 

<1 fi 

at hi ti 

<!■% hj a 
the minor of a i is 1^2 rj I 

rsl 

the minor of a2 IS j*i ri| 

\b, c,l 

the mmor of ca IS (fli ^ij 

u, h,\ 

and so on 

Expansion of e Determinant by Minors l*l 

The methods of expansion given on pages 419 and 422 for second- 
order and third-order determinants, respecuvely, are special methods 
that apply to those orders only The foUowing method applies to a 
determinant of any order 
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Expanilen by Minors 
The value of a delerrmnont 

li fhe otgebroic turn of fhe produds 

of each elemenf In any row (or colinnn) by it* corresponding minor, 
the sign of eoeh product being positive or negative 
according to whether (he sum of (he number of the row and 
number of the colunin contoiiyng the element Is even or odd 


The rows of a determinant are numbered from top to bottom and 
the columns from left to right In (he determinant 

I 01 bi Cl I 
03 bx tt 
ox bi cjI 

oiiici IS the first row, oiosoj is (he first column and so on 


Example Expand by minors 

1 0) C) I 

oj bi ts I 
0) 6} (si 

Solutioa I We may select any row or column as the one m 
terms of whose minors (he determinant ts to be expanded 
Suppose we choose the first column 


2 Since at u m the first row and first column (I + I = 2, an even 
number), the sign of the product u + Then the product of ai 
and lu minor u 


3 Since as is in the second row and first column {2+ 1 — 3, an 
odd number), the sign of the product is — Then the prod- 
uct of Bx and Ms minor u 

jil Cl 

*li3 »S 


4 Since as is in the third row and first column (3 -h 1 an 
even number) the sign the product u -f Then the product 
of Bj and Its minor u 


\h ri| 
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5 Therefore the value of the dcecrminant u 


oi i>i ei 

03 ^2 t3 

<*3 fca C3 


_ 1^2 
" ‘Ih 


,l‘, nl 


+ e», 


'^1 


51 l^s jij 

s* ai(Ajf3 — isfj) — oaC^iO “ ^3*1) + fl3(fr|f2 — 
s* aibica — axhti — a^in + <12^3^1 + asiifz — aabaci 


This value is identical with the value found by the expansion of 
the same determinant on page 422 


Notice m this expansion that a third-order detemiinant is reduced 
to the sum of three second-order determinants If wc expand a fourth- 
order detenrunant by minors, ve first obtain the sum of four third- 
order determinants Then, expanding each of the third-order de- 
terminants by minors, wc obtain the sum of twelve second-order 
determinants This seems like a long and tedious process However, 
there are some important properties of determinants that materially 
lessen the computation involved 


Important Properties of Determinants 1*1 
In the following theorems we shall use determinants of the third 
order However, the theorems are valid for determinants of any order 
nieeremi The sign of a deleminont is changed by Interchanging two rows 
or two columns 

I ai 61 fij jas ^3 fsj 

fl 3 67 cj ) =» “• I <»2 ^2 Cs I 

fls h ^3l (ai <5i cil 

This Can be verified by expanding the two determinants 
Theorem 2 The value of a detemunont ik unchanged if corresponding rows 
and columns ore interchanged 

I ai cif joi 111 ^5 1 

03 ba (21 = 1^1 ba ^sj 

03 bz Csy I Cl ca C 5 I 

This can be verified by expanding both determinants 
TAeorem 3 The value of a deierminonl is zero If each of the elements of a row 
(or column) is zero 

I a b r\ 

b 0 s *=0 
c 0 M 


Thus 
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If the preceding determinant is expanded by minors in terms of the 
second column, each term of the expansion wilt be zero, and therefore 
the value of the determinant will be zero 

Theorsm 4 The value ef o detemiinant ii zero if any two rowj or eoluinni 
ore idenlieol 



Since the first and third columns arc identical, interchanging them 
does not affect the value of ihe determinant Bui Theorem 1 asserts 
that the value changes sign Therefore the value of the determinant 
equals the negative oI itself and must be zero 

nworem 5 If each element in any row (or column) of a determinant it multi 
plied by m, the valve of Ihe delemunant <s multiplied by m 

I nat bt Cl] joi bi Ci 

m<l^ bt cz 

noj bt ctl jas bj cj 

This can easily be verified by expanding the two determinants 
Theorem 6 The value of o determmont is unchanged if Ihe elemenli of ony 
row (or column) ore multiplied by any qvontily and added to (or lubiroded 
from) the corresponding elemenls of another row [or column) 

I oi 6i tij |(ai~»iei) ^1 ri| 

a* bt r» I = I (o» —• me*) bt «l 

«3 ba Ctl |(as— 1WC3) bi rsl 

In this illustration the elements of the third column were multiplied 
by m and subtracted from the corresponding e]ements in the first col- 
umn This theorem can be verified by expanding by minors, using 
elements of the first column 

14 2 4| 

Example 1 Evaluate 1 4 2 6 

U 1 5I 

Solution If wc multiply each element of the second column by 
2 arid subtract the product from the coTtesponding element of 
the first column, we obtain 

1 0 2 4| 

0 2 6 
1 1 s| 
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If we expand ihis by minors unng the elwncni? of th 
we have 

I? ? IH 

I ^ 

Example 2 Evaluate —0 4 31 

1 3 12 -l| 

Solution If we multiply each element of the third column by 3 
and add to the corresponding element in the first column we 
obtain a determinant m which all the elements of the first col 
umn arc zero Then by Theorem 3 the value of the dctermi 
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Evaluate the following detcrmniaois 

I 6 0 71 l-t 3 4) 

1 --3 2 j 2 2 -3 -8 3 1 

I ^ 0 il I 6 5 lOf I 

4 Solve bv determinants 3s: + 2^--c=14 
X ->> + 4 « - 3 




•2 3 0 

7 3 4' 

5 -6 2 
4-6 0-1 
-1 3 -2 11 
0 2 8 6 


14 4 1 
4 14 1 

® 4 4 1 1 
4 4 4 1 


2 3 0 l| 

3-5 2 


(0 12 3/ 
10 3 4 


y 6 2 -5 3 *0 2 3 0 5 

1-7 2 8 -fij |3 4 5 0] 

Solve the fallowing systems of equations by determinants 
11 x-3j + 24-2u =0 12 3e-27«=12 

5*-2^-5«is=9 44 — 3H.a=6 

4x + 5. + 8ti«t x-Sa^lfi 
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If the precedmpjy Determlnontjl'l 
second column ^ 
the value of th 


TOize iL . Xl .s=J!l — ill as the equation of the straight 

X-~Xt Xi~Xi 

xiints (jti ^j) and (**,^’ 4 )’ Clear the equation of frac 


jiplify It 


\x y 
Ui y\ 


Observe that the equation you ob 
tain when you dear 

Jr— 4| Xi—Xi 




of fractions is the same as the expansion of the determinant, m other 
words, observe that the determinant provides a way to write the 
equauon of a Line through two points Thus 

1* M 

I 2 1 *0 

U 4 1 ) 


u the equation of the hne through points (I, 2) and (5, 4) 


With dctenninanes write the cquauon of the line through 
the following points Then expand each determinant to get 
the equation in standard form 

5 ) (-3,-4) and (3, 2) 

2 (6, 1) and (- 3, 5) 

(i (7, 2) and (- 2, 4) 


Solve each of the following equations 


, =0 


5 3 I 5 =0 


^|3 1 =0 

U 0 5 


Area of Triangle Whose Vertices Are Known 

Determinants provide a simple way to find the area of a mangle 
when the co-ordinates of its vertices are known To discover the pro 
cedure, answer t^followuig questions 
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the area of A ABC = A AEC - A ADB - trapeioid DECB'> 

2 Do you sec that 

the area of A AEC « J AE EC = — iri )(>3 — >i)’ 

3 Do you see that 

the area of A ADB =s J AD DB = |(*j — xi)(^ “>0’ 

4 Do you see that 

the area of trapezoid DECB = J DE(DD + EC) 

- X3)[0/^^i) + (jf3 -^i)) « i(*9 - Xi){y3 - 2^1 +^a)? 

Do you at that if we substitute m the formula of (1) the values 
found m b, cl and d, we obtain 

Whc f 

>i) - (*2 — - (*s - ’fs)C>» -2^1 +>j)] 
“ a + Xiyi - Tj^'j ~4r2>i — xtjn)* 

\ \Do you sec that this can be written m dciermmant form as 

I" ’I 

'Vv area of A ABC = i ! ra ya 1 1 

^ 1« j’. 'I 

Notice that the vertices of the triangle appear in the determinant 
in counterclockwise order 


Find the area of each of the following triangles having given 
their vertices 

1 (1,1), (5, 2), (3, 6) a (2,1),(-2,3),(-3,--1) 
tj] (- 2, - 1), (3, 2), (2, 3) 3) (-2,-2), (- 1, 3), (- 5, - 1) 


Homoganeoui Linear Equations 1*1 
A ho mogeneous equation is an equation in which all terms arc of 
the same degree m the variables Thus — 4 ry* + as 0 is a 


431 




ALGEBRA, BOOK TWO 


homogeneous equahon of Ac fourth degree By dcfinUion a homo- 
geneous equation cannot contain a constant term other than zero 
A homogeneous linear equation is an equation in which all the 
terms are of the first degree x +j> — 3 1 = 0 is a homogeneous linear 
equation 

Example Let us consider the homogeneous linear system 

3x-2^-5« = 0 
2x~j> — 4i^0 

Solution. It IS obvious that x ~ 0,ji =‘ 0, {= 0, u always a solu- 
tion of such a system This solution u known as the {fro or 
friiia/ solution 

It is also obvious that, if we solve any hotnogeneous linear system 
by determinants, the numerator deierminants will all have a 
column of zeros, and therefore by Theorem 3 the numerators 
wiU aU be zero H ihe deieminant of the coefiicienu « not 
zero, we shall obtain only ihe enviaJ soluiion However, if the 
determinant of the coeinctents is zero, we shall have each 
variable equal to which is indeterminate In (bis case there 
u an unlimited number of toluuona betides the trivial solution 

The determinant of the coeincients of the above system is 
|l -I -11 |l 0 Oj II 0 01 

3 -2 -5|®|3 I -2 e 3 1 0 «*0 

U -1 -el Iz I -2| 12 I o! 

Therefore there ate other solutions of the system 

Dividing the first two equations by c, we obtain 



Solving this system by deierminants or otherwise, we obtain " 3 

and-^ =2; orx»»3cand^ = 2« 

If we let t*» t, vre have »»» 3,71=1 2, and eml as a nontrivial 
solution Other loluiions may be obtained by assigning any 
value to ( Thus if 3, we havr x*=— 9, 7= — 6. and 
< « — 3 as a loluuon If < = V5, we have » = 3 V^. 7 « 2 Vz. 
and e » V2 ai a eolution 
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Find the nontrivial solutions, as in the example on page 432, 
for the following equations when sUch solutions exist 
1 « = 0 
2x + 5ji — A z = 0 
2 *+^-2^ = 0 

3. x+^-4 = 0 

4:-2;>-4« = 0 
2* + 3j — ^=:0 
4 3 X —j/ — 2^ = 0 
2x + 4j> + 7i = 0 
x~2>-5^ = 0 
5 .x^ 2^-4 = 0 
x-f4^ — 4^s*0 
2* + 5j' + «»0 
6 *--> + ^ = 0 
3 * + 4 = 0 

2x+^-2?«0 


7.t + 3j-+104 = 0 
3x + 2^ + 9^ = 0 
4*-27-2e«0 
8 x+jf — ^ — 4 k> = 0 
T — 3ji + S2 — 4i« = 0 
2x + 3> + 5i~9tr = 0 
3x + 5j' + 4 + 2«j=s0 
9.x+jr~i-w = 0 
x-i-jr + i + u> = 0 
3x~2jr + 5z~-3w = 0 
7*+j~c4-5u;as0 
10 2x + 3j- + 24 + 3«) = 0 
t — 3 ji — 24d-6u<»0 
3x+2/-‘24 + 2a'»0 
3x+5>+4c-S£t- = 0 







Before you leave this chapter make sure that you 

1 Know what a determinant is (p 419) 

2 Can expand a determinant of the second order (p 419) 
and the thud order (p 421) ff jou expect to continue the 
study of mathemaucs, you will also swant to be sure you can ex* 
pand determinants of higher order by the use of minors (p 425) 

3 Can use determinants to solve systems of equations 
(pp 419-424) If you expect to continue the study of mathe- 
matics, you will want to be able to find the nontrivial solutions, 
when they exist, for sets of homogeneous linear equations 
(pp 431-433) 

4 Know the important properties of determinants (p 427) 

5 Can spell and use correctly the following words and 
phrases 

determinant (p 419) minor^p 425) 

expansion (p 422) principal diagonal (p 4 J 9) 
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lATHEMATICS NEEDED IN THE STUDY OF 
MEDICINE AND IN MEDICAL RESEARCH 


Som« medicol «hool, specrfy at l«a,t two year, of college framing 
os an entronee requirement, others require three years, and others 
require o college degree 

St«*nl, looking (or™,d to ft. ,^||„ 

mg high school sub|ects desiroble 

English (4 yeors) Physiology 

Algebro (IJ yeors) Physics 

Plane geometry (I yeor) (2 years) 

Socol studies 

Chemistry 

Mo«,.„„,,., ta, opp„„,„ „ 

.r. ‘'7'* ««k "■ pro«„p|,o„ to non, 

made h IJ*' * j**'* '** **** **** "''•**'90fi©n$ of body meehoniM 

mode by orthopedic surgeons. 

olm.*™,. ,.Jiffl„|,teon«., *..1 .nbool. 

o!o!,. “r“ ■>' •" 

neoded m h* onomple, p,. pmount of mothemotia 

- '""“'“"'“I <>«».«., d.<..nd. opon P. of P. 

In nf’,r I” P. fo»o»,n, .nnPnn. 

the tnedicol * '"''■'asmg empbyinent of mothemalicol concepts in 

in their mil * One yeor of mathematics, calculus if possible, 

■n'noi^i u“""‘ ' P' "'Id “f "'dd'l 

Tvt,„o on."’"" “ 'd.""" « Po...bln 

wh.„bn,.d,ndy;;:;"7!!^;::ltJ,t'r'' 

difflnd7T™7 Vh *' 'P"'nln' 'Old Pol ho hod hod 

cannot know*t'^'^°^*k°^ e«»tstond*ig medical school staled fhot one 

rd^ii^aCotrmXrr,^: 

the medico! school ® for two or more years before entering 
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Permulations, 
Combinations, 
and Probability 


In Ihit chapter we shall stvd/ 
the hws of chance end 
the woy* of grouping ob/ects 
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To obtain som? idea of the meaning of permutations and com- 
binations, suppose that a high- ^ 

school baseball coach has three 

boys, Al, Bill, and Chuck, each of 
whom can pitch or catch Let us 


see how many batteries (a battery ^ i 




consists of a pitcher and catcher) 
can be had with these three play- - 
ers Without reference to svho 
pitches and who catches, three dif- I 
ferent batteries can be formed , 
They arc 

SICOHO MITIIY 



flRST BITTIBY 

Al and Bill 


Al and Chuck 


THIRD BRITIRY 

Bill and Chuck 


These three groups (batteries) are combinations of 3 boys taken 2 
at a time UCa) Each of these three batteries can be arranged in two 
ways as follows 


riRST 8ATTIRT StCOHD BATTERY 

Al pitcher j Bill pitcher Al pitcher j Chuck pitcher 

Bill catcher | Al catcher Chuck catcher j Al catcher 

THIRD BATTERY 

BUI pitcher I Chuck pitcher 

Chuck catcher | Bill catcher 


These six groups are permutations of 3 boys taken 2 at a time { 1 P 2 ) 
Each of the three combinations above has two permutations There 
IS no order in combinations, but there is order in permutations 

A combination is a group of objects in which the order or arrange- 
ment IS not considered 

A permutation is an arrangement of a group of objects in a definite 
order 

The discussion and problems of this chapter depend upon the fol- 
lowing fundamental principle 


If one act can be performed in any one of m different ways, 
and if after it has been done 
a second oct can be done in n different vroys, 
then the number of ways of performing the two acts m successions 
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This principle can be extended to include any number of acu 

Example 1 If there are two roads from /I to and three 
roads from D to C, how many routes arc there from A to C by 
the way of iJ’ 

Solution. The journey from d to fl can be made m cilher of two 
wa>-a After thu part of the journey has been made, the re- 
mainder of the trip can be made in any one of three ways So 
for each of the 2 ways of going from A to B, there arc 3 ways 
of completing the trip In all there arc 2 X 3 ways, or 6 ways, 
of going from AtoC 



Example 2 A girl has 3 blouses and 4 skirts How many 
different costumes can she arrange with them’ 

Solution With each of the 3 blouses she can wear any one of 
the 4 skiru Then she can have 3 X 4, or 12, costumes 

1. There are 4 railroads between A and B, and 5 railroads 
joining and C How many different routes can one take in 
going from .4 to C by way of 

2. A boy has 3 pairs of trousers, 2 hats, and 4 coats Inhow 

many different costumes can he appear’ 

3. In how many different ways can Carl, John, and BiU 
stand m a straight line’ 

4. In how many different ways can volumes I, II, and III be 
arranged on a shelP 

on^a shclp'^ •>*3ny different ways can four books be arranged 


6 There are four high schools m a city 
ferent ways can three pupds attend these 
tnem attend the same school’ 


In how many dif- 
schools if no two of 
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7 A building has 4 entrances and 3 exits How many dif- T 
fcrent routes can a man take m going into the building and 
coming out of it’ 

8 How many different dancing couples, consisting of a boy 
and a girl, can be formed from a group of 7 boys and 8 girls’ 

9 A boy buys bread at one store and a ball at another He 

can buy bread at 8 different stores and a ball at 3 different 
stores If he buys a loaf of bread at one store and a ball at an- 
other, how many sets of two stores does he have available’ L 

Permutations of Things All Differential 

As you have learned, a permutation is an arrangement of objects 
in a definite order The number of permutations of 3 things taken 
2 at a time is represented by 3P2, the number of permutations of 
6 things taken 4 at a time is represented by eP*, and the number of 
permutations of n things taken r at a ume is represented by 

Let us determine how many permutations (arrangements) can be 
made with the 4 letters A, B, C, and D We can fill the first place m 
any one of 4 ways Let us choose A for the first place After we have 
selected A for the first place we have 3 letters left, and any one of 
them can be chosen for the second place Let us use B for the second 
place For the third place we can select either of the two remaining 
letters, C and D Let us choose C for the third place After the first 
three places are filled, there is only one way of filling the fourth 
place So D is used for the fourth place 

Since there are 4 ways of filling the first place, then three ways of 
filling the second place, then two ways of filling the third place, then 
one way of filling the fourth place, the total number of 4 letters taken 
4 at a time is 4 X 3 X 2 X 1, or 24 

The solution is iP* = 4x3x2x1=5 24 

The 24 permutations can be shown diagrammaiically as follov/s 





i\ l\ I\ 


ALGEBRA, BOOK TWO 


The first permutation is ABCD, the second is ABDC, the fifteenth 
iS CBAD, and the twcnty*third is DCAB 

We shall now use this kind cf reasoning to develop a formula for 
finding the number of permatations of n things taken r things at a 
time This means that we are to find ^1 possible arrangements of 
n things when r of them are used at a time It means that all possible 
groups of T things each are to be selected from n things, and that each 
of these groups is to be arranged in all possible ways We shall speak 
of filling the r spaces with n things 

The first place can be filled in n different ways Then there are 
R — I things left, and the second place can he filled to ti — I different 
ways After it is filled, thcreare b — 2 dungs left, and the third place 
can be filled in b — 2 ways, etc After f — 1 places (all but the last 
one) have been filled, there are n — (r — 1), or n — r + 1, things left 
So the last place can be filled in b — f + 1 ways Since each of the 
« ways can be followed by n — 1 ways, each of the n — 1 ways can be 
followed by B — 2 ways, and so on, we have 

You should remember that the first factor in the formula above is 
n, and that there are r factors In using this formula you should re* 
member that no two of the elcmems (things) arc the same, and that 
no element can be used to fill more than one space 
If all the elements are to be used m each permutation, r = b Then 
the formula becomes = b(« — 1) 2 1 

.P. = ni 

Example 1 How many three-digit positive integers can be 
made by using the digits 1, 2, 3, 4, and 5 if no digit is re- 
peated in any number^ 

Solution Since no digit can be repeated m any number, a notn- 
ber such as 252 is excluded The hundreds place can be filled 
in 5 ways, then the tens* place can be filled in 4 ways and 
then the units place can be filled in 3 ways The number of 
positive inCegersssSX 4X 3= 60 If we use the formula, 
4/*3 = 5X4X3«60 

Example 2 In how many different ways can the letters of 
the word PLANE be arran^d’ 
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Solubon. We are to find the number of permutations of 5 things 
taken 5 at a time 

bPs = 5 » = 5 X 4 X 3 X 2 X 1 « 120 

Example 3 A football squad has 14 players If any of the 
14 players can fill any one of the II positions on the team, 
how many different team arrangements can be placed on the 
field? 

Solution n = 14 and r = ll 

uPi, = 14X 13X 12X11 X10X9X8X7X6X5X4 
= 14.529.715.200 

Example 4 How many different baiting orders can a 
baseball team have tf only the last three places are changed? 

Solution Only the last three places affect the cumber of per- 
mutations 

jPj = 31m(5 


1 Find the value of ijP* 

2 Find the value of sPj 


3 Find the value of tPs 

4 Find the value of jPj 




5 In how may ways can 8 books be arranged on a shelf? 

6 How many different positive integers of 2 digits each 
canvbe made with the digiu 2, 4, 5, and 8 if no digit is re- 
W|roed in a number? 

A How many posiuvc integers of 3 digits each can be 
'/foPmeV with the digits 3, 4, 5, 6, and 7 if no digit is repeated 
^Mn-aStomber? 

8 How many positive even miners can be formed with 
the digits 2, 5, 6, 7, and 8 if no digit is repeated m a number? 
(Do not use the formula Start the solution by filling the units’ 

pl^) 6 ^ 

C* How many odd positive integers can be formed with the 
digits 3. 4, 5, 6, 7, and 8 if no digit is repeated in a number? 

10 In how many ways can 5 seals in a row be occupied if 
there are 8 people to use them? 

11. In how many ways can 6 pupib be seated in 9 seats? 

12 In how many ways can 5 boys be seated m 5 front seats? 
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13 How many jignals can be made with 5 different flags 
If 3 flags, one above another, are used for each signal? 
f 14 In how many ways can a baseball team be airanged if 
K)ne player always pitches? 

\y ,0 '? ™1“ “n a baseball team be arranged if 

V the catcher pitcher and first baseman never change positions? 
h\) ^ If each arrangement of letters speUs a word, how many 

words can be made using all the letters of the word HOUSE> 

17 If each arrangement of letters spells a word, how 

^ “""S all the letters of the word 

o/vc/Au? 

18 Sot pris are applicants for four secretarial positions m 
the same office In how many ways is it possible to fill the 
positions? 

if ^ arranging the letters of the 

arrangement begins with the 

rfinf-H "f ® program ar- 

ranged if he has 5 classes and there are 8 periods m his school 

h»ll batung orders can a baseball team 

have if the first three places are fixed? 

Circufar P«nmrT«tions W 

by pom^^n^f P^'TOutahons which can be represented 

permutauons, 

DC represented by points on a circle 

o" :^;tircro:s ^ 

Bern md Di’l' rat'!!!”'”' 

deguate tbe boyt byl,' 

Th^'i’Zr ’“T”®' ■» • 'TO 24 ddlcrcm way. (.ft) 

this diaffram^a.! diagrammatically on page 441 Use 

this diagram as you study the followmg d«cuss.on 
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Let the boys be seated at the table in 
any arrangement, such as yl, B, C, and D 
in clockwise order Because the table is 
round, we may choose any one of the 
four positions as the starting point Start- 
ing at A, this arrangement of the boys at 
the table is ABCD, starting at B, their 
arrangement is BCDA, starting at C, 
their arrangement is CDAB> and start- 
ing at D, their arrangement is DABC 
Then for the circular permutation ABCD starting at A, we have the 
same circular permutation starting at B, the tame circular permuta- 
tion starting at C, and the same arcular permutation starting at D 
The same is true for any other of the circular permutations starting 
at A Then there is only one way to fill the first place m circular 
permutations of 4 things, instead of the four v^ays as m linear per- 
mutations 



You should note that the tircolar permutation ABCD m clockwise 
order is not the same as pennutation ABCD in counterclockwise order 
After we have selected one of the boys (d) to fill the first place, 
there are three ways of selecting the boys for the second place Then 
there are two ways to select the boy for the third place Finally, there 
IS only one way to choose the boy for the fourth place Then the total 
number of arrangements of the boys at the table =*1x3x2x1*56 
In general, if n things are arranged about a circle, each of the n po- 
sitions may be considered as a starting point, making n arrangements 
For each arrangement of the » things on the circle starting at one of 
these points, there is an identical arrangement starting at each of ihe 
other points Then the first place can be filled in only one way The 
remaining (n — 1) places can be filled in («—!)' ways Then there 
are (n — 1)' ways of arranging n things around a circle (or other 
closed curve) ^ 

We have, therefore, l^A^owing rule for finding the number of 


circular permutationi 
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Elxatnplc 1 In how many different ways can 8 people be 
seated at a round uble^ 

Solution {n-AV«7* = TxBy %X4X5X2X t = SQA0 


Example 2 In how many ways can 4 keys be arranged on 
t circuhr kc> nnq’ 

Solution NSnhout tununR the nng cncx there are {n— 1)1 
arrangemenu at follovti 

A A A A A A 

C D fl C U ^ 


/ 


If nc turn the last three nnt^ in the drawing oier the fourth 
arrangement is the same as the fust the fifth is the same as 
the second and the sixth is the same as the third Then the 

1 r f« - 1)' 3 X_2 , 

numlxr of permutauons is ' ■ ^ ‘ ^ " = 3 

W 

1 In how many different ways can 7 children join hands 
to form a circle if they face the center* 

2 In how many ways can 8 keys of different kinds be 
arranged on a ring’ 

3 In how many different orders can 5 keys be assembled 
on a key ring’ 

4 In how many difrercnt ways can 6 children be seated at 
a round table’ 

5 In how many different ways can 10 adults be seated at a 
round table’ 

6 In how many ways can a host place 7 people around a 
circular table’ 


7 In how many orders can 3 boys and 3 girls be seated at a 
round table if the boys and girls altcmatc’ (3’ 2J) 

8 In how many ways can 5 men and 5 women^tj seated at 
a round table if the men and women altematei 

9 How many guests did Luella have if the R^b^of ways 
of arranging them in a straight line was six timet th^umber 
of ways of arranging them around a circular (5 
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Permutations of Things Not All Differential 

Suppose that we wish to find the number of permutations that can 
be made with the letters of the word DELAWARE, using all the let- 
ters m each permutation In this group there are two d’s, which arc 
alike, and two Es, which are ahke Let us consider any one of the 
permutations of these letters, such as DLEERAAW Neither inter- 
changing the d’s nor interchanging the Ea in this permutation forms 
a new permutation If we replace the d’s by Ai and\<42 and replace 
the E& by Ei and E 2 , the permutation DLEERAAW can be changed 
into the four permutations shown below 



'LEiE2RAiAiW 

>LE2EiRAiA2W 


DLE 1 E 2 RA 2 A 1 W 

DLESE1RA2A1W 


iilarly, it can be shown that any other permutation of the letters 
if DELAWARE can be changed into four permutations when the 
like letters are replaced by unlike letters Since the number of permu- 
tations of Z)£iZ«4ilV’d2iR£2 = S' =*40,320 the number of permutations 
of DELAWARE « i(40,320) » 10,080 
We shall now develop a formula for finding the number of per- 
mutations of n things, all taken each time, when t of the things are 
alike, s things are alike, , and the rest of them are different 
If the r like things are replaced by r unlike things, each of the per- 
mutations containing the like things can be changed into r' permuta- 
tions by permuting the r things In like manner, if the s like things 
arc replaced by 1 unlike things, each of the permutations containing 
the like things can be changed into s* permutations The same 
argument holds for other like elements 

Now let N = the required number of permutations 

n' = the number of permutations of the n things taken 
n at a time 


Then 


(f' j' )JV=n' and JV' = 


r» s' 


The number of permutation* of « thing* token n at a time 
with r thing* ol^sthings alike, t things otike, and *0 o 

“ I (ifiT 
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k Example How many different arrangements can be made 
with the letters of the word MISSISSIPPP 
^ Solution B = 11, f = 4, /= 4, and 1 2 



ThCT 

There arc 34,650 permutations 



W 

1 In how many ways can the letters of the word 
ILLIJ^OIS be arranged’ 

2 In how many ways can the letters of the word 
COLOPyMiO be arranged’ 

3 In how many way's can the letters of the word LOlf- 
ISfAXA be arranged’ 

4 In how many ways can a man give a baseball, bat, and 
glove to five sons, no son to have more than one gift’ 

5 In how many ways can 4 pennies, 5 nickels, and 3 dimes 
be given to 12 children if each child receives a coin’ 

6 In how many ways can the manager of a baseball team 
arrange his batting order if the fint four posiuons arc fixed’ 

7 In how many ways can the manager of a baseball team 

arrange his batting order if four of the players are to head tW 
batting list in any order’ ^ 

8 In how many ways can 10 flags that are alike, except 
that 5 arc white, 3 arc red, and 2 are blue, be arranged one 
above another’ 

9 How many arrangements can be made with the letters 
ol the word Pd^ydAfA if P is the first letter of each arrange- 
ment? 

10 How many arrangements of the letters of the word 
VILLAGE can be made if each arrangement begins with V 
and ends with 


y 



w 

1 How many permutations can be made with the letters 
a, b, c, d, e, and /, using four letters at a time’ 

^ In how many ways can It books be arranged on a shelf 
if 3 are of one kind, 3 are of another kind, and the remainder 
are of another kind’ 
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3. How many permutatiom can be made with the letters 
« a, b, c, d, and e, using 3 at a lime and having d the middle 
letter in each permutation^ 

5 How many permutations can be made by using all the 
le^i^of the word TIMES if each permutation begins and 
nth a consonant^ 

5 In how many of the permutations made by using all 
^ters of the word r/WflS IS Af the middle letter’ / 

/In how many ways can 9 people be seated at a rounif./— 

> tabfe’ 

7 Five people arc seated in a row of 7 scats How many 
different seating arrangements can be made’ 

Using the digits 1, 2, 3, 4, 5, 6, 7, 8, 9, and 0, find how / 
mSny numbers of 3 digits each can be formed if no digit is ^ pP 
repeated in a number 

9 How many license plates having 5 letters each can be 
made with the English alphabet if no letter is used twice on 
an^late’ 

nfr How many numbers between 1000 and 2000 can be 
made with the digits 1, 2, 5, 7, and 8 ifjlo^igit occurs twice 
in am number’ *1 

Ji'pr / V'' 

Combinations ^ 


A combination is a group of objects in which the arrangement, or 
order, is not considered The permutations /IB and BA make the same 
combination The six permutations ABC, ACB, BAC, BCA, CAB, and 
CBA are different permutations, but they are like combinations 
The nine members of a baseball team form one combination of 
9 elements, but a very large number of permutations of the players 
can be made 

We shall now develop a formula for finding the number of com- 
binations of « things taken r at a time 

nCr == the number of combinations of n things taken r at a 


time 

„Pr — the number of permutations of n things taken r at a time 
From each combination of r thii^ there can be formed r' per- 
mutations 
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Then r\Cr = nPr 



The number of combinohont of n Hiingi token r at o time is given 
by the formula 



If T in the formula above is a large number, the formula is un- 
wieldy So we shall develop another formula for finding nCr, as shown 
below 

We shall now prove that ,C, = ^C^-r 

Since *s »(« — I)(n — 2) {« — r + 1) , 

_ «fn-l)(H-2), (n-r4-l) ( 1 ) 


Replacing r in this formula by n — r, we get 

r n(n-!)(n-21 (r-ftl 
(,-,)■ 


(2) 


We must show that the right members of equations (1) and (2) 
are equal 

Multiplying both numerator and denominator of the fraction m 
equation (1) by (n — r)*, we get 




Multiplying both numerator and denominator of the fraction m 
equation (2) by r’, we get 


nC. 


r'(»-r)' 


(4) 


From equations (3) and (4) it follows that 


t The number of combinolions of n tlnngs token r at a time 
same as the number of combinolioni of n things token 
time, or 


t IS the 
n — r at a 
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each that can 


IONS, AND PROBABILITY 


the number of committees of 3 students 
be selected from 10 students 


ir 


Solution Since the arrangement of the students is not, consid- 
ered, this u a probiefn of combinations Then 
Vk ahe number of committees « loCs 

/Wote that the numerator and denominator have 3 

Example 2. In how many ways can a team of 5 boys be se- 
lected from a group of 7 boys> 

lolntionl = = 

r' 1X2X3X4XS 

iolution 2 3Ve, shall now use the formula .C,® ^Cn-r to 
this problem 7, r = 5, and n — r “ 2 
7X6 
1 X2 



Find 

1 joCj 



s tC*™ 


= 21 



5 sCs 3 10C4 l/^'i sCe 

5 Show that loCm m 1 

6 In how many ways can a coromiuce of 5 pupils be se- 
lected from a group of 30 pupih’ 

7. How many different groups of 50 each can be made 
Irom a group 01 ^ 


8 In Granville County 5 men arc to be elected school 
commissioners If S'jncn-arc candidates, how many different 
boards of school corrunissioners are possible’ 

9. How many straight lines can be drawn through 7 points 
if no three of the pomts lie on any straight line’ 

10 How many straight lines can be drawn through 20 points 
no three of which lies on any straight line’ 

11 There arc 8 points m spice, and no four of them he in 
the same plane If any *hree tff these points determine a plane, 
how many different 3 ^^ determmed by the 8 points’ 
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12 Hqw many plana arc determined by 12 points if no 
four of the points ite in any one plane’ 

13 How many diagonals can be drawn in a pentagon’ 

14 How many diagonals can be drawn in a polygon of 17 
sidcaK 

ay In how many ways can a box holding 6 books be filled 
from a collection of 10 books’ 

16 How many committees of 4 men can be formed from 
10 men’ 


17 There arc 10 teams in a football conference In how 
many ways can they be paired for games’ 

^ There are 8 teams in the Alpha Baseball League How 
many games will be played in the league if each team plays 
each of the others 5 times’ 


19 Each major league team u scheduled for 154 games If 
all the scheduled games are played find the total number of 
games played by the 8 teams 

l^pHow many different hands of 1 3 cards each can be dealt 


from a deck of 52 cards’ 


21 How many addition problems having two addends of 
one digit each can be made from (he numbers 1, 2, 3 » 9 if 

no ^ addends are alike m any addition’ 

32 Find the number of comhtnaiions of 100 things taken 
a lime 


The Total Number of Comh(nettontl*l 

The total number of combinations of « things means the total 
number of groups that can be fonned from the n things taking the 
things one at a time two at a umc three at a lime, and so on to In 
elude n at a time Then 

the total number of combinaUons = ,Ci + + 

The binomial formula is 



Let a != 6 = 1 in the formula 


452 



PERMUTATIONS, COMBINATIONS, AND PROBABILITY 


Then 2- = 1 + n + + 4 . , 

and + + +1 

Let us examine the terms of the right member of this equation 
The first term, n, is equal to i,Ci, the second term, is equal 

to nCz, the third term is equal to .Cs, the rth term is equal to „Cr, 
and the last term, 1, is equal to ,C« Theh 

2" — 1 = nCl + »C2 + «Cj +. + ,C, ’ 


The total number of combmolions of n things token h 2,''3, , ^ 

things at a time is 2'’-^ t This foct may be written 

Example. In how many ways can 6 balls be drawn from a 
bag’ 

Solution A” = 2 " - 1 = 2 » - I * 64 - 1 » 65 

^ A boy wishes to invite 10 of his friends to his home In K 
how many ways can he have them as guests’ 

^ Frank has 20 pennies m his purse In how many ways 
can he take them from his purse’ 

^ In how many different ways can 8 letters be placed in a 
mailbox’ 

^ How many sums of money can be formed using a cent, a 
nickel, a dime, and a quarter, one or more at a time’ 

^ A boys’ club has 6 members In how many ways can a 
committee be formed in the club’ 

(g/ A girls’ club contains 9 members In how many ways can 
the president name a coram|ttee if the president Is not eligible 
to be a member of it’ 

Mtscetlanoous Problems InvoMng Permutations and Comblnotlonsl’l 
A grouping problem may be one msolvmg permutations, com- 
binauons, or both permutations and combinations ^Vhcn attempt* 
mg the solution of a grouping problem, you should first determine 
- ^ 
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whether the groups have arrangement If there is arrangement in 
the groups, you have a permutation problem, and if the groups do 
not have arrangement, you have a problem of combinations 
When solving a problem involving permutations, you should note 
whether any elements are alike, and whether repetitions arc allowed 
Some problems involve both permutations and combinations You 
should watch for such problems You should never forget the funda- 
mental principle given on page 459 

Example 1 In how many ways can 3 red balls and 4 blue 
balls be arranged m a straight line’ 

Solution Thu IS a problem in which the groups have arrange- 
ment and Ml which there are like things 

,,21 ^ 7X6X5X4X3X2X1 „ 

4’3* I X2X3X4 X 1 X2X 3 
Example 2 There are 12 boys and 8 girls in a mathematics 
club In how many ways can a committee of 3 boys and 2 girls 
be formed^ 

Soluuon There arc uCj sets of boys and sCs seu of girls Each 
set of the boys can be combined with each set of the g«U Then 
the number of cotnmmees that can be formed is jsCs X iCt, 
or 6U0 


f ()* 

1 How many diflerent committees consisting of 2 boys and 



3 girls can be formed from a class of 15 boys and 16 girls’ ^ 

2 How many different committees consisting of 3 men and ^ 

4 women can be formed from a class of 14 men and 10 women’ ^ 

3 From 5 red balls and 7 white ones, in how many ways 
can G balls be selected of which 4 are white and 2 are red’ ^ 

4 From 6 white balls and 4 black ones, in how many ways 9 
can 4 balls be selected of which half arc white and half are 
black,’ 


A house contains 7 rooms In how many ways can it 
o^orated if two of the rooms are to be rose color, three of 
Vthem green, and the others blue’ 

6 How many positive integers of 3 digits each can be u 
formed with the digits 1, 2, 3, A, and 5 if all the digits of each 
number are differem’ 


454 



PERMUTATIONS, COMBINATIONS, AND PROBABILITY 


' 7. How many positive integers can be formed with the 

/ digits 1, 3, 5, 7, and 9 if each integer consists of 4 digits and 
no digit occurs twice in any integer^ 


•fp 


8. In how many ways can 2 women and 3 men be chosen 
from 5 women and 7 men’ 


<^7 


P 


9 A basketball squad consists of 10 players The coach 
can use 2 of the players as center, 4 of them as guards, and 4 of 
them as forwards How many diflerent teams can he form 
from the squad’ 




10 A high-school baseball coach has 3 pitchers and 2 ' 

catchers, and one player for each of the remaining positions on — 
the team How many different teams can the coach place on 
the diamond’ 


11 An algebra test consists of 2 parts, each part consisting 
of 5 problems A student is to select 3 problems from each 
group In how many ways can a student select the 6 problems 
he IS to solve’ 


12 A girl wishes to entertain 5 boys and 4 girls In how 
many ways can she select the guests if she makes her selection 
from 8 boys and 8 girls’ 

13. How many integersj having two digits each can be 
formed with the digits 1 to 9 inclusive if no digit is repeated 
in any integer’ 

14 How many combinations arc there in the multiplication 
table from 1 times 1 to 9 times 9 inclusive’ 

15 How many integers of three digits each can be written 
with the digits 0 to 8 inclusive if no digit occurs twice m any 
integer’ (The number 038 has two digits ) 

16. A die 13 a cube whose faces contain 1, 2, 3, 4, 5, and 6 
dots, respectively The plural of dte is rfi« If two dice are 
thrown, in how many ways can two aces (one dot) turn up’ In 
how many ways can the dice land so that the sura of the dots 
oTj-irie-upttifnccdjfees'jS'i'’’ 

17. From 8 white and 6 red balls, in how many ways can 
3 balls of one color be selected’ 
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la An urn contain, 5 Hack ba/l, and 6 while balb Five 
ball, are to be drawn from the urn In how many way, can 
thi, be done (a) if 2 of the ball, are to be black' (b) if 2 or 
more of the balls are to be black* 

19 How many arrangements of letten, each arrangement 
to consist of 3 vowels and 3 consonants, can be made from 
5 vowels and 6 consonants* 

Nan; rtrstfindihcnumbcTofcorabinationiand then the num- 
Ijer of pcrmutaiions 


Probability (*l 

Suppose that a bor contains 3 black and 7 white balls If the box 
» shaken and a person with eyes covered withdraws one ball from the 
bS‘ ^ favorable chances out of 10 of drawing a black 

The person’s drawing a black ball ts ^ 

The probability of hi, drawing a while ball i, X 

YOU w,Z'r;'“',’'“ 'T ’ «"<< 5 <<■"''» m > our pu™ and Ihal 

one 1 (chance) Ihat 

mtal Lmh r“"" r" ■>'>"' « -iim.' The 

12 X 11 of 12 Ihing, laken 2 at a l.me 1, 

1X2'°''“ "timber of way, of combining one nickel 

rf^omltfl" " ’* V: “ '■"™™ble caee, out 

The probability (or chonee) of on event 

> the ratio of the nwnber of fovoroble coies 

* «om of the fovoroble and wnfovoroble eoies. 


her of favorablfcMM'^and'lTt^' ^ 

f ' nundjer of unfavorable cases, then 


P 

an event 


/ + „ The probability that the event will fail » ^ =r^. 

^ f + u 


ohappen, « = 0and;b=:^^ = I. That i 
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an event is certain to happen, its probability is 1 If an event is cer- 
tain to fail, its probability w zero The probability of any other case 
IS greater than zero and less than 1 

Since p « 7 ^ and q = p-\-q = 4~ = 1 This means that 

the probability that an e\ent vnli happen added to the probability 
that It will fail IS equal to I 

For example, if the probability that an event will happen is 
the probability that it will not happen is l-i ori 

Odefst'*' 

If a bag contains 4 white balls and 3 black balls and one ball is 
withdrawn from the bag, the chance of drawing a white ball is y and 
the chance of drawing a black ball is y In drawing for a white ball, 
the number of favorable cases is 4 and the number of unfavorable 
cases IS 3 We say that the odds are in favor of drawing a white ball 
In this case the odds are 4 to 3 m favor of drawing a white ball and 
4 to 3 against drawing a black ball 
If the number of favorable cases for any event is greater than the 
number of unfavorable cases, the odds are in favor of the event, and 
if the number of favorable cases is less than the number of unfavorable 
cases, the odds are against the event 


Compound Probability'*' 

If the probability of a first event is^i and after this event has hap- 
pened the probability of a second event it p3, the probability that 
both events will occur in the order stated is p\p 2 


Example 1 A bag contains 3 white balls and 4 black 
ones What is the chance in two drawings of draw ing 2 white 
balls from the bag’ 

Solution 1. The chance of drawing a white ball in one diaw u 
f After a white ball u withdrawn, there arc 2 white balls and 
4 black balls left Then the chance of drawing a white ball u 2, 
or i Then the chance of drawing 2 white balls is ^ X i, or | 


Solution 2 


y+tt = sC,«21 


A ^ 
21 "“7 
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Example 2 If three coins are tossed m the air simultanc 
ously, what » the chance that only one will turn up heads 
What IS the probability of tossing three heads’ 


Solution. There are 6 possible cases, for tf we 
B, and C, the posnble cases are 


A head, B head, C head 
A head, B bead, C tail 
A head, B tall, C head 
A head, B tad, C tad 


name the coins A 

A tad, B head, C head 
A tad, B head, C tad 
A tad, B tad, C head 
A uil, B Utl, C tad 


One head and two tads can result 3 times Then the probabd 
ity iKat one head will he ihrown is | Since there u only on 
f of tossing 3 heads, the probability of tossing 3 heads is i 


Example 3 What is the chance of throwing a total of 1 
with two dice’ 

Solution. Each die has 6 faces, and any face of one may turn u| 
with any face of the other Then there are 6 X 6, or 36, poi 
sible cases The total of 7 may be made with faces reading 
and 4, 6 and t, and S and 2 There are two ways in wtuel 
each of these may occur Then there arc 6 favorable cases 
The chance of making a total of 7 is or ); 


Example 4 A lottery sells 10 tickets and offers 3 pnzes 
What ts the chance of winning one or more pnzes with foui 



7 blank tickaU 


Solution i Think of the prize tickets being tn one pile and the 
blank iKfcets in another pile The favorable cases are 
3 prize udceii and 1 blank ticket 

2 pnze tickets and 2 blank tickets 

3 prize ticket and 3 blank tickets 

3 pnze lickels and 1 blank ticket can be drawn in tCa • rCi = 1 • 7 
=* 7 ways 

2 pnze tickets and 2 blank tickets can be drawn in sCs rC"* 
= 3 X 21 S3 63 ways 
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1 pmc ticket and 3 blank ticket* can be dravvn in > jCg 
— 3 35= 105 ways 

The total number of ways of drawing 4 tickets from 10 
tickets = ioC4 = 210 

Then the chance of drawing one or more prices is or f 
Solution 2 Think of all the tickets being in one pile, which con- 
sists of 3 prize tickets and 7 Uank tickets Remember to try 
not to win a pnac The chance of not drawing a pnze ticket 
in the first draw is 1:7 If no pruc is drawn m the first draw, 
there are 6 blank tickets left in the pile Then the chance of 
not drawing a prize ticket in the second draw is | If no prize 
ticket has been drawn, the chance of drawing a pnze tn the 
third draw is f If no prize ticket has been drawn by now, 
the chance of drawing a prize ticket in the fourth draw u ^ 

Then the chance of not drawing a pnze ticket in 4 draw* 

”AxSx8x|=i 

Then the ehance of winning one or more prizes « J — J J 

Example 5 There are 13 spades m a deck of cards ]f 3 
cards arc drawn from the 13 spades, what » the chance of 
drawing a king and queen* 

Solution There are uCs, or 286, combinations of three cards 
The king and queen can be drawn with each of (he remaining 
It cards Then the chance of drawing a king and queen u 

AV. 

Example 6. The probability of one boy’s solving a problem 
IS f , and the probability of another boy’s solving it is j 

a. What is the probability of both boys’ solving the problem’ 
b What IS the probability that neither boy wiU solve it’ 
c ^Vhat IS the probability that one or both boys will solve u’ 

d. What is the probability of one boy’s not solving it’ 

e. ’IVhat IS the probability that one boy will and the other 
boy wall not solve it’ 

Solution The probability ) can be represented by a solid having 
4 equal faces, of which 3 may be marked "right” and one 
jTOArifd "iKmcy ’’ Ainrr } rhe probability J can be rep- 
resented by the face* of a cube, of which 4 may be mark^ 

"right” and 2 marked "wrong" (See the dugrami 00 the 
following page ) 
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4 n|fct fate* 

I wriMif ttf i wroof face! 


I( the solidi ate loaaed into (he atf, the chance of a rtght (ace 
landing on the bottom « J for the fiat figute and t 
lecond figure The total number of combinations « 4 X 6, or 
24 These are disenbuted at follows 

rmt scsia stttM> seiia casts 

3 nghi with 4 nghi 12 

t wrong wnh 2 wrong 2 

3 right with 2 wrong 6 

1 wrong with 4 nght ^ 

Total 24 

a For both bo>a solving the problem, the number of favorable 
cases IS 12 and the probability of both of them solving the 
problem u ^}, or ) Also, | X 5 » J 
b For both bo>< not solving the problem, the number of favor 
able cases is 2, and (he probability of both not solving it u 

A or 

c. The number of favorable cases of one or both boys solving the 
problem is 12 + 6 + 4, or 22, and the probability of one or 
both solving ii is Ji. or Also, 1 — A =» fi 
d The number of favorable cases of one boy not solving the prob' 
lem is 2 + 6 + 4, or 12, and the probability of one boy not 
solving the problem O or ^ Also, 1 — J = i 
« The number of favorable cases of one boy solving the problem 
and one not solving it is 6 + 4, or 10, and the probability of one 
solving It and one not solving It IS or^ Also,fi — i — •ft 



W 

i There arc 4 white balls and 10 black ones in a bag 
What IS the chance of drawing a white ball in one draw* What 
IS the chance of getting a black ball in one draw* 
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2 Whdt IS the probability of drawing an ace of spades r 
when drawing one card from a deck of 52 cards^ 

3 A boy tosses two coins 

a. What IS the chance of tossing I bead’ 

b What IS the chance of tossing 2 heads^ 

c What IS the chance of tossing 1 head and 1 taip 

4 Four cards are drawn from a suit of 13 cards What is 
the probability that neither the king nor the queen will be 
drawn^ (There are iaC4 total cases and nCi favorable cases 
You may follow the plan of Solution 2 of Example 4 ) 

5 An um contains 6 black balls, 4 white balls, and 2 red 
balls If 2 balls arc drawn from the urn, what is the proba* 
bility of both balls being white' 

6 A deck of cards contains 13 hearts What is the proba- 
bility of getting a heart if 1 card is drawn' of getting 3 hearts 
if 3 cards are drawn' 

7. A deck of cards containing 52 cards is separated into 
suits of 1 3 cards each If a card is drawn from each suit, what 
IS the probability that all four cards are aces' 

8 If the probability of an event is f, what are the odds in 
favor of the event’ 

9. If there are 30 pupils in your class and 4 are drawn by 
lot, what are the odds against your being drawn' 

10 The probability of an event’s happening is ^ What 
is the probability of its not happening' 

11 If the chance that an event will happen is f, what are 
the odds against its happening' 

12. When two cards are drawn from a deck, what is the 
chance that (a) both arc aces' (b) one or both arc aces' 

13. If one million people have equal chances of being called 
by telephone from a broadcasting iiow, what is the chance of 
(a) one person’s receiving a call' (b) one person's receiving 
two consecutive calls' 

14 If you are m an infantry company of 240 men and lOof 
them arc drawn by lot for furlough, what is the chance of one 
of the men having a furlough with you' L 


461 



ALGEBRA BOOK TWO 


15 An algebra class consists of 30 pupils who are seated in 
6 rows of 5 pupils each \Vhatis the probability that 2 particu 
lar pupils will occupy 2 of the front scats’ 

16 A bag contains 7 white and 10 black buttons If 3 
buttons are taken from the bag what is the chance of getting 
1 black button and 2 white buttons’ of getting 2 black but 
tons and one white button’ 

17 What IS the chance of tossing a total of 9 m a single 
throw of 2 dice’ 

18 Of 100 000 persons at the age of 10 years only 95,965 
will live to be 16 years of age and only 69,517 will live to be 
SO years old If you arc 16 years old what is your chance of 
living to be 50 years old’ 

l»J 

19 What IS the chance of drawing an ace of spades and a 
king of hearts in 2 draws from a deck of 52 cards’ 

20 In a lottery 40 tickets are to be sold and 2 pntes are to 
be given If you buy 4 tickets what is your chance of winning 
a prize’ 

21 If 4 cards are drawn from a deck of 52 cards what is 
the chance of getung 3 kings’ (Place the 4 kings in one pile ) 

22 As chance of solving a problem is J and B s chance of 
solving it is 5 

a What IS the chance of both solving vt’ 

b What IS the chance of either solving it’ 

c What IS the chance of neither solving it’ 

23 What is the chance of tossing a total of 1 1 with two 
throws of a die’ 

24 A deck of cards is separated into suits, and a card is 
drawn from each suit What is the chance of getting an ace, 
a king a queen, and a jack on this draw’ 

25 Assuming that i » the probability that any child born 
IS a boy, what is the probability that at least three children m 
a family of six c^spnng arc guls’ 
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Before you begin tbe chapter rcviev. be sure that 
t You know the meaning of a permutation (p 439), a 
combination (p 439), the odds «i favor and the oddi against 
the happening of an event (p 457) 

2 You remember and can apply the follovving formulas 


„P,=:n(n-I) (n-r + 1) 

(p 442) 


(p 442) 

A'=(r-1)' 

(P 445) 

r's' 

(p 447) 


<p 450) 



3 You can soWe profaiems in probability (p 460) 

4 You can spell and use correctly the words 

combination (p 439J odds (p 457) 

petmutalion <p 439) ptobabiliiy (p 45$) 


w 

1 What » the difference between the number of permu- 
tations of to things taken 4 at a time and the number nf 
combinations of 10 things taken 4 at a time’ 



2 Hon many signals can be made wuh 8 whistles by 
blowing 3 of them in succession’ 

3 How many different combinations can be formed with 
18 letters, using 10 at a time’ 

4 How many permutations can be formed from the 26 
letters of the alphabet, using 6 at a time’ 

5 From a group of 40 boys, bow many different commit- 
tees of 5 boys each can be formed’ 

6 Find the number of combinations that can be formed 
from 20 things, taking 8 at a time 

7. There are 14 points m a plane and no 3 of them he on 
any straight line How many difTercnt triangles having these 
points as vertices can be formed’ 
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"t 8 If the odds are 3 to 4 against an event happening, what 

IS the probability of its happening^ 

9 How many different positive integen of 4 different 
digits each can be formed with the digits I to 9 inclusive’ 

10 How many different words each consisting of 3 con- 
sonants and 2 vowels can be formed with 7 consonants and 
3 vowels, assuming that each arrangement forms a word’ 

Note Find the number of combinations that can be made of 7 
consonants taken 3 at a time and the number of combinations of 
3 vowels taken 2 at a time Ncut find the number of combinations 
of consonants and vowels Each of these combinations has 51 
permutations 

11 How many different words each having 2 consonants 
and 2 vowels can be made from 10 consonants and 5 
vowels’ 

12 If 1 dice are tossed, what is the probability that both 
will turn 5 s’ 

15 If a die is thrown 4 times in succession, what is the 
chance that a 2 ts not thrown’ 

14 In how many ways can 7 men be seated at a round 
table’ 

15 If a die is thrown 3 times in succession what is the 
probability that a 4 will be thrown each time’ 

16 Aloutry IS selling 25 tickets and offering 2 prizes What 
IS the probability of drawing at least one prize with 4 tickets’ 

17 From a group of 8 men and 12 women a committee of 
5 IS to be appointed What is the probability of 4 men’s being 

-i on the committee’ 

[SI 

1 Find the number of permutations of 6 things taken 2 
at a time 

2 Find the number of combinations of 20 things taken 
4 at a time 

3 There are 12 giris applymg for the positions of typist 
and clerk In how many ways can the positions be filled if 
each of the girls can fill either position’ 
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4 In how many ways can 8 boys be arranged m a straight 
line’ 

5. If the probability of an event’s happening is what 
IS the probability of its not happening’ 

6 A high-school baseball league consists of 8 teams In 
how many ways can they be paired for games’ 

7 In how many ways can 10 people be seated around a 
circular table’ 

8. If 2 dice arc thrown, what is the chance of both 
being 5’s’ 

9 In how many ways can the cards of a deck of 52 cards 
be dealt to 4 players’ 

10 If 6 cards arc drawn from a deck of 52 cards, what is 
the chance of all of them being spades’ 
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Statistics 


)n thcs chopper yov feern 
something ebout the way 
o stohshcion thinks and works 


STATISTICS 


Many of the achic%ements of our present cmhzation have become 
possible because we have learned to rely on numerical information 
instead of personal opinion and unconfirmed reports A great shoe 
manufacturing Company, for example, could not hope to stay in busi- 
ness if 11 had to depend upon gue:>swork concerning the proportion 
of Its possible customers who wear each of the various shoe sizes It 
must know Insurance companies must know the proportion of people 
who live to each of the different ages Government and social agencies 
must have numerical information about people and salaries and crops 
and manufacturing output 

Meaning of Stothtlcs '*1 

Statistics IS the science of collecting, organizing, and interpreting 
numerical facts It helps us to rccogm/c and summarize concisely the 
characterisucs of groups (perhaps groups of people, or test scores, or 
prices) Sometimes it helps us to recognize trends and their possible 
consequences Sometimes it helps us to express mathematically such 
relationships as those between weather and crop production Some- 
times It helps us to judge the quality of the whole bv a sample 

Gathering Data 

In statistics, attention to gathering good data is important because 
a statistician’s conclusions can be no more accurate than the informa- 
tion he uses to form the conclusions 

In the brief presentation of statistical methods in this chapter you 
will not be asked to assemble data That has been done for you 
Your only task is to learn a few of the procedures a statistician uses 
in organizing and mterpreung data after it has been assembled 

Recording Information In Frequency Distributions 

Having gathered suitable information, the statistician’s next task 
IS to record it in such manner that it can be anaJyzed effectively For 
example, m one school m which an algebra class was given a test 
covering topics which it had just finished studying, the teacher, after 
checking the papers, recorded the scores in her class book by writing 
beside each pupiVs name the score be had made Such a tabulation 
enabled her to find instantly the score of each pupil, but it did not 
enable her to see results for the class as a whole 
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To study the performance of the class as a unit, the teacher made 
the following tabulation known as a frequency distnbution 
Notice that she arranged the scores 
in rank order (order of size) m one scosts msk os Atatem rtsr 
column and listed their frequencies S'*"* t'l’r ritiinnef 
(number of times each scorelippcared) ioo // 2 

in another column The tally marks 95 //// 4 

were temporary marks she made as ^ ^ ® 

she recorded the scores from the test £ wf ^ 3 

papen ;s , j 

This tabulation enabled the teacher T®**' 

to see that the range of scores was from 

100 It showed that the mo* (item appeanng most frequently) 

The distribution helped her to find the arithmetic mean of the 
scores You know that the arithmetic mean (often called averaie) is 
the quotient obtained when the sum of all the scores ts divided by the 
number of scores She wrote 

Arithmetic Mean » 

2(100) + ,(951 + 5(901 + cm + 3f80' -I- 7' 

21 

1 r, r “ tne;rihrmcd.a„ w.. to 

1 u”'"* '‘°'™ *■' '“P ■” *= frequency column 

nf l no P' 5 re^stered the fre 

taken the i” fr" <'"> nught have 

^en the .core halfway between the two m.ddle tcotc a. the me- 

dtan For example, .„,hnd,.tribnnon at the naht 

he al l 5"' 1’^° "‘O’ 

o ir d c “*“°'”‘“ Arardmg ™ ' 

to th„ delin.non it would have been 524 Most ” 

s'n°e f, J 

-c. 3(55) + 4Mr ™ " ''™> '•"F 

7 524 The latter method is considered the mote 

accurate, and is the method we shall use m dm book 
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CA] 

Mal:c a frequency distribution for each of the following sets 
of numbers and find the range, the arithmetic mean, the 
median, and the mode 

1 The temperatures, m degrees, recorded m a midwest town 
during the last two weeks of one July were 

100, 101, 102, 100, 101, 99, 99, 98, lOO, 100, 99, 75, 74, 82 

2 The prices of tweU e homes sold by the Sunny Acres Real 
Estate Company last month were 

S10,000, $18,000, $15,000, $20,500, $10,000, $30,000, 

$15,000, $10,000, $18,000, $10,000, $15,000, $8,000 

3 The tax m cents, on a gallon of gasoline, charged by each 
of the states and the Disuict of Columbia is 

6, 5, 6 5. 6, 6. 4, 5, 7, 6, 6, 5, 4, 5, 5, 7, 7, 6, 6, 5, 4 5, 

5, 7, \ 6, 6, 4 5, 5. 3. 6, 4, 7, 5, 5, 6 5, 6, 5, 4, 7, 5, 7, 4, 

5, 5, 6, 6 5, 5, 4, 5. 5 

4 The highest temperatures, m degrees, recorded for New 
York City for each day of one December were 

45, 49, 58, 59, 59, 62, 62, 54, 60, 61, 48, 49, 48, 54, 

47, 39, 28, 26, 31, 44. 47, 48, 49, 30, 42, 43, 42, 44. 

45, 48, 40 


EXEUCISES 


Making Frequency Distributions by Classes’*' 

When the number of items under consideration is large, or involves 
many classifications, it is usually advisable to group the items For 
example, consider the following scores made by 50 contestants in a 
state algebra contest 

145, 138, 132, 131, 127, 126, 125, 125, 124, 121, 121, 120, 

120, 118, 117, 117, 116, 116, 115, 115, 115, 115, 113, 113, 

113, 111, 111, 110, no, no, 109, 109 , i09, 109, 108, 106, 

106, 103, 103, 102, 101, 100, 98, 98, 96, 90, 87, 85, 81, 75 

Since making a distribution of the individual scores would involve 
31 classifications, it is probably better to group the items In this 
distribution it seems sensible to group the items into classes (groups) 
of ten by putting all the scores in the eighties into one group, all the 
scores in the nineues into another group, and so on 
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Since the original setwes are given accurate to the nearest unit we 
shall make the break between classes at the point half-way between 
two units, thus 

79 5 89 5 

78 79, .80 81 82 83 87 88 89. 90 91 92 

69 5-79 5 79 5-89 5 89 5-99 5 

This means that the class units will be 69 5-79 5, 79 5-89 5, and so on 
Our distribution will appear as follows 


FiEQuiNn oisHinriON rot contest scores 




m^Kss 
ins-uss 
119 MISS 
JM MW 5 
99M99S 
99 $-99$ 
79M9S 
«M9S 


144$ 

U4$ 

114$ 

tu$ 

104$ 


403$ 

11»5 

WM 

12540 


When we arrange data in classes we roust choose one number to 
represent the value of the numbers within each class We have used 
the midpoint of each class as the representative of the class, and have 
wnitcn the values in the column headed m, which stands for midpoint 
The frequency column (/) shows the frequency within each class, 
and the fm column shows the product of the frequency and the class 
value The fm column makes it easy to find the arithmetic mean of 
the class values Do you sec that if we divide 5573 0, the sum of the 
terms in the fm column, by 50, we get the arithmetic mean of the 
class values — 111 5^ In the table, 2/m means "the sum of the /ffi 
terms ” The symbol 2 (pronounced sigma) is a Greek letter often 
used to denote “the sum of ” 

For scores arranged by classes we use the arithmetic mean of the 
class values as the anthmetic mean of the scores Obviously, however, 
this arithmetic mean is not identical with the arithmetic mean of the 
actual scores because when scores are grouped, the individual scores 
lose \denury and are represented by their class values The 
anthmetic mean of the actual scores above is 1 1 1 3 
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1 following numbers are ihe percentages of house- 
holds, by states and the Disinci of Columbia, which had 
telephones m a recent year 

64, 68, 64, 80, 71, 89, 78, 79, 73, 80, 70, 71, 80, 72, 79, 

81, 66, 59, 63, 76, 76. 78, 68, 90, 53, 46. 40, 35, 45, 49, 

43, 51, 39, 29, 33, 51, 61, 57, 60, 60, 62, 75, 42, 49, 74, 

57, 71, 64, 73 

Using classes of 10, make a frequency distribution of the per- 
centages, then find the arithmetic mean, the mode and the 
mednn 


fttQUENCT DISTtllUTION Of THI NUUSt* OF ICUFHOHtS III TKt VAIlOUS STATES 




99S-»S 
89 5-79 5 
79 5 - 7 


2 The following numbers represent the death rates, by 
states and the District of Columbia, per 100,000,000 miles of 
motor vehicle travel in a recent year 

9 5, 9 8, 8 3, 6 6, 5 8, 3 6, 7 5, 2 5. 7 5. 7 9, 7 5, 7 2, 7 4 
57, 70. 104, 9 1. 5 3, 6 5, 40, 74, 5 9, 7 5, 6 4, 8 4, 
5 9, 10 3. 4 9, 4 1, n 5, 6 0. 8 2, 7 6, 6 5, 6 3, 6 0, 5 1, 
2 8, 11 0, 6 5, 8 3, 6 6, 7 3, 5 8, 7 5, 5 1, 8 7, 7 1, 9 I 
Using classes of 1 9S-2 95, 2 95-3 95, and so on, make a fre- 
quency distribution and find the anlhmetic mean, the median, 
and the mode 

3. The weights of the boys reporting for try-outs for a 
freshman basketball team were 

118, 142, 105, 157, 160, 152, 138 112. 113. 127, 160, 
95, 73, 112, 103, 107, 124, 171, 107, 121, 133, 104, 117, 
135 

Using, classes of ten, make a frequency distnbution for the 
weights, then find the arithmetic mean, the median, and the 
mode for the distribution 


EXERCISES 
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Graphical Repreientatlon**' 

In statistical work we frequently make use of graphs A graph 


with vertical bars representing 
the frequencies of the various 
classes along the horizontal axis 
IS called a histogram Inahisto* 
gram usually no space is left 
between the bars The histo 
gram at the right shows the 
scores from the table on page 
468 Notice that the scores 70, 
80, and so on are written a tiny 
bit to the nght of the edge of a 
bar That is because the classes 
are separated at the points 69 5, 
79 5, and so on The histogram 
shows that a score of 70 faUs 



Fi( t Hutafna of imret node is * 
iUte coDteit 


Within the first group a score of 

Someumes a line graph called 
a frequency polygon lines are 
drawn connecting the nud 
points of the class intervals A 
frequency polygon of the scores 
in the histogram above is shown 
in Fig 2 The frequency poly- 
gon has been drawn on top of 
the histograrn to show how it 
connects the midpoints of the 
class intervals 

Notice that both the histo- 
gram and the frequency polygon 
show a slight bell shape Had 
the test been given to thousands 
of algebra pupils of similar abil 
ity instead of to fifty, the chances 


80 within the second, and so on 
a frequency polygon u used In 



Fn * FresueacrpolrzonoftcorMBude 

on itate aljebn eonieat 


are that the scores would form an almost perfect bell shaped curve, 
as shown m Fig 3 on the next page This curve is known as the normal 


probability curve 
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The Meaning of Normol Probability W 

You learned on page 456 that the probability of an event is the 
ratio of the number of favorable 
cases to the sum of the favorable 
and unfavorable cases For e't 
ample, if you toss two coins 
A and B, they may fall in 2* 
or 4, ways Of these there is the 
possibility of A head B head 
A head, B tail, A tail B head 
and A tail, B tail In other 
words, of the 4 possible ways 
that the coins may fall, you 
have 1 chance in 4 to get 2 
heads 2 chances in 4 to get I head and I chance m 4 to get 0 heads 
The probabilities of turning up heads on losses of a com can be 
expressed by the terms of a binomial expansion T© see how this is 
possible we need first to prove the following theorem 

Thaorvin If p u th« probab 1 ty that on *v«nt wll hoppenond q — 1 — p it the 
probob ! ty that it w (1 not hopp«n «n ony t nglo event the probob lity that 
the event will happen exactly r I met in ft tnolt It *C p'q”*' 

PROOF The r tnals can be selected from the n trials in ,Cr ways 
The probability that the event will happen r times and fail m the 
remaining n — r times is fi'q” ' Then the probability of getung ex 
aedy r successes m n tnals is ' 

Now let us expand (p + ?)", obtaining 

+ V 

+ ^2) ,— .,.4. 4 ^ (,) 

Remcmhenng that ^ — ^1; ^ L±-U. we can 

write (1) using the notation „C, for the coefficients, and obtain 

(f. + 9)" = »(V-+-C,p- '?'+-ar~V+-C<?'''V+ (2) 

By the theorem just proved, we see that the successive terms m the 
right member of (2) are the probabilities that the event will happen 
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exact y n times, exactly n ~ 1 times, exactly n - 2 times, and so on to 
exactly 1 time, and finally to exactly zero times We see, therefore, 
that if n trials are made of an event in which the probability of success 
isp and the probability of failure is the probabilities of b, n - 1, 
” ~ ® successes are given by the successive terms of the ex- 

pansion of (p-i- y)" 

I^f we consider the case of ttBsing a coin n times, we have p = i 
and y = i since a com has one chance in two to fall with head up 
Equation (1) then becomes 


2 ^ 2 / 2 - ■ 


=+?+ . 

, .(.-IK. -2) 


Tilt recessive Krm, of (3) give the probab.litio of oblafflmg , 
n — 1, n - 2, ,0 heads in n tosses of a com 


Example If we toss 3 coins, what is the probability of 
obtaining 3 heads, 2 heads, 1 head, or 0 heads’ 

Solution Since tossing 3 coins is equivalent to tossing 1 com 
3 times we have n « 3 Thus (3) becomes 

+ I + I + i 

Pro^bility Probability Probability Probability 

olobuiDing ofobuining of obtaining of obtaining 

3 heads 2 heads 1 head 0 heads 


If yw have difficulty visualizing the vanous probabditiea just 
indicat^ study the followup table which shows the ways m 
which 3 tossed coins may fall 


1 case of 
3 heads 


1st com h 

2d com h 

3d com h 


3 cases of 
2 heads 


3 cases of 
t head 


us now make a ubic of the probabilities of< 

heads n - 2 heads. , 0 heads when 
takes on the values 0, 1, 2, 3 4 


and 


□btainmg « heads. 
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n Binomial Probabilities of the following numbers of heads 
Expression 01234567 
0 + =1 

1 (i+4)‘ =4+4 

2 (4+4)’ =4+1 +4 

3 (4 + 4)’ = 4 +i +i +4 

4 (4+4)* =*+iV +*+* + * 

The histograms for these and other values of n are shown below 
In the histograms the fractions have been expressed as decimals to 
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make comparison easier Notice that as n increases the histogram ap- 
proaches a bel!-shapcd curve The normal distribution curve is the 
limiting value of the histogram of -h J)* as n approaches infinity 
It can be proved that the equation of the curve when n becomes in- 
finite IS >> = e“*’, where t has the approximate value 2 718 

The normal distribution curve also describes the frequencies in 
which many other measurable tendencies are likely to appear For 
example, if you were to make a frequency polygon of the heights of 
thousands of six-ycar-oId children, or the foot lengths of all the men 
in the army, or the weights of thousands of apples, you would get a 
curve which approximates the normal distribution curve 

Do not be led into thinking, however, that a distribution which 
does not fit into the bell-shaped 
pattern is not normal If, for ex 
ample, you were to make a fre- 
quency polygon of the ages at 
which people learn to drive auto- 
mobiles, you would get a curve 
somewhat like the one at the right 
Since laws keep most of us from 
driving before we are sixteen, the 
curve rues sharply at about that 
age though it tapen off gradually 
We say that such a curve is skew Oop-sided) Even though it is 
not bell-shaped, it is normal for the particular situation which it 
represents 

t« 

1 Make a histr^ramof the information in exercise 1, p 471 

2 Make a frequency pol)^n for the information you used 
in exercise 1 

3 Make a histc^am based on exercise 3. p 471 

’ ^ m 

4 Toss 3 coins 24 times and record the heads and tails on 
each throw Did you gel zero heads one-eighth of the ume, 

1 head three-eighths of the tim^ 2 heads ihrce-eighihs of the 
time, and three heads one-eighth of the time’ Try two or 
three more sets of 24 tosses and answer the same questions for 
the total number of tosses Did you come nearer obtaining 
one-cighth, threc-eightha, thm ci^hs^ ocie.-eigb*^ 
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Avereoes 

Although the anthmctic mean « commonly known as the aver 
age actually the arithmetic mean the median and the mode are 
all averages of different kinds In cases where the numbers under 
consideration form a geometric peogeesston the geometnc mean 
which you studied in Chapter 13 is another average to be considered 
Each of these averages m ns own special way tells something about 
the group of numbers being stud cd 

Of the averagta the anthmctic mean is generally the best repre 
scntative of a group of numbers but indiscriminate use of the anth 
metic mean can be misleading For example it would be foolish to 
assume that because two commumnes each have the same arithmetic 
mean income per week the people of one should be as well to do 
financially as the people of the other Actually though the people 
in one community rmght be able to live comfortably most of the 
people in the other might be very poor You can see how that might 
be possible by studying the following two d stnbutions 


Anthmctic mean 


__ 21(95) 


. . I000 + 20f50) 

Anthmctic mean ‘ 

= 95 + 


Do you sec that in Community 2 the one income of $1000 per week 
so raises the mean income of the whole community that the arith 
mctic mean no longer represents any of the incomes’ In Commu 
nity 1 however the arithmetic mean describes each income in the 
group exactly 


Measures of Dispersion t*-) 

We see that while the averages of a group of numbers give us in 
formation about the group they need to be supplemented with other 
measures 
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Let us consider the scores made by Gene H and Bill M in a senes 
of Junior amateur golf tournaments 

GencH 76, 78, 76, 76, 74 

EiUM 72, 73, 74, 78, 83 

While both boys have an anthmetic mean score of 76, Bill’s score 
fluctuates more than Gene’s Bill’s scores show a spread of 11 points 
(4 below the anthmetic mean and 7 above) while Gene’s show a 
spread of only 4 points (2 below and 2 above the arithmetic mean) 
We say that Gene is a more consistent player than Bill 
The degree of spread (or scatter) of numbers from one of their 
averages is called their dispersion Bill’s scores show more dispcnion 
than Gene’s 

We need a way to measure dispersion While there are three ways 
in general use, we shall study only one — the standard deviation 
In the table below, the standard deviations for the scores of Gene 
and Bill have been computed To team the procedure let us examine, 
in detail, the computation of the standard deviation for Gene’s scores 



We first computed the arithmetic mean (A) for the scores, thus, 

78 + 76 + 76 + 76 + 74 ... ,r. 

j — 76 We then computed the deviation {<i) 

from A for each score and wrote it in the d column Since the sum 
of the deviations of a set numbers from their anthmetic mean is 
zero we squared the deviations to eliounate negative numbers We 
then wrote these squares in the d* column and found their sum, + 8 
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(Remember that the symbol S indicates "the sum of”) Next we 
divided Stf* by the number of items (n), obtaining — = |* Finally, 
we took the square roo t of each member, obtaining the standard 
deviation (S D ), thus = 1 26 

Finding the standard deviation for Bill's scores by the same pro- 
cedure, we have S D = 4 05 As we expected, the standard devia- 
tion for Bill's scores is larger than the standard deviation for Gene’s 


Rules for Computing Standard Deviation 


1. Find the arithmetic mean (A) of the items 

2 Find the deviation (d) from A for each item 

3 Find d^ for each item 

4 Find Zd* and divide it by the number of items 

5 The sqoore root of 

ts the standard deviation of the items 


EXERCISES 


In exercises 1-4 find the standard deviations for the sets 
of numbers given 

1 The scores made on a science lest were 150, 147, 145, 
141, 138, 137, 132, 129, 114 

2 The amounts of money Mollie King saved from her salary 
during each week for seven weeks were $1 50, $2 50, 50 25, 
$4 00, $3 00, $1 00, $3 50 

3 The numbers of books loaned by a library dunng each 
day of one week were 36, 31, 30, 24, 45, 50 

4 The measurements recorded by each member of an 
eighth grade class upon mcasunng the width of the class 
room were 

17ft 4m, 17ft 3 m, 17ft 5 m, 17ft 6 in, 17ft 6m, 
17ft 5m, 17ft 7in, 17ft 5m, 17ft 8m, 17ft 6in 

5 The normal monthly temperatures for Miami and Hono- 
lulu follow After makmg the necessary computauons, com- 
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pare the arithmetic mean temperatures of the two cities and 
the standard deviations of the temperatures 
Miami 68. 69, 71, 74, 77, 80, 82, 82, 81 78 72 69 
Honolulu 72. 72, 72, 73, 75, 77, 78, 78. 78, 77, 75, 73 

6 The normal monthly amounts of rainfall for San Fran- 
CISCO and Denver are given below Find (I) the total amount 
of r^nfall during a year in each aty. (2) the arithmeuc mean 
of the montWy rainfall for each, and (3) the standard deviation 
of the monthly rainfall for each 

Denver 5, 6, 1 2, 1 9, 2 1. 1 4, 1 2, 1 3, 9 1 0 7 5 

2 SaOiFrancisco 4 0, 40, 28, 1 5. 6, 1. 0. 0. ’l. 11, 

7 The hcighu of two basketball teams are given Compare 
the arithmetic means of the heights and also compare the 
standard deviations of the heights 

Teams 5 ft 7m, 6ft, 6 ft 5 in , 6ft, 6 ft 3 m 
Correlation 1*1 

aSionTt," <“» mtasurable quantities we find 

£ deto , I ’‘T ■” The ndattnnshtp may 

P'"”''“<>ra sqnatn t, font nme, the length 

-he r™ula“^° 

« ag„c„,t„„ teotne, smX5® tee'X"'’®' “T" 

but in this case the rclatutfsl. *ho expressing a telauonship, 

by 5 formula a “■« “"“S'- '» 

certarnry ,he exact L ’''f “T 

The„,.t.„„sh,pmtLea".eTn«fler„S" ''™ 

•he word cotrelmim " funcnonal and otherwise, we use 
functionality _ pr»clatiOT expresses a tendency toward 
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Curve Fitting 1*1 

Even though we cannot state all correlations with mathematical 
cjcactncss, it is important, in many areas of living, to find approximate 
mathematical statements for those without exact ones In the graph 
below the percentages of all gainful worken, 10 years of age or 
older, engaged m agriculture have been indicated for each tenth 
year since 1870 Notice that the points of the graph form a very close 
approximation to a straight line— so dose that we become interested 
in trying to wntc an equation as representative as possible of the 
points shown We call such a line a line of **best fit ** 



Fercefitsgc of Gainful Workett tO Yean of ^ Older 
ut A^eultute 187O-*I9S0 


There are many ways of obtaining such a line We shall use the 
method of least squares 

Let us suppose that~(xi, ^i), (**, ya), , >») represent points 

for which we are seeking a line trfbest fit, and let> = ar + i represent 
that line While some of the points (x,j>) may lie on the line, some 
points may not Let (*i,^i) represent a {xnnt which does not he on 
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the line Then^i ~y represents the vertical imaUon [di) of the point 
from the Ime, that is, ii —y Similarly, dt s=>a — </s ~J> 

and so on represent the amounts of deviation of the other points from 
^ = or + i In case a point lies on the line its deviation is zero 



In the sense of least squares we say that ^ a» « + i becomes the 
line of best fit when constants a and 6 arc such that dj* + da* + 

+ d,* IS a minimum 

Now, since any two points on the same vertical line have the same 
abscissa xi^x Substituting 4-1 for ar inj'w air + 6 gives> 4*^ 


Then di — (<i*i + b) 

and da ’^yt — (rwj 4* b) 


(0 


Squaring both members of each of the equations in (1) gives 
<fi* =J'i* — 2 — 2 iyi +e*Ari* + 2 abxi + i* 1 

da* =»^a* — 2 axtyt — 2 byt + c*X 2 * + Z abxi + b^ I 


( 2 ) 


d«* =»>n* — 2 axnyj, 2 ^ -I- o*x,* d- 2 obx^ + f>* 


Adding equations (2) gives 

Sd* = rj.» - 2 aZxy - 2 62^ + a*2»« + 2 ab'Zx + nfc* (3) 
If, for the moment, we consider b a constant, the right member of 
(3) becomes a quadratic function m terms of a, and we have 

SJi = + 2 a(b2x ~ Zigi) + other terms (a constant) (4) 
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As %se have already seen on page 252, this quadratic function has 
a minimum value %shcn 

2 2;x» ' 

that IS, when «Ix» + i2* = 2^ (5) 

If, for the moment, w-e consider a as a constant, the nght member 
of (3) becomes a quadratic function in b, and we have 

2<f* = fii* 4- 2 J(a2jr — 2^) + other terms (a constant) (6) 

Now the nght member of (6) reaches its minimum when 



or n6 + a2« = 2j' (7) 

Henw, in order for d\* + + + «/«* to be a minimum, a and b 

must* satisfy equations (5) and (7), that is, the system 

ar*» + 62* = 2^ (8) 

a2ar + nJ 

Let us now use the procedure just outlined to find the equauon of 
the best-fitung line for the information that produced the graph on 
page 481 

Example The following table shows the ficrcentage of all 
gainful workers, 10 years of age or older, engaged in agn- 
culture m 1870 and in each tenth year since Find the cqua- 
tion which best represents the relationship between the years 
and the percentage of workers 


PftwnUge of Gsnful Workers 10 Ymis rt *je s'") Owr Dnployri fn AgneuUure ino-1950 


•While 11 can be proved that the condition suted u also suffiaent the proof is 
beyond the scope of this book. 
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In the equation which we plan to write we shall let x represent 
the number of years and y the percentages To ease the work of 
computation we shall let the year 1870 be represented by x = 0, the 
year 1 880 by x = I , and so on We can now make a new table which 
contains all the information we shall need for substituting in the 
equations (8), page 483 


X 

y 

*• 

V 

D 

S30 

0 

0 

1 

494 

1 

494 

2 

42 S 

4 

SS.2 

3 

37S 

9 

I12S 

4 

310 

16 

1240 

5 

270 

2S 

1330 

i 

214 

36 

126.4 

7 

174 

49 

1232 

I ' 

ns 

64 

929 

Sx-36 1 

SyaTStl 

2:x>=204 

£>ys|30$ 


From the lotah in the table and the Tact that » a 9, we substitute 
in the equauons of (8) Thus 

aZx* + fcSx » Ixy becomes j{204) + i(36) » 850 5 
aZx + n6 = becomes a(36) +9 5 «»29ll 

Simplifying, we have 

204« + J65 = 850 5 

36fl+ 95=291 1 ^ ^ 

Solving equauons (9), we obtain « = - 5 23, 5 =* 53 27 When we 
subsutute these values *= <w + 5. we have the line of best fit 
^ = -523x + 53 27 

In the graph on the opposite page this line of best fit is shown m 
color while the actual points located by the information given in the 
problem are shown m black 

We might call the line = - 5 24 x + 53 27 a trend line because 
It shows the trend in the percentage of workers engaged m agriculture 
during the past 70 yean 

Trend lines may be used to make predictions, but obviously such 
predictions must be made with caution If the trend shown in the 
graph continues, it appears that farming will disappear by 1970 — ^ 
situation which today seems impossible Perhaps the line will soon 
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begin to slacken its downward course and move out to the right to 
form a cur\'ed line At present we cannot know, but the possibilities 
merit careful thinking on our part 


iiiiiiiiil 

■■■■■■Mil 



SBiilllHH 


FcrccoUgc of Camfui Wotken in AsricDirare 1670-1950 


1. Find the equation of the line of best fit for the follow- 
ing table of the weights of 18->ear-old men of various 
heights 


Hint Use x = 0 for 63 inches, * = 1 for 64 inches, and so on 

2 The following table shows the locauon in degrees and 
minutes west longitude of the center of population of the 
United States at the time of each census since 1790 
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1790 

1«00 

1810 

IS70 

1830 

1810 

1850 

1860 

1870 


lOCATHW 
D«trtn Mwuj 

n n 

n X 

77 37 

78 33 

79 16 

80 18 

81 19 

82 48 

« 35 


lOCATIOrt 



1900 85 48 

1910 86 32 

1920 86 43 

1930 87 8 

1940 87 22 

1950 88 9 


abo°,"rd™L";' at .ha ra.a of 

tvh,ch , J, fl»“t WOO, a. 

otLT" ' ’ ‘‘■■s™ .n 20 yea„ Roind 

tquatioifofih "'"t" ti'erea and find the 

.ndn.ive In a simdf '? '™"' > 750 to 1 890 

the years ^ *” '*'* ^uaiion you have found for 

would center of populatton 

Obv,o„.ly^he' "Sow ?' “"““1 

nitely Explain l» .t cannot conunue indefi- 

stopping point> Is it J^w * '"'Shi reach a 

again> ^ » '"ght turn back east 


of “hThlt'''' “ -"*> PCC Itour 

"tobtle Race ttnee 1 9« 

fit for the information equation of the line of best 

Year 


i„„ i,.„ i,„, 


1 p 1^ 1953 1954 1955 

I 1198 ( 12U j 174 0 I 


» ' pTX“dTiA"“'r "uutltcr of .elevtnoa 

the iL Of btt”, Tear 1947-1954 F,„d .he equanon of 


>■««»« MSA 

1947 

1948 

1949 

1950 


1951 5.600000 

1952 6,300000 

1953 7300000 

1954 6,500 000 


250 000 
1 000 000 
3000 OCD 
7.500000 
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Measuring Corretotlonl^l 

Do you recognize lhat a line of best fit prondcs a measure of cor- 
relation between the two quantities considered’ For example, on 
page 484 the equation > = — 523jc + 53 27 shov.-s lhat the percent- 
age of workcre in agriculture at any gi\en Ume is approximately 
S3 27 more than — 5 23 ttmesthcnumbcroflO-\ car periods since 1870 
We shall content ourselves with the measures of correlation pro- 
vided by the lines of best fit, though statisticians prefer a specific 
number known as the coetRcicnt of correlation 

Nan-Unaar CorretotlonI*> 


Obviously, the lines of best fit for some sets of numbers are curved 
rather than straight If, for example, we plot the growth of cholera 
bactena, we get the curve at the right Finding the equation of the 
line of best fit in such cases is beyond the scope of this book 



Many sets of data which appear to produce lines of best fit which 
are straight, actually produce cursed lines when longer periods of 
time are considered For example, the downward trend in tlic 
number of agricultural workers shown m the graph on page 485 may, 
in future years, slacken and produce a curve 
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Before you leave this chapter make sure that you can 

1 Make a frequency dutnbution (p 467) This includes 
being able to make a frequency distnbution by classes (p 469) 

2 Can find the median (p 468)^ the mode (p 468), and 
the arithmetic mean (p 468) 

3 Gan make a histogram (p 472) and a frequency polygon 
(P 472) 

4 Can find the standard deviation (p 479) 

5 Can spell and use correctly the following expressions 


anthmetic mean (p 468) 
average (p 468) 
correlation (p 480) 
distnbuuon (p 468) 
frequency polygon (p 472) 
histogram (p 472) 


median (p 469) 
mode (p 468) 
range (p 468) 
skew (p 476) 

standard deviation (p 478) 
statistics (p 467) 


If you expect to do better than average work, you will also 
want CO make sure that you 

6 Understand the meaning of normal probability (pp 473- 
476) 

7 Can find a line of best fit when the data indicate a linear 
relationship (pp 481-486) 

r*j 


1 Make a frequency distribution for the following scores 
made by a fourth grade class oa a spe ll ing test 

100, 95, 85, 90, 80, 85, 80, 95, 75, 85, 100, 80, 90, 90, 85, 
70, 100, 80, 75, 70, 95, 85, 60, 90, 75, 80, 90, 85, 85, 80 


2 State the range of the scores in Exercise 1 

3 Find the median, the mode, and the arithmetic mean of 
the scores in Exercise 1 


4 On five consecutive French tests Kay and Pat made 
scores as follows 

Kar IM 90 g; so 70 
Pat e go 05 80 S5 


a Find the anthmetic mean of the scores for each girl 
b Find the standard deviation, of the scores for each girl 
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5 . To the nearest thousand the number of dwellings author- 
ized between 1 945 and 1 948 and between 1 950 and 1 953 were 


1945 161000 

1946 628000 

1947 508,000 

1943 531000 


YMr Nutnbtr el Dwilllnp 


ISS! 837 000 

1951 601 000 

1952 617 000 

1953 570 000 


a Compare the anthmeuc mean of the number of homes 
authorized between 1945 and 1948 with the arithmetic mean 
of the number authonzed between 1950 and 1953 
b Find the standard deviation of the numbers of authoriza- 
tions for each four-year penod 

6. The highest temperatures registered m one town during 
each day for two months were 

80, 81, 80, 83, 85, 84, 80, 78, 75, 74,75, 73, 72, 72, 75, 80, 
82, 80, 82, 80, 85, 86, 86, 85, 84, 86, 86, 88, 90, 92, 94, 94, 
93, 90, 89, 89, 92, 93, 89, 89, 72, 72, 80, 80, 83, 84, 86, 86, 
87, 88, 86, 85, 85, 80, 85, 85, 84, 83, 80, 83 
a. Using classes of 5, make a frequency distribution of the 
temperatures 

b Find the anthmeuc mean of the temperatures according 
to the grouping used m part a 

On your paper write the numbers 7 to 16 m column form 
After each number write T or F according to whether you 
think each of the followmg statements is true or false 

7. A statistician’s conclusions can be no more accurate 
than the information he uses to form the conclusions 

8. A distribution which does not fit into the bell shaped 
normal distribution pattern is not a normal distribution 

9 A median is a kind of average 

10 The standard deviation for a set of data provides a 
measure of departure from the anthmeuc mean of the data 
11. A histogram is a vertical bar graph of a frequency 
distnbulion 
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12. A frequency polygon i* a broken-hne graph of a fre* 
qucncy distribution 

13 The anihmetic mean of a set of data always senes as 
an accurate representative of the data 

14 The arithmetic mean of a set of data is the middle item 
m the set 

15. If John sscores on four successive tests were 80, 95, 100, 
and 100 while Bill s scores on ihc sime tests were 50, 65, 70, 
and 50, John’s scores showed the same range a.s Bill’s 

16 The statement "Anything can be proved by statistics” 
IS true 


t»J 

find the equations of ihc lines of best fit for the following 
sets of numbers 


17 

19 


>12 3 4$ 

y "TT"” I 0 


>-2024$ 
y -I 0 1 2 3 



20 


> Ul 1 3 5 


y -5 3 12 1» 


21 In 5 losses of a com what is the normal probability that 
you will get zero heads. I head, 2 heads, 3 heads 4 heads, 5 
heads’ 




1 The ages listed for 50 boys entering college were 

18. 18, 18, 19, 16, 19, 19, 17, 18, 18, 18, 19, 17, 20, 18, 

18, 21, 19, 18, 23, 17. 19, 19, 17, 19 19, 18 19, 18. 18, 

19, 18, 19, 19, 20, 19, 21, 18, 20, 18. 10, 19, 18, 18, 18, 

19, 19, 18, 20, 18 

a Make a frequency distribution of the ages 
b State tile range of the ages 
c. Tind t’cie anOuncuc mean ot the ages 
d Find the median of the ages 
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2. The scores made by the boys in Ex 1 on an entrance ex- 
amination were 

80, 90, 100, 70, 90, 110, 80, 100, 120, 80, 100, 100, 100, 
60, 80, 90, 100, 110, 120, 90, 90, 90, 100, 90, 70, 80, 70, 
no, 100, 120, 100, no, 70, 90, no, lOO, 140, 90, lOO, 
120, 130, 90, no, 90. 80, 100, 80, 120, 100, 90 

a. Using groups of ten, make a frequency distribution of 
the scores 

b Make a histogram of the scores 

c Find the arithmetic mean of the scores using the fre- 
quency distribution 

3 Find the standard deviation of the following highest 
temperatures recorded in an eastern city during one week 
80. 75, 78, 82, 90 

[THIRI 

1 If you toss 6 coins, what is the probability that you will 
get each of the following numbers of heads 0, I, 2, 3, 4, 5, 
and 6’ 

Find the equation of the line of best fit for each of the fol* 


lowing sets of numbers 
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The beginning of the caicuws 


We cftritwrte the hvenliOA of the cokvtut to teibmt* ond Hewtefl, 
but jome tf ed t fo» the trwenhtio thowld be gwen to femot 040l-f WS). 
the noted French molhemoticraiv ond to Afthnnedee ixho centufle* be- 
fore hod «ed the undedytng ptwcptei of the coleuhie. Many other 
mathewelictani contnhated to hi derelopnienl Notable among theie 
wot Cauchy (1769-ISJ7) 

S-r lioae Newton (IAi2-1727| it thought by mony penom to be one 
of the three greolefl mothernotidom, the other two being Arehimede* 
(287 lC-212 i-C} and Couti |1777-Jfii5) Ai a «Md, Newton »howed 
bventrve obil ty by rnok 
Ing mechanical toyi. He 
prepared for college 
at Cronthom Crammor 
School ond received hi* 

BA. degree from Com 

bridge bt 1b64 

At Q foundotion for hit 
wotV he hod the on«lytic 
geometry of Femot ond 
DeKortet, the beginning 
of the coleulwi of Fermot, 
the fundamental lew* of 
plonefory motion of Kep* 
fer, and the firil two of Newton 

his three fowl of motioa 
from CaHeo. 

During the bvbomc plague year* ]dd4-16d5 Newton hod tune for 
(tvdy and contemplation, tn Ihts ihort time he mode remarhobte progrett. 
hneniing the tekului, d KoverlnQ the univenol law of gravitation, ond 
proving thol light consut* of oU colon. Newton probobly Invented the 
differentiol coloilui wfute itudyfng the lecond of hii three lawi of 
motion (whidi ten be expreiied by the formula f ^ mal He probably 
Invented Integrol colcului wh9e pondering over hit problems. 

Newton’* abil fy wot dememstroted one doy when one of hi* fnendt 
gave him a problem which hod boffled the mathematiciont of Europe 
for SIX months. Although fired from a day's work, Navrton sol down 
\ after his evening meal ond not only solved this problem but another 
y mci/l one 

Gottfried Wilhelm von leibntz, the other Inventor of the ca1culiis« wos 
bom In Letpilg In f d4d He entered the Univenity of Leipilg ol the oge 




of IS and was graduated at the age ot 17 At first leibnitz was inter* 
ested in philosophy, and he wos twenty-six years old before he con- 
centrafedonmafhemafics 


It IS remorkable thot only 
five yeors later he pub- 
lished his work on the 
calculus His work wos 
similar to the calculus of 
Newton, which was not 
published leibnitz made 
the calculus usobte by 
giving rules and formulas 
He has been called the 
"Master of oil trades" 
because he made note- 



worthy contributions to leibnitr 

so mony other fields, in- 
cluding logic and history 

You can get a glimpse of the differentiol colcvlus by studying the 
next chapter After you hove completed the chapter, you con study the 
following example, which Is solved by integral calculus 

Find the oreo included by the porob- 
ola B 4 X, the x-axii, the line x — 2, 
and the line x » 4 

y* = 4 X Then y = 2 x^ 

We think of the area as being the 
sum of an infinite number of rec- 
tangles dx wide and y long The 
derivative of §x^ is x^ end the inte- 
gral of IS fx^ Integration is the 
invene of differentiotion 





Rates of Change 


tn this ehapier you wiH /com 
o liHU about a very imporfonf branch 
of mafhematiet, tho caleuht. 
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If you drive your automobile 200 miles in 5 hours, your average 
speed for the tnp is 40 miles an hour, 3520 feet a minute, and 58| 
feet a second The average spiecd is the average number of units of 
distance for one unit of time In making the trip vour speed was not 
uniform, probably varying from 7cro miles an hour to 50 miles an 
hour Your speed at any instant, which is called the instantaneous 
speed , was approximately given by your speedometer 

If a man spends $600 a year for rent, his average rate per month 
13 $50 If his rent is not changed during the year, his instantaneous 
rate is $600 a year and $50 a month 

If a boy’s weight increased 18 pounds m 12 months, his average 
monthly increase was Impounds His instantaneous incrcdse in weight, 
no doubt, was changing all the umc 

If an automobile manufacturer increased his daily output 120 cars 
in one year, the average monthly increase was 10 cars The instan- 
taneous rate of increase was not uniform and could not be determined 
at any ume 

In each case above, the average rate of change was found by dividing 
the total change bv the time of the change Only when the change 
was uniform could the instantaneous rate of change be determined 
Let us consider the function s 16 When t changes from 1 to 3 
(changes 2 units), s changes from 16 to 144 (changes 128 units) For 
the interval < « 1 to t = 3, the average rate of change of j with respect 
to t is or 64 For this interval the instantaneous rate of change 
of s with respect to I vanes from 32 to 96, as you will be able to verify 
later The instantaneous rate of change of a function can be deter- 
mined by a branch of mathematics known as calculus 

Review of Functlons^*^ 

If two vanables are so related that when a value is assigned to the 
mdependent vanable a corresponding defiiuie value (or set of values) 
of the other w determined, the dependent vanable is a function of the 
mdependent vanable 

From this definition it follows that any change in the independent 
vanable usually causes a change in the dependent vanable 

In the equauon ^ = 3 a* - x + 6, * is the independent vanable and 
both and the expression 3 a* - x + 6 are functions of x The cqua- 
uon > = 3x* — x-f6 can be wntten/(x) » 3x* — x + 6 and^ “/(x) 
= 3 xa - X + 6 
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Example 1 f(x) = 3 x* — * + 6 Find /(3) 

Solution /(3) « 3{3)* - 3 + 6 = 30 

Examples /(x) = 3 x* — x + 6 Find/(x + l) 

Solution /(x + J) means that x +• 1 u to be substituted for x in 
the function 

Then /(x+ I) = 3(x+ I)*- (x + 1) + 6 
«3*a + 5x + S 

1 /(x) = 3 X + 4 F.i)d/(2). m. /(- 3) 

2 /(x) == X* + 4 X - 8 Find /(5) , /(- 2) , /(O) 

3 /(x) =2x« + 5x F.nd/W, f(~h) 

4 /«) » 8 /> - 3 / Find/(o). /(- i), /(r*) 

5 /(x)e3x--6 Fvnd/(Ax) 

Non Ax cnearu a small increase in x It Cs read "delta x ’ 
6/(x)*t0~4x Find /(Ax) 

7/(x)»x»-x Find /(r- 3) 

8 /(x) * 2 x» + X Find /(x + Ax) 

® /(*) « X* — 6 X Find /(x + Ax) 

10 /(x)«x*-2x Find 

(a) /{X + At), (b) /(Ax), (e) /(x + Ax) -/(x) 

1 1 /(x) a X* Find /(x + Ax) - /(x) 


Average Rates ef Change of functions <*> 

The average rate of change of a function for any given interval 
IS equal to the change of the function divided by the change of the in- 
dependent variable in the interval 

Example 1 Find the average 
rate of change of_y = x -f- 2 in the 
interval x = 2 to x = 5 
Solution Ifxs=2^»4 
ir,»5,^=7 

The change in x=Ax = 5 — 2=3 
and the change m js5A> = 

7 — 4 = 3 In the diagram, AB 
IS the change in x and BC is tin 
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change inji The average rate rf change of the function m the 

interval *=2tojt=5isJ orl You learped in Chapter 5 
that the rate of increase of a linear function u constant so the 
average rate of change of the function m any other interval u 1 
Since the rate of increase of the function u cotutant the instan 
taneous rate of change of the function is 1 
The slope of the line AC is 1 since the slope of the line is equal to 
the function increase divided by the x increase 


Example 2 Find the average rate of change of the function 
> = X* — X — 6 in the interval 
j: = 2 to X = 4 

Solution lfx»2 jp = — 4 
Ifx = 4 j=s6 
We see that the change my *= 

“6— (*-4) = 10 and the 
change mx=Axa»4 — 2»«2 
Then the average rate of 
change in the interval x b 2 to 
X « 4 IS ^ or 5 This means 
that for the given interval the 
function changes S times as 
much as X In the diagram AB 
IS the change m x and BC u 
the change in the function 
It can be seen from the graph that the average rate tjf change of 
the function is not the same for all intervals For cjcample, the 
average rate of change of the function in the mteival xez 1 to 



X ~ 2 u 2 because 


2-1 


1 From the graph = x + 2 on page 496 firtd 
a The value of^ when xs= — 4, xs»0, x = 3 
b The average rate of change of the function in the interval 
t*= — 2tox = 4 


2 From the graph of/ ** x* — x — 6 above find 
a The average rate of change of / m the intcrvil x » 2 to 
x«3 

b The average rate of change of/ in the interval x = — 2 
to X =» 0 \Vhat does the sign of this rate change indicate’ 
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3 f{x) = 2** — 6x + 3 Find the average rate of change 
of the function for the interval jr = 1 to at = 2 

4 ^ = 4 * — Jc* Find the average rate of change of the 
function and the slope of the secant for the interval x *= 3 to 
* = 11 (A secant »s a Ime that intersects a curve in two or 
more points ) 

5 f{x) = 3 X* — 2 Find the slope of the chord that joins 
the points of the graph whose abscissas are — 1 and — 2 

6 s = 16 I* Find the average rate of change of s in the 
interval t = 3 to I = 5 

7 j SB 8 — 2 X* Find ihc slope of the secant that inter 
sects the graph where x = 0 and x => 2 

a Draw the graph of the function i ** — 2 Draw the 
secant through the points of the curve whose abscissas are 4 
and 6 Draw the lines that show the values of the function 
when X » 4 and x e 6 What is the slope of the secant’ What 
is the average race of change of the function m the interval 
from X « 4 to X •* 6’ 

9 Draw the graph Make and complete a 

table like the following 







■ 

D 

P' 



■■ 


n 

la 

IB 





■■ 

la 

P 

n 


■HBIl 


m 

la 

n 

a 


IDH 



As the interval gets smaller and smaller, to what number 
docs the slope of ihc secant become nearer and nearer’ As 
the moving point of the curve approaches the fixed point as a 
limit, what value docs the slope of the secant approach as a 
limit’ Estimate the instantaneous rate of change of the func- 
tion when X = 1 

10 X* = 25 u the equation of a circle whose center is 
at the origin and whose radius is 5 Find the average rate of 
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change of the function in the interval * = 3tovs=31 What 
IS the slope of the chord for this interval^ 


D 


Formula for the Average Rate of Change of a Function 1*1 

The average rate of change of a function equals the increase in the 
function divided by the increase in the independent variable 

At the right is part of the graph ofj» =* f{x) Let Pi and P denote two 
points on the curve The interval is from * = OA/i to x = OAf As ;t in- 
creases from OAfi to OM,y increases 
from MR to AfP Then PiR is the 
X increase and RP n the y increase 
Let Aji represent the y increase and 
Ax represent the x increase Then for 
the interval Ax the average rate of 

Av 


change of the function i 


Ax 


The 


Ay 



slope of the secant PiP is also — 

Let (xi,>i) be the co-ordmates of Pi Then the abscissa of the point 
P»» OAfi + AfiAf “ xi -h Ax The value of^ at Pi *«/(xi) and the 
value oty at P » /(xj -h Ax) Then Ay = /(xi -h Ar) ~ /(xi) 


This formula gives the average rate of change of the function and the 
slope of the secant PiP for the interval Ar You should remember 
this formula and be able to develop it at any time because of its im- 
portance m difTcrcntial calculus 
Example 1. Find the average rate of change of the function 
^ = 3 X* — 5 X in the interval x = I to x =a j 1 
A, + 

Solution. 

xi »» 1, xi -|- Ax= 1 I, and Ax = 0 1 
/{x)«3x»-5x 

y(„ + Ax) «/(l 1) = 3(1 1)*- 5(1 1) = - I 87 
/(r.)=y0) = 30)»-5(l) = -2 
A/ = -l 87~(-2) = 013 
Ar /(xi-hAxV-ffx,) . 0t3 
Ax Ai 0 1 ‘ ^ 
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Use the formula to find dw average rate of change of each 
of the following functions in the interval given 

1 > = 2 X* + 3 in the interval x = 4 to x = 5 

2 > = 3 x’ — X m the interval x = 0 to x = 1 

3 _)i = x* — 7x-f- J in the interval x *= 3 to x :=3 1 What 
IS the slope of the secant passing through the points of the 
graph of this function> whose abscissas are 3 and 3 I ’ 

4 > = 10 — 3 x’ in the interval x«=2 tox=*22 What is 
the slope of the secant of the graph of> =10 — 3 x*, which 
passes through the points whose abscissas are 2 and 2 2^ 


Example 2 Find the average rate of change of the func« 
Hon ^ = 3 X* — 2 for the increrocnt Ax tuning at the point 

(xi.j-i) 

Solution Ax means a small increase in x 
/(,)-3x*-2 
/(*i + Ax) = 3(x, + Ax)»-2 
/(x,) = 3x,»-2 

Ar /(x, + Ar) -Vtx.) _ 3fx. + Ax)*- 2 - 3rx.l»- f- 2) 

Ax Ax “ At 

A.r^ /(x, + At)^f(xi) ^ 3xi»4-6xi Ax+ 3(Ax)«- 3xi» 

At Ax Ax 

The rate of change of the function when x has any value *1 “ 
equal to 6 times the value xi increased by 3 times a small value 
of X For xi = 3 and Ar=l, ^=6(3) + 3(l)«21 Abo, 

the slope of the secant through the points where xs* 5 and 
s = 4b21 


EBI 

1 


(SI 

1 /(«) = ,■ _ 12 F„rf & !■ + M - A *' ) 

Ax 

ru«t4* 

Ax 

3 _y = 2x*— x-'9 Find ^ Find the average rate of 
change of the function in the interv alx»>»'-2lox»0 
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4. j=I6(» Fmd^* 

At 

5. j as /* -- 4 / Find the average rate of change of s with 
respect to l in the interval < = 4tot=a41 

6 Find the slope of the secant ofji = 4 — jc + 1 through 

the points (0, 1) and (0 1, 0 94) L 

Tangent to a Curve!*) 

A secant of a curve is a line through two or more points of the 
curve In the accompanying figure PQ^ is a secant of the graph of 
y = /W Suppose that the point P is 
fixed and that the point is free to 
move along the curve Let it move 
along the curve toward the point P 
As It docs so, the secant changes direc- 
tion At one lime the secant takes the 
position FQj, at another time it takes 
the position FQ], and at another time 
It takes the position FQj As Q, con- 
tinues to move along the curve toward 
P, the secant takes a direction near that 
of PT, the tangent to the curve at P 
As Q. approaches F as a limit, the secant 
FQ, approaches the tangent PT as a limit 

A tangent to a curve is the limiting position of a secant when one 
of its points of intersection with the curve approaches the other as a 
limit How does this definition of a tangent differ from the definition 
used in plane geometry^ 

DerWativas!*) 

The average rate of change of the function j/ = f{x) for the interval 
Ax IS given by the formula 

Av __ /(*! + Av) ‘- f(xi) 

Ax Ax 

We arc especially interested in the instantaneous rate of change of 
the function /(x) For the instantaneous rate of change of the func- 
tion, both Ax and A^ are zero Then the quoUent ^ takes the in- 
detenrunate form which has no definite value 
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If the fraction 4^* has a IimiUng value when Ax approaches zero 
A* 

as Its limit, this limiting value of ^ rlcnotes the instantaneous rate of 
change of the function when * = *i 

The limiting value of ^ as Ar — >- 0 «s called the derivative of^ 
with respect to x lor x = xi The derivative of jr with respect to x is 
denoted by the symbols^' and/'(*) Since ti can beany value 
of X, we can define the derivative o( y with respect to x as follows 


dx 


ax-oAx a 


, Ax 


Let us now study the graph of^ ** /{x) Let PiP be a secant 
ing through the fixed point Pi(xi,^i) and a movable point P{x, 
the curve> s=/(x) ^represents the slope of FiP As P moves 

the curve toward Pi and approaches Pi 
as a limit, both At and A^ approach 
zero as a limit When P coincides with 
Pi, the secant becomes a tangent, both 
At and Aj become zero, and the slope of 
PiP becomes § which is indeterminate 
For the continuous curve f{x), 4^- 


y) of 



y . 






— 



r o 

*j Ax X 

Y' 


has a limiting value as At approaches aero as a limit The limiting 
A V 

value of — as At — w 0 represents the slope of the tangent at Pi 
From the above discussion jt follows that 


L. The derWoWe of the function fU) for the value *i gives the 
instantoneous role of chonge of the function vvhen x s: xi 
3 The derivative of the funchon fix) for the value x = xi gives the 
slope of the tangent to the curve jr— fU) at the poml (xt. ri) 
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Example Fmd the rate of change of the function ^ = x* 
— 4 X + 4 and the slope of the tangent to its graph at the point 

Solution 

> = x* — 4x + 4 

/(x + -ix) = (x + Ax)* - 4(x + Ax) + 4 
A^=/(x+Ax)-/(x) 

= [(x + Ax)* - 4(x+ Ax) + 41 - [x* - 4 , + 4) 

Aji =s X* 4- 2 X Ax + (Ax)* — 4x — 4Ax + 4 — x®-}-4x— 4 
A^ = 2xAx+(Ax)*-4 Ax 

^ = 2«+4,-4 
Ax 

We now find the limit of ^ as Ax approaches zero as a limit 
Ay 


ax 


The derivative 2 x — 4 tells us that 

1 For any value of x the msiantaneom rate of change of 
the function with respect to x ix 4 less than twice this value 
of X For example, when x = 5, the function changes 6 limes 
as fast as x 

2 The slope of the tangent at any point of the graph of the 
function IS 4 less than twice the value of x, the abscissa of the 
point 


The derivative of any other function expresses like facts 


To Find tho Dorivdlive of y = f(x) 

1. Find the value of the function when x has been given an increment 
That Is, find fix + Ax) 

2 Fmd the increment of the function That as. find f(x + Ax) — f{x] 

3 Find the average rate of change in the interval Thotii, fnd 

^ fhi+Ax)-fl»l 

Ax Ax 

4 Obloin the denvative by finding the limit of the quotient in step 3 

as Ax approaches zero as q limit 
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1*1 

Find ihc derivatives of the foHowing 
l_y=:3x — 6 5_y = **''* + l 

2 ^ = X* + 4 6 r = 10 r* 

3^ = 3x*-4x+l 7/«ix* + 4 

4 /(x)=2x» + 3x 8 2^«4x*-10x 

9 Find ihc slope of the tangent to the curve whose equa- 
tion 13 = 6 X* — 4 at the point (1, 2) 

10 Find the slope of the tangent to the parabola^ = 4 x* — 1 
at the point {2, IS) 


Differentiation '*< 

The process of finding the derivaove of a function is called differ- 
entiation We shall now prove, or accept as true without proof, some 
facts which will shorten and amplify the differeniiation of algebraic 
functions 


The OerIvatWe of 

Letji a f(x) «a x", n being a positive integer 
Since 

Ay ^ (x 4- ^1* - x" 

Ax Ax 

Expanding (x + Ax)* by the binomial theorem, we have 


Av. 


+ m-'A, + "t'' W 4. +(A,)-j- 


Then 

Av 




n(n - l)x" »fAx) 


= lim 




+(A^r-‘ 


Except for the first, all terms of the expression enclosed by brackets 
contain the factor Ax Then as Ax — »- 0, all terms of the expression, 
except the first, vanish 

^ = or 


dx 


dx 


Then 


RATES OP CHANGE 


In the preceding proof n is taken as a positive integer We shall 
accept the conclusion as true for all real values of n 
The formula can be expressed by the following rule 

The denvalive of a power of a variable 
With respect to the variable 
equals the power limes 

the varioble with an exponent I less than (he power 


Example 1 

Find^ 

dx 

Solution 

y = x^ 


*-5,4 


dt ^ 

Example 2 > e 

Find Dty 

Solution 



Examples /(*)=x Find /'(•») 

Solutsoa /{*) = X 

Find the derivatives of the following 

1 j, = x* 5 = 

2 ^ 6 = — 

4 y = x» 7 J = /» 

The Derivative of a Consfantl*l 
Lctj'*=c Thenj' = cv® 

Ay _ f(x -I- Ar) — f(x) 
Ax A* 

A.y c(x d- At)” — ex” 
Ar“ A* 
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Since AT® = 1 and + A»)® *= I, 

Ax dx ^ 

^ « hm 0 * 0 

ax 


Therefore, 



of Q eonriotd it xero 


The Derivative of a SumW 

\Vc shall accept as trae without proof the following rule 

E The derivalivc of on algebraic turn of o finite number of tenni it the 
olgebroic sum of Iheir denvotivet 


Example t 



Solution 



Example 2 

/W=.,.-,> + l Find/M 


Solution 






Find the derivatives with respect to x of the 

following 

1 > = x 

= 

9 ^ = x» 

2> = l-x 


10 jr = X® 

3 ^ = x + 3 

7^=-x+l 


4 ^ = 


12 ^ = x® 


The Derivative of a ProdwetW 

We shall accept as true the following 

The derivotive of o product of o Rntie number of foctors 
IS the sum of the products obtained 
by multiplying the derivative of each factor 
by the product of the remaining factors 
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Example 1 yt=4x^ Find 

Solution. Dxy *= 4 X (dcnvamc of X (dcnvativc of 4 

« 4 ( 3 * 2 ) + * 2 ( 0 ) 

*= I 2 *» 

Do you see that the derivative of “a constant times *' 
the constant times the derivative of x"’ 

Examples = (* — 3)(r— 4) Find^ 

Solution 1 y={x— 3)(* — 4) 

j, = **-_7*+t2 


dx 

Solutions ^1= (x— 3)(x— 4) 


f=(*-3) 




= (x-3)0)+(x-4)(l) 
= 2*-7 


Find (he derivatives 
1 ^» 3 x + 6 
2^-4 *2 - 7x 
• 3 .^ = 5 x»~ 7 x + 1 

4 . ^ai*(t — 4 ) 

5 . j- = 7*2-8 x 

Tha Darivativ* of a Fraction 1*1 

We shall accept the following as true without proof 


7 r«4t»-7x2 + 3 
« I S 

ss ax* — tr + e 

10 X = t* + 4 t 

11 yl S= ir7* 

12 H=p(l + 04) 


The derivohva of the fraction -•c 


I 

* »*n,i - 1 1),^ 


equals 


H 


Ip.v 


ALCEBRA, BOOK TWO 


Solution 2 


Example 2 
Solution 



Find the derivative of 
2*-t 
»»+2 

rfr fx»+ 2 )f 2 )-( 2 x-l» 2 x) 
dx~ U*+2)» 

di ~2 m^ + 2x+4 
dx~ (»’+2)^ 


Th> Oorlvatlve of a Funeflon of a Function 


If y It o function of u aiut v It o function of x, 
th« dofivotivo at y with retpect to x 
i> Iho product of )h« dorivQhve of y witS fsipect >0 v 
and th« doriuotivo of w '•nth c*tp«et to x 
* 


We shall not prove the above fact The theorem merely states that 
if>' changes m times as fast as u^ and u changes n times as fast as x, 
then y changes mn times as fast as x 


Find D,y 



Find the derivatives with respect to x 
i . = i , --^-3 


5 = 

6 ;( = 
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Find the derivatives of the following functions 


(1 

20 y = l^L:zl 

8 j = 5 *3 

2x + 4 

9 j = 7*'o 

21 = 

II 

1 — 5 * 

22 i.= (*-3)(3 + *) 

11 f{x) = 1 - 7 x’ 

23 ^ = 1 -1 

12 V = - 

X* 

24 > = SV* 

13, /(*)=*(* + 5) 

25 

14. 1 = 4 t’ - < 

26 > = tVi 

15 2^ = 6*s 

27 

16 

28^a(*»-.5)Cv + 2) 

29 >=.7(*-l)» 

30 fa 30/- 6 t* 

la j = V2 - 5 


31 /l = 2xV60-** 


The Slope of a Curvd*) 


The direction of a curve at any point on it is the direction of the 
tangent to the curve at that point The truth of this statement may 
be verified by observing sparks as they fly olT the surface of a high- 
speed emery wheel Since the derivative of a function gives the slope 
of the tangent to the graph of the function, it also gives the slope of 
the curve at the point of tangcncy 


Find the slopes of the following curves at the points indi- 
cated 

1 3 A* - * at (3, 24) = 10 - at (0, 10) 

2 ^ = t + 3at (2,~5) 5 7 = r- 5 x* at (*. 0 05) 

3,> = 4 - 5 X at (~ 1,9) 6 . j * 10 f ~ t’ at (1, 9) 

= — 6r-f3 Find the value of * for which the slope 

of the curve is 2, —3, 0 

8. Find the slope of the curves =* t at the point 

where* = 2, where * = -■§ 


EES 
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The Equation of the Tongent to a Curvel*' 


The point-ilope form (p 149) of an equation can be used to find 
the equation of the tangent to any continuous curve at any point on 
the curve To do this we find the slope m of the curve at this point 
and substitute the values ofxi, and m m the equation^— 


= m(*-jri) 

Example Form the equation 
of the tangent to the curve 
j> = where x = 2 


Solution j ^ jc* 

* 4'"*^ 2 


For 


1, and 1 


— xi) 

Then j- •- I » I (x — 2) 
Simplifying, x— iheequa* 



ucm of the tangent at Ut 1) 




tM 

Form the equations of the tangents to the following curves 
at the points indicated 

1 j,a.2x*-x + 3at(l,4) 7 ^»6-3x»at (1,3) 

2 >*.x»-4xat(0,0) 8.>--»Sx* + xat(-l,4) 

3 ^ s! 10 — X* at (— 2, 6) 9 ^ s= J X* + r at (0, 0) 

4.;> = 4-3x»at (1, 1) 10 « 3 x* - 2 x at (1. 1) 

5 > = ix*at(2,2) 11 x> = 4ai(2,2) 

6 ^ = (x - 3)(x + 1) at (3, 0) 12. ;9. = 36 at (6, 6) 

13 Find the equations of the tangents to the curve x® +3’* 
= 25 at the points where the curve intersects the^*axis 

14. Find the equation of the tangent to the curve/® — lOO 
— X® at the point (6, g) 

15. / = X® — 4 X Find the equations of the tangents to the 
curve at the points where the curve intersects the x-axis 


Maxlinum and Minimum Values of Funcslons^''^ 

In Chapter 9 you learned how to find the maximum and minimum 
values of quadratic functions You learned that a curve is concave 
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downward at a maximum value of the function and concave upward at 
a minimum value of the function 

In the figure, T i and T^ are turning 
points of the curve (Thin curve is 
not the graph of a quadratic func- 
tion ) At Ti the function has a maxi- 
mum value and at Tj it has a mini- 
mum value Since the slope of a 
tangent at a turning point is zero, the 
value of the derivative at a turning 
point IS zero 

The derivative at T\ changes from po>itive to negative, and at 
Ti It changes from negative to positive 

To Find Iho Maximum or Minimum Voiuo of a Function 

1. Find the derivative of the function. 

2. Set the derivative equal to zero 

3 The root (or reoti] of the reiuHmg equation tt the obtcitsa of a 

turning point of the curve if the denvotive chonget sign ot the 
point 

4 Plot other pomti to the left end right of the point (or points) to de- 

termine whether the curve it concave vpword of concove down- 
ward at the turning point 

5 If the curve it concove downward ot the turning point, the function 
hat o maximum value, if the curve it concave upward at the 
turning point, the function hot o minimum value 


r, , 

tangent 

z' 1 

X’ o 

\ - 



tangtnt 

T, 

Y’ 


Example 1 Find the tumingpointofj' = 3z* — 6 r + 4and 
determine whether the point it concave upward Drdov\n'ivard 
Solution — 6 x+4 


Let 6x--6 = 0 
Solving X = 1 

dx 

For X = 1 ,^ = 1 , for X — 0, — IS neg- 
dr 

ativc, and for X — 2, 2 ^ u poMiwc 
Then the curvx has a turninq point 
at (t, 1} II) plotting (he poina 
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(Ij If) and If) we find that the curve IS concave upward 
What other fact tells us that the curve u concave upward 
at (1 iy How did jou determine the kind of concavity m 
Chapter 9’ 

Example 2 Find the maximum value of> = x® — 1 2 x + 8 
Solution j> = x*-'12x + 8 

:: 

Ux*2jt=-B iI* = -2^«24 
By pLotUng pmnw on both »dw oL “ “ J]] _ ^5 _ ^ ^ ~ ^ ^ 

the points (2 — 8) and (— 2 24) : ~Lg _ 5 — 

we find that the function has a — I 1- 

maximum value at (— 2 24) and ~ j y 

a minimum value at (2 — 8) 

The maximum value of x*— 12 x+ S** 24 

t« 

Find the turning points of 
l^«x» 4;t«3-.x-x* 

5 /(x)«4x»-20x 
3 >»2x® + 3x’-4 6 /(x)«4x®-5x’ 

7 Show that the turning point of ^ « ax* + ix + « is at 
X w — “ Can >ou remember this fact* 

Find the minimum value of 
8>«x*-hx-5 n ^ = x»-8x 

9 > = 2x»-x+l 12 ^ = 40x* 

J07 = x*-16x + 3 13 _y«ix*-llx 

Find the maximum value of each of ihe following 

14 ^ 4 - X* 17 > = - 4 x» + 2 

15 ^=.6x-x» 18 ^ = 4~ tOx* 

16 7 = -x»-S 19 ^=x»- 12x + 4 

Find the maximum or minimum value of each of the fol 
lowing 

20^*2x*-x 
21 ^ = 6x-Jx* 
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23^«ix* + 5x 
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Find the turning point? of the graphs of the following, and 
state the maximum and minimum values 

= 26 > = r» -27^ + 18 

25.Jp = 2 *3- 15 t 27^=t3-i**-10v 


Problems Involving Moximo and Minima 1*1 

The denvative is a valuable tool tn solving problems m which a 
maximum or a minimum value is sought 

Example An open rectangular box 
sheet metal 8 inches wide and 12 inches 
long by cutting out squares at the 
comers and folding, as along the doited 
lines shown in the diagram Find the 
swe of the squares when the box has 
the largest volume 


Solution 

Let I’s the volume of the box 

and let 

X s a Side of each of the squares 

Then 

F»x(i2-2x)(8-2x) 
l'= 4 *3 — 40 1!*+ 96x 
/)^r=l2x*-80x + 96 

For V to be a maximum or ininimum, we set 
l2x*-80* + 96*0 

Solving 

104-2\/7 
^ 3 


= 5 097 or 1 569 


IS lo be made from 



The first answer u impossible The maximum capacity of the box 

IS obtained when the squares are t 569 inches on a side 

(*1 

1 Separate 32 into two parts such that their product is a 
maximum p x(32 — x) 

2 Separate 40 into two parts such that iheir product is 
the largest possible 

3 Separate 20 into two parts such that the sum of their 
squares is a minimum 

4 Separate 10 into two parts such that the sum of their 
cubes IS a minimum 

5 Show that the largest rectangle having a perimeter of 
40 inches has an area of 100 square inches 
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6 Show that the area of the largest rectangle having a 
perimeter of 16 inches is 16 square inches 

7 The legs of an isosceles triangle are 12 inches each 
Find the length of t he base w hen the triangle has the maxi 
mum area (A = xVl 44 — **) 

8 Two sides of a tnangic arc 8 inches each What is the 
length of the third side of the triangle when the triangle has 
the maximum area^ 

9 Some pupils in a sheet metal shop wished to cut cor* 
ners of a square piece of sheet metal 20 inches on a side, fold 
the edges, and make an open rectangular box of maximum 
capacity How large should each of the four squares be’ 
(P'«x(20-2^)(20-2x)l 



10 A man has 60 feet of wire fencing with which to enclose 
3 sides of a chicken yard, ihe fourth side being a side of a bam 
What is the size of the largest yard he can have’ 

11 The hypotenuse of a right triangle is 10 inches Find 
the legs of the triangle that has the maximum area 



12 A sheet metal worker wishes to shape a sheet of metal 
into a trough as shown The sheet metal is 12 inches wide 
and 18 feet long How much metal should he turn up at each 
side so that the trough may have the maximum capacity’ 
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13 Find the positive number which when it is added to its 
reciprocal will give the smallest sum 

14. When the radius of a circle is changing at the rate of 
4 inches a second, what is the rate of change in the area when 
the radius is 6 inches^ 



15 ABCD IS a rectangle inscribed in a semicircle with 
radius 10 inches Find the maximum area of the rectangle 

16 The volume of a cylindrical tin can is expressed 
by r=7rr*A and the surface of the can is expressed by 
A = 2 irr(r + /i) Find the dimensions of a quart tm can 
which has the least amount of metal 

SuooESTioN I gal KB 231 cu m Solve for ft, and 

substitute this value of ft in the formula d bi 2 xrft -h 2 irr* 

Find then find the minimum value of A 
dr 

17* A sheet metal worker wishes to make a cylindrical 
vessel open at one end that will contain one gallon Find the 
dimensions of the ves- 
sel if Its total surface 
is to be a minimum 
(1 gallon = 231 cu in ) 

A = irr* 4- 2 irrh 

18 Find the shortest 
path from 8(6, 6) to 
d(2, 0) as shown in the 
diagram 

Hint LctA=eC+C4 

Find h m terms of k 
Find the minimum value 
of ft 


' 
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Initontanaous Velocity 1*1 

d,vTd ri - rvT ■"""'dl of t.mc „ equal to the d.ttaoee 

vto " eoual t'oTh '"’r"’' “ '“■"■ancou. 

but the diua "’”'’"“8' ™>«ddy If the vete.ty not constant 
but the d, stance can be eapntssed as a funct.on of the t.me, the tn- 
stantaneous velocity can be found by ditTerenlialion 

The umamHieojisjlo^u. „ the 1,™, of |£ „ tl, approaches zero 
as This hunt „ the der.vat.ve of , with rapect to , 

The retie., □„eo., .efat.q, ^ 

thed,.,e.c.,t..e„ed Theq „lec,b. 

* 

dt 

, i""?'' te*" "''Jr' T" • "TfSllt I'oe accorfiog to 

°he ” « S; ^ “f ■' ““"‘I' 

me aistance the object goes in 4 seconds 
Solution ,^fi+6 


For/e4 

, 2 X 4 « 8 the velocny m feet per second at the end 

j <^**»cconds 

+ 6 22, the distance the object goes m 4 seconds 

falUcl” ™1X'Zrn“-i r ^ “T 

beroffcetitfalIsanH/,4 - 16 1 «*, x denoting the num- 

-dth e.4aCt;rsr„ls:^-^^ 

- being es4TJr "luaiion ,= ,3,-8,.. 

.hd end of 1 second aS “n"™","””* '•''“■I’ 

Ot disuincc f™„ die sar„^p„,„7“'' 

of 60 fee* 4’ond!^S2„™"^'^ 

by the formula x = 60 / starting point is given 

60 / - 16 u» distance of the 
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object above the starting point at the end of 2 seconds Find 
the velocity of the object at the end of 3 seamds When will 
the velocity of the object first be zero’ 

4 A ball starts rolling down an inclined plane with a ve- 
locity of 6 feet a second The distance it goes in I seconds is 
expressed by the formula r = 6 l + 5 Find the velocity of 
the ball at the end of 3 seconds 

5 An object moves according to the equauon s = 100 i 
— 8 Find the velocity of the object at the end of 3 J seconds 

6 A boy fired a rifle vertically upward If the initial ve- 
locity of the bullet was 2700 feet per second, how high did it 
nse’ (i = 2700 t - 16 <’) 

7 A certain motion is expressed by t *= 8 + 60 / — 4 f*, r de- 
noting the distance in feet and I denoting the time in seconds 
When will the velocity be 44 feet per second’ When will it 
be zero’ Find the maximum value of s 




You should be sure that you know 

1 How to find the average rate of change of functions 
(P 496) 

2 That ^ (p 499) 

Ax At 

3 That a tangent to a curve is the limiting position of a se- 
cant as one of its points of intersection with the curve ap- 
proaches the other as a limit (p 501) 

4 = (p 502) 

dx Aj — 0 Ax Ax—o ^ 

5 How to find denvatives of certain functions (p 504) 

6 That Dry IS the slope of the tangent to the c«rvc> «/(x) 
at any point (x,y) on the curve (p 509) 

7 How to find the equation of the tangent to a curve 
(p 510) 

8 How to find the maximum and minimum values of 
functions (p 511) 

9 How to find instantaneous velocities (p 516) 
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i 


5 ^ = 


n Fmd the denvatues of the following functions 

Li = 

2 > = 1 - lOjt* 

3 x = 40t-8/* 

■t /W=(2«-1)(, + 3) ^ 

7 Find ihc average ra.e of change of the function 
O ;r + j in the interval j=:_3to^_2 

•inn 1 .^"^ sjopc of the secant of the curve whose equa 

Ihn nn ^ ^ ^ mtersccts the curve at 

the points where j: = 0 and xsz — i 

mg 'pom';”"' 8"^“’ "f 2 — 1 ha, no turn 

mum “'O'-* fa™-, have mm, 

12 2a=-3a.2 

13 5,a-4v + 8 

Find the 

0 + ,-v. 16 6-6.-,. 

17, +10. -2.. 

la The 'alocty of a wave deep water „ given by the 
formula a + /L 

U // ^^""5 the wave length and /L a constant 
Find the wave length tha, ha, minimum velocity 

pom. wSm'."! -f 7 = a. - 2 - 6 a. the 

-20 Write the egnm.on a the hmgen. to the eurve> - 

+ 3 ^ - 2 at the point Where .r = 2 

- 3 ' IT = 1 .3 + T ,, 

tion j = 2 t* +" 47 + P”‘"' according to the equa 
seconds’ VVhat i« it 1 ** from the point in 4 

d. v^a, isittveloeiwataie end of4 ,eco„d,. 
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24 When a rifle is fired vertically upward, the initial ve- 
locity of the bullet IS 2400 feet per second The equation of the 
motion of the bullet is given by the equation r ■= 2400 / — 16 
How long will the bullet nse^ How high will the bullet rise’ 


Find the derivatives of the following functions 


2 y=. 3x1- X 

3 ^ = in-4:,» 

4 i = 


5./W = (*-4)(t-l) 


e 2 1 

6 ji = Jr* 



CTMtA) 


9. Find the average rale of change of the function 

— 3 X — 4 in the interval * “ 1 to r =• 2 

10 Find the slope of the curve whose equation is ^ = 

— 5 r -h 6 at the point (t =* \,y = 2) 

1 1 Find the value of t that makes> * jt* -■ 12 * a maximum 

12 Find the rate of change of the function > ■* 2 «* — 8 v 
when a: SB 3 


13 A body is thrown vertically upward with an initial 
velocity of 70 feet per second 

How high will It rise if # 70 < — 16 

14. Find the equation of the tangent to the graph of 
^Es3t® — 15*-h7 3t the point of ihe curve whose* value is 3 

15 If the radius of a circle increases at the rate of 3 feet a 
second, how fast is its area increasing when the radius is 4 feet’ 

[Tilt I] 

1 ^ = 3.j. = V,*-3 Fmd^ 

2 Find 4._,= ,<-2r'-6 Find* 

5 The perimeter of an isosceles triangle is 12 inches Show 
that the triangle has maximum area when its base is 4 inches 

6 A sheet-metal worker wishes to make an open gutter of 
maximum capacity The cross secuon of the gutter is to be 
an isosceli^ trapezoid whose base and sides are each 4 inches 
Show that the width across the top is 8 inches when the 
trough has maximum capacity 
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Mathematics and research 


Within your Iifelime a whole new field of fob opportunities has appeared 
— the field of research mothematics No work has ever offered greater 
choHenges end greoler opportunities than does the work of this new 
oreo, for the research mothemohcian « at the center of progress He is 
using his knowledge of mothematics to find and solve problems vital fo 
the welfare ©f the world 

He may be port of a research teom which is exploring (he secrets of 
the atom or the workings of man t mmd He moy be helping to develop o 
spoce ship or an outomatic defense syslem to protect Ihehvei of people 
in cose of air attack He may be helping industry to produce fabulous 
new products~ultrasonK plones, new drugs, new uses for atomic energy 

Most research malhematKions ore employed in industry, (hough some 
ore to be found m university reseorch laboratories or m government 
positions. UsuoUy the motheaiotician works os o member of o team pf 
scientists, engineers, and technologicol experts who pool their respeC' 
five obilities to find solutions for problems This pooling of information « 
neeessory because our knowledge of science hos increased so ropidly 
and to such extent Ihot no orte person con be expert in oil its phoscs 
The seme can be soid for technology Moreover, insteod of dealing 
With specific ports of total situotaorts, we tend lodoy to develop lystenis 
to meet total situations The development of 0 system demonds the 
thinking of specialists in mony oreos The research mathematician, 
therefore, instead of hidmg awoy to solve problems alone in a study, 's 
working with people He is oddmg bii knowledge to (he knowledge of 
experts m many fields 

Strange os it may seem, the mothemohcian may not be solving prob* 
lems at all His work mrry be to formulaie problems-^o sift important 
information from unimportont, to clarify issues, ond to gel information in 
usable form His work moy be to suggest appropriate madiematical op* 
proaches la problems Of course, some mathemoticions do solve problems. 

The young person who hopes to become rs reseorch mathemotieion 
should possess much creative obibty ond imagination without being im* 
proctical He should en|oy research He should be able to work with 
people He should possess superior ability and a personality that in* 
spires confidence in his opinions. 

He should secure brood and thorough trnmmg in mothematics, in- 
cluding statistics He should secure broad troining in science ond other 
fields in which he is likely to woric, and should learn oil he can oboul the 
app\'itcAvc«Ns ©f wathewoXiw 





Higher-Degree Equations 


In Ihs ehapler 
you m// Uom to tolve 
equalhns ofdegne higher 
than the second. 




HIGHER-DEGREE EQUATIONS 


Number of Roots of a Rational and Integral Equation’*' 

So far in our mathematics wc have learned how to solve first degree 
equations in one or more variables, second-degree equations in one 
variable, and certain systems of second degree equations in two vari- 
ables Most problems we encounter in the applications of mathematics 
can be solved by these equations However, m some applications of 
mathematics, as in chemistry and electncity, we do need to solve 
equations of degree higher than the second 

The solution of higher degree equations is, as we should expect, 
more difhcuU than the solution ol linear and quadratic equations 
Fortunately we can solve all highcr-degrcc equations by the same 
methods, and do not need to learn difTcrent methods for equations of 
different degrees 

The general equation of degree n is 

flox" -hui*"-' + +0,, = 0 

'vhere ao, ai, 02 , , a, are constants (real or imaginary), ao^ 0, and 

R IS a positive integer 

It IS possible to derive formulas for finding the roots of all third* 
and fourth-degree equations, but the formulas are complicated and it 
IS easier to find the roots by other methods Niels Henrik Abel (1802- 
1829), a Norwegian mathematician, has proved it impossible to de- 
rive a formula for the roots of a general algebraic equation of degree 
higher than four 

Th«or*m Every Integral rational equation fix) — 0 boi ot leoil one root 

The proof of this theorem invokes mathematics too advanced for 
this course, and we shall assume « without proof 

It IS far from obvious, m fact it is surprising, that every equation 
of the type 

flox" -pflix’*”’ -ha2*"~* + -hfl. = 0 

has a root, and, further, that it has Uic same number of roots as it has 
degree This latter statement we shall prove on page 529 

Before proceeding to the solulioa of equations, we shall study some 
topics that arc very helpful m saving time and making the solutions 
easier 
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R«ma>nd«r TfMonm I? ([it) i» dwid«d by x — f until o remainder ti obtained 
which doet not involve x thit remaiader er^uolt f(r] 

PROOF If we let Q(*) represent the quotient and R the remainder 
obtained when a polynomial f{x) is divided fay x — r, we have 

M (t - r) /M = (* - r) Qlx) + R 

Since this statement is true for any value of x, we may let x = r 
\Vc then obtain 

/(r) = {r-r) 0.(0 + R 

Then m = 0 Q,(r) + R 

m^R 

Example Find ihe remainder when 2 x* — 3 x* — x + 3 is 
divided by X 2 

Solution /(r) -/(2) « 2(2)> - 3(2)» -0 + 3 
*>6-12-2 + 3 = 5 
Therefore the remainder is 5 

Factor rAeerem If r it o root of llie equation ftx) * 0, then x — r it a factor 
of f(*) 

PROOF f[x) * (x — t)0x) +/(») by ihe remainder theorem Since 
r IS a root of /(x) * 0, then /(f) *0 Substituting 0 for /(f) mi the 
equation, we have /(x) = (x — f)(i(x) 

Cenvena of Factor Theorem It x — r is a foctor of f[x) then r is □ root of the 
equotion fix) = 0 

PROOF Since x — r is a factor of /(x), 

/Cx) = (x-r)Q(x) 

If we substitute x = r, we have 

/w-fr-oew-o 

Therefore r is a root <rf the equation /(x) = 0 
Synthetic Plvlsionl*) 

Synthetic division is an abbreviated way of dividing a polynomial 
by a binomial 

Let us divide 2 x* — 9 ** + 20 by x — 3 First we shall divide in 
the usual way, being careful to amic^e both the dividend and the 
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divisor m descending powers ol x Wc %vrite 0 m the proper pJace 

so that no power of r js missing - '' 

2*3-9** + of ^-'20 |*-3 Divisor 

2 ~ 6 ** jzx^— 3 * — 9 Quotient 

-3*3 + 0* 

- 3 *- + 9 * 

-9* + 20 
- 9 X + 27 

— 7 Remainder 

We can simplify the division by writing only the coefficients 
2-9 + 0 + 20 11-3 
2-6 |2 “3“-9 

-3+0 
-3 + 9 
-9 + 20 
-9 + 27 

- 7 

We can simplify (he division even more by omming (1) the first 
term of each subtrahend since these terms are only repetitions of the 
numbers above them, (2) the first term of the divisor since it only 
produces the numbers just omitted, (3) the second term of each differ* 
encc since these numbers appear m the original polynomial, and (4J 
the terms of the quotient since these arc repetitions of the first terms 
of the subtrahends VVe now have 
2-9+0 + 20 1-3 
-6 
-3 

+9 

-9 

+ 27 

- 7 

Now we sec that we can make the form more compact by writing 
It as follows 

2-9 + 0 + 20 1-3 
-6 + 9 + 27 
2-3-9- 7 
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By subsutulmg + 3 for — 3 m the dwisor wc are able to add instead 
of subtracting 

2 - 94 . 0 + 20 1+3 
+ 6-9-27 
*2-3-9- 7 

If we. now place the proper powers of jr 10 the right of the terms of 
ihe thfrd line, we have the quotient 2 ** — 3 x — 9 and a remainder 
of- 7 

To Oivid* by Synthetic OtvUtan 
^ Write the eoeffieienti of Ihe dividend 

in order of the detcending powers of x, 
supplying a rero for each missino power 

2 If X — r IS Ihe diviror, write r for the indicoled divisor 

If X + r It the d visor write — r for the indicated divisor 

3 Write the first coeffieieni of the dividend 

in Ihe first piece m the third line 

4 Multiply Ihe first coefficient by r 

and add the product to the second coefficient 

5 Multiply this sum by r and odd the product to the next coefficienli 

and so on, unt I the division is completed 

6 The last number in the third hn« is the remainder 

The other numbers in the third line ote the coefficients of the quotient 
in order of descending powers of x, fiom left to right 
The highest power of a sn the quotient 
IS of one less degree thon Shot in She dividend 

Example Divide ** — 8 x + 3byx + 3 
Solution i_ 0-8 + 3}— 3 

-3+9—3 
l~3+l+0 

The quotient w x* — 3x+ 1 and the remainder is *crD 

C»I 

Divide by synthetic division 

1 (x*-4x* + 4x-l)-(x-l) 

2 (2x3 + 3x*-4*-5)-t-(x+l) 

3 {xt - 3 X* + 3 X- - 3 X + 6) 1- (x - 2) 

^(2 x‘ + 6x^ + 7x» + 5x-6)-*-(t + 2) 

^(*1 _ 4 x» -x» - 12) (x - 4) 
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6 (t* - 3 :v + 5) - (t - 3) T 

7 (<*-8x3 + 24 v’ + 12x + 40)-(» + 4) 

8 (2y-13y + I6^’-3y-10-»-(»'-5) i 

9 Given /(x) = 2t3 — 4 x*+5t — 8 Use the remainder 
theorem and synthetic dmsion to find /(2) /(I) /(— 2) 

10 Given /(x)=4f*-7x3+2t-8 find /(2) /(I) 

/(- 1) /(O) L 

Graphical Solution of HlghfefDegree Equotlontt*' 

Approximations of the real roots of a rational integral equation can 
be found graphically 

Example Find the real roots of O — 3 »* + 3 * 0 graphi 
callv 

Solution Set =/( r) as — 3 + + 3 

By s>ntheiic division we obtain the values given in ihe table 



The graph of ihc equation n shown in the fgure above The 
points where the graph tniersecta the « avu are the values of 
X for which y(*) =» 0 Therefore these values of * are the roots 
of the equation xa — 09 13 and 2 5 approximate!) Tic 
Colored arrows in ihe table indicaic where/f*) chances from 
negative values to positive values or from positive vnlues to 
nevaiive values The curve intersects the * axis at leait Once 
lictwcen in) two values of x (os which chances s cn 

He xure th it ytiu remcmlier the rollowing principle whieh wc shall 
uxc tiler m this < hipter 
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Number of Roots of on Algebraic Equation 1*1 

Tl^orem An integral rotional equotton of degree n, 

flx)«= oox" + oix"~* + ojx"“*+ +o«=*0 ao 0, has exactly n roots 

PROOF By the theorem on page 523 the equation has at least one 
root Let this root be n 

By the factor theorem, x — r* is a factor of the left member of the 
equation Then the equation becomes 

(jc-ri);iW=0 

where /i(t) is a factor of degree (n — 1) 

But /i(x) = 0 has at least one root Let this root be n 
Then x — f 2 is a factor /i(x), and we have 
(x — rt)(x — f 2 )Mx) = 0 
where /a(x) is a factor of degree (n — 2) 

As we continue this process, our equation becomes 

C* - fi) (x - T 2 )(x - r,) (x - r,)/„(x) » 0 
where /,(x) is of degree fn -- n), or zero, so that/.(x) *» ag 
Therefore /(x) = <:o(x — ri)(x — r 2 )(x — rs) (t — r,) « 0, and 
the equation has n roots 

If /(x) sa 0 has another root different from any of these, let r be 
the root 

Then /(r) = ao(r — ri)(r — faXr — ra) (r ~ r,) 0, 

since no factor of /(r) is zero Therefore f is not a root of /(x) •= 0, 
and f{x) = 0 has exactly n roots 

Two or more of the n roots of /(x) = 0 may be equal If the same 
root occurs k times, it is called a muluplc root, of multiplicity k A 
root of multiplicity 2 is called a double root and a root of multiplicity 
3 IS called a triple root 

To Multiply the Roots of an Equation by o Constant'*' 

The solution of an equation/(x) = 0 is often made easier by trans- 
forming It into an equation whose roots bear a stated relation to those 
of the given equation We shall see how to multiply the roots of an 
equation by a constant 

Example 1 Transform 6 x»-h7x*- 9 x + 2=‘0 into an 

equation with integral coefficients, and having the coefficient 
of X* equal to I 
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Malion 6,> + 7:^-5, + 2_o (I) 

^ + i«’-J, + i = o 
If . 6x ,„ (2,, 

™ir "" ‘ ‘""" ” W = 0 a»d whose 

coelTicicnia are integral 

Since Jti = 6 jt, or *=~‘ we wbadiuic ^ for « m (2) 

Then + « 

216 + 6\36^ 2\6; + 3*® 

or ili + Zilf *«. 1 A 

216^ 216 -T+J^O 

•nf.!." 1.^’ +2*1*— 54 ,, .f.72 s- 0 the required equation 

“ "> Jh.. 0.10.1, o„ ,he ^ ,1, , 

multiplied by 6 ® 

eir™'„?“wr ■" ™"* ‘"lier.1 00 

clficicnts When we transform the equation 

into the form 

+M''*+ =0 

cent, Any ^ '°™ 

efficients IS an in ^-form with integral co- 

efficients IS an integer and an exact divisor off. 

Example 2 Transform x" - 3 ,s + 3 , _ , . „ 

^nation m x, whose mols have the same absolnte value but 
are opposite in sign 

absomc value but are oppm... those of x>-3,> 

we must multiply it» roots by negative 1 

*’-3*»+3*-9 = 0 (1) 

Substituting * s _ obtam 

Simplifvlng -..■-3x.'-3x.-9-0 (3) 

* *** + 3*1* + 3*, + 9 = 0 (4) 

From an inspection of equations (3) and (1) i„ Example 2 we see 
that we can obtain an equation whose roots are opposite tn stgn to 
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those of another equation by changing the signs of the coefficients of 
the odd degree terms Wc shall frequently need to do this in solving 
equations 


[MI 

Obtain equations whose roots are equal m absolute value 
but opposite in sign to the roots of the following equations 
-4x2-4^+ 12 = 0 3<a_^4.5 = 0 

2m:3-.3a:- 3»0 4»*-4jr* + 7*-3 = 0 

5 a:< + 2*5-13x*-14* + 24 = 0 

Transform the following equations so as to multiply the 
roots by the smallest integer which will transform the cqua 
tions into a p form with integral cocfRaents 

6 + f ^0 Letx*=^ Why? 

7 + | = 0 9 10t^-13x» + l =0 

8 2x»-3x2+2x-3»0 tO 7x3 + 4x’- 17x + 6 = 0 


iXEROSES 


y 


Oeprftsivd Cqu«tf9n»''** 

If r 18 a root of an equation /(x) =» 0, then (x — f)Q.(x) = 0 The 
equation (^(x) = 0 is the depressed equation of f{x) The roots of 
Q.(x) = 0 are the remaining ro^ of /(x) = 0 


Example Find the remaining roots of the equation 
x* — 3 X* + 4 X — 12 0 if one root is 3 

Solution Dividing *? — 3x*4- 4*— 12 by x — 3, using lyn 
thetic divuion, wc have 

1-3+4-1213 
4-3 + 0+12 
14-0 + 4 + 0 

The depressed equation is x? + 4 = 0 Solving x* + 4 = 0, we 
have X =a ± 2 1 The three roots of the original equation are 
3. + 2I, and-2i 


Descartes's Rule of Slgnsl^l 

If the equation /(*) = 0 is arranged tn standard form, there is said 
to be a variation of sign whenever two successive terms have opposite 
signs Thus the equation 2x* — 5x* + x* — x~-6 = 0 has three vari- 
ations of signs From + 2 x* to — 5 x* is one, from — 5 x* to + x* is 
another, and from + x* to — x is the third vanation of sign 
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The following theorem, known as Descartes’s rule of signs, was 
formulated by the French mathematician Reni Descartes 

The piwmber of reel poj’trve root* of the equotton = 0 do«« not exceed 
the number of voriotioni of lign in ffxj = 0 
The number of reel negative roots of fhe equation f(x| *= 0 doe« not exceed 
•Ke number of voriotioni of sign in f(— » 0 

Example 1 Apply Descartes’s rule to ** + ** + * + 2 » 0 
Solution 1 Since there arc no vanaiion* of tign there 

are no positive real roots 

2 /(— r) = x* + x*~ it+2 Since there are 2 variations of sign 

in /{— *), the number of negative real roots does not ex- 
ec^ 2 

3 Since an situation of the fourth degree has 4 roou, and from 

steps 1 and 2 the number of real roou does not exceed 2, 
(here are at least 2 imaginary roots 

Algebraic Seluffon of Klghor^Gagroo Eqiteilerta 

Already tn this chapter we have studied the solution of higher* 
degree equations by graphing Now we shall study procedures for 
finding solutions algebraically We shall confine our attention to two 
cases (1) when either all the roots, or all the roots but two, are ra- 
tional, and (2) when not more than two roou arc imaginary Finding 
all (he roots of a rational integral equation when more than two roots 
are imaginary is beyond the scope of this book 

Alg«bra(c Solution of KIghor-Dogroo Eqvotlens When All tho Roots, 
or All the Roots but Two, «ro Rotlonol W 

Example I Solve ** — 4*» + x* + 8* — 6 = 0 

Solution. 1 Applying Descartes’s rule of signs. y(x) has 3 varia- 
tions of sign, and so the number of positive real roots of 
/(x) = 0 does not exceed 3 y(— x)s=**+4x*-l-x:* — 8x— 6 
has 1 vanation cd ngn, and so the number of negative roots 
does not exceed 1 

2 If the equation has rattonal roou, we know that the possible 
roots of the equation are integral factors of — 6 The factors 
of -- 6 arc ±1»±2,±3, and ±6 
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3 If we test the possibility of -{* 1 as a toot by synthetic division 

we have 

_+l— 3-2+6 
l-3-2+6^0 

Since the remainder is zerffTa a root and the depressed equa 
tion isx^ — 3j«r* — 2;r+6'=0 The rcmaming roots are the 
roots of this depressed equation 

4 Ifwe test thepossibility af+2asarootofs^— 3x^ — 2ir+6 = 0 

by synthetic division we have ) 


Since the remainder 


1 - 3-2 + 612 
+ 2 - 2-8 



of the equation 


5 ff we test the possibility of + 3 as a root of the equation we have 

1 - 3 - 2+613 
+3+0-6 
1 +0-^0 

Since the remainder u CTTis a root of the equation and the tec 
ond depressed equation »* — 2 « 0 

6 Solving the equation x* — 2 « 0 wc obtain * = ± vT 

7 Therefore the roots of the equation x* — 4** + **+8x— 6®»0 

arc 1 3 V2 and — y/z 


Example 2 Solve 2x4-9x» + l4x-5=»0 
Solution 1 y(x) has 3 variations of sign and so the number of 
positive real roots docs not exceed 3 x) has no vana 
lions in sign and so there are no negatue real roots 
2 To transform the equation 2x* — 9x*+t4x— 5as0 laj jjj 
equation m which the coefficient of x* is I and m wbcb 
there are no fractions we must multiply the roots by 2 . 

2x»-9x» + 14x-5«=0 

D, xa-Jx> + 7x-i = 0 

To multiply the rooU by 2 we kt x = ^ 



and *1* — 9 xi* + 28 xi — 20 «* 0 
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3 The possible rUioaat rocrti of the original equation are either 
the factors of the conJIant term or the constant tcnn divided 
by 2 These are ± 1, ± 5, ± J and ± | 

Since the roots of xi* — 9 *i*+ 28 »i — 20 » 0 are twice the 
toou of the original equaiioa, and from step J there are no 
negative roots, possible roots the equation in *i are 1, 2, 5, 


and 10 

Trying 1 we have 


I 


1-9 + 28-20 j_t 
+ 1 - 8 + 20 


-8 + 20 + 0 

The remainder is aero, so that 1 ts a rtjot rf sj* — 9 ai* + 2ft xt 
— 20 *= 0 and the depressed equation « xi* — 8 xj + 20 = 0 
Solving xj* — 8 X| + 20 = 0 by the quadratic formula, we have 


xi«4+2i 

4 TherOQisotxi»-9x,>+28x,-20»0arel and4±2» 
Therefore the roots of2x* — 9x*+14x— 5»0, which are one 
half the rootsofxi* — 9xi*+28xj — 20 b» 0, are land 2 ±1 


From the above examples we can formulate the following rules to 
solve equations when alt the roots, or all the roots but two, are rational 


1 0et«rmin« iKx pottibility of pot<liv« «nd nspotiv* («ol roots 

by D«s«ori«t s rvl* of % gns. 

2 If the equation is net >n the p lonn, 

tronlform it into the p form with (oteprol coefficients. 

3 Determine poss ble absolute volves of the roots 

4 Depress this equation by finding all but two of the roots. 

5 Solve the resisting qvodrohc equotton for the two remoming roots. 

6 If the original eqvotion wos not in the p form, 

divide the roots by the proper constant 
to obtain the roots of the original equation 


In some cases the left member of /(x) = 0 may be factored directly, 
as IS illustrated in the examples that follow 

Example 3 Solve x* + l»=0 

Solution In this equation tt is easier first to factor the left 
member 


534 


e*+l«0 

(*+l)C**-x+l)«0 



Then 
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*+l 

* = “ 1 and 


= 0 and ;f’ — *+ 1 = 0 



Example 4 Solve *5-* = 0 


^lution. Factoring, *(»a + l)(*a — l )*0 
Then*=:0.*s+1 = 0 andji^-l^o 

Solving the quadratics, x = ± i and x =» ± 1 
The roots are 0, ± i, and ± 1 


Solve 


[At 


1. x«-l=o = 0 5 6x* + «»-2x = 0 

2. x9--1=o 4 x«-64«0 6x9--16x«0 


7.x3_8,* + 8x + 8 = 0 

8 *A-4x» + x» + 6x = 0 

9 x8»3x-2 = 0 
10 x*-3x+2 = 0 

11. 6x»-llx*-3x + 2=«0 

12 6 X* - 29 *9 + 21 t - 5 e 0 

13 (ix*4-x’-19x* + 6x = 0 

14 xA-4x* + 3x + 6»'0 
15.** + 5x* + 2x+10 = 0 
16 x«+x9-10x*-12x = 0 

17. x« - 5 x3 - 1 1 x» - 19 X - 14 = 0 



Upper and Lower Limits for Roots lA] 

Because it narrows our search, it is sometimes helpful in finding the 
roots of an equation, to know that they lie within a certain interval 
lf/(x) hat no real root greater than the integer a, then a is an upper 
limit for the real roots Likewise, if i is leas than any real root, 6 is a 
lower limU of the real roots 

To find an upper limit a for the positive roots of /(») = 0 we use 
the following theorem 

V/hen we divide fix) by * — o by synthetic divfsaon, o being positive or zero. 
If oil the numbers In the third fine of (he synthetic division ore zero or post, 
live, then a is an upper fumt of the positive roofs of fix) = 0 
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To find the lower limit i for the negative roots oif(x) » 0 it is only 
necessary to find an upper limit for the positive roots of /(— x) « 0 


Example Find an upper and a tower limit of the real roots 
of *3 - 3 - 4 X + 10 « 0 

Solution To find an upper limit of the positive roots we pick 
a number at random If we try 3 as a pouibility, we have 
l-3-4-H0[3 
+ 3 + 0- 12 
1+0-4- 2 

Since not all the numben in the third line are postuve or aero, 3 
IS not an upper limit of the real roots If we try 4, we have 


I - 3 - 4 + to 14 
+4+4+ 0 
1 + 1 + O+IOx 

Since the numben m the third Inw are all positive or *ero, 4 ii 
an upper limit of the roots of x*— 3x^ — 4 x+10b0 


To find a lower limit of the negative roots of the equation we 
find/<— a> by changing the sigra of ihe coefficienis of the odd* 
degree terms Doing this, weget — **— 3x*+4x+t0“0 
Dividing both members of the equation by — 1, weget s* + 3 x* 
— 4x — 10«0 Theii/(— x)**** + 3x* — 4 X — 10 Again we 
pick a number at random If we try I as an upper limit for the 
positive roots irfx* + 3x3 — 4x — io = 0, we have 


1+3-4-loLl 

+1+4- 0 
1 + 4+0-30* 

Since 1 does not make all the numben m ihe ihirdli 
or zero wc try 2 

t + 3- 4-10[2 
+ 2+10+12 
1 + 5+ 6+ Z 


Then 2 is an upper Umit of the positive roots of/{— « 0 and 

hence — 2 u a lower limit of the negative roots of /(x) = 0 


In finding the real rtxsts of /(x) s 0 it is customary to find the 
positive roots of /(x) = 0 and the positive roots of/(— x) *= 0 
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r . 

rind upper and lower Iirmts for the real roots of the fol- 
lowing equations 

1 + 

5 x« - 3 - t* 4- 6 a 0 

2.3i<-5,> + ,_8 = 0 

6 *»-3x» + 5r + 10 = 0 


7 ta-3x*-~6x-12=0 

<-»‘-3a:>~16=0 

8 x<-4t»-x+8«0 

To Dlmlnhh the Rooli el or 

1 EquotlonW 


R£I?CISES 


u 


When It IS necessary to find the irrational roots of a highcr^egrec 
equation, we find that the computation is simpler if we can dimmish 
the roots of the equation by an integral or decimal value 
Let us consider the equation 
* — 5 «s! 0 whose graph is 

shown at the right The roots of 
the equation are + 5 and - I 
If we decrease the roots by 2, 
they become + 3 and — 3, respec- 
tively Study of the graph shows 
that this ts equivalent to shifting 
thc/Cx) axis 2 units to the right 
Let us now sec what effect the 
change has on the equation No- 
tice that whereas point A on the 
curve is x units to the right of the 
original /(x) axis, it is x — 2 units 
to the right of the new /(A) axis 
If we let X = A 2 in the equation 
** — 4 X — 5 = 0, we obtain (A + 2)* 

- 4(A + 2) - 5 =» 0 or A» - 9 * 0 
The roots of A* 9 =* 0 arc + 3 
and — 3 as we expected 
We can also obtain the equation A* — 9 = 0 by a senes of divisions 
Since A X — 2, we shall divide x* — > 4 x — 5 by x — 2, obtaining a 
quoUent plus a remainder We shall then divide the quouent (we do 
not include the remainder) by x — 2 getting a new quotient and a 
new remainder This last quotient will show the number of times 
(x — 2)(x — 2) or (x — 2)* appears in x* — 4x — 5 = 0, and its rc- 
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'.f ‘ I'T ■»»»/ >.™ {» - 2)' app^a„ The f!„, 
fV!! 2U - r." a"' “■ *' - 2)” appears Since 

A . 11 *-2 = A, we can then write the equation in A 

Actually performing the work by synthetic division we have 

1-4-5 [2 
f 2 -4 


1 -2 - 
+ 2 
1+0 


Sn^Zi'T"' " ■" "a •'-a aoeffieienu ot Uie 

T™ 1 ’“r T *■ - 0 * - ’ > 0 as eaptoned above’ 
a I’' “ed .0 transfora, 

#:=!E;=S:r-- 

E7!S=5k-S-3 

each qno.“n. by , 
quoben ., ^ fa'nd 

end or .he ,em„ of die ,rando„.S ^i.tn ’ " 

ooA " + 7 ?, *••-•+ 


+ a ._, a +;?, = o 


.ha*ToL''or‘2 5':iT";f-T“"“ 


Soluuon Divide2** — , J 
X — 2 until ^ ^ each resulting quotient by 
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The successive remainders arc the coefficients of the required 
equation, as shown by ao, R\, etc Hence the requued equa- 
tion IS 2^ -f 4ji — I s= 0 


Example 2 Diminish the roots of jr* + 9 + 18 sr — 20 

= 0by07. 

Solution, l-h 9 +18 —20 L? 

+ 7 + 679 + I73S3 

1+ 97 

_+ 7 

1 + 104 
_+ 7 

1+11 1 7?i=i 11 1 

«o= 1 

The required equation u/*+ H iy + 5207j' — 2 647 » 0 

[•J 

Fmd equations whose roots are the roots of the given equa- 


tions diminished by h 

23sr*-5x* + *- 8*»0 A*1 

3x*-3t3-16«0 A*2 

<-r<-3x3-x» + 6s=0 

5 xt + 8xS + 18x’-;e-22=0 A = 09 

6 ^*-x*-x+l =0 A=s05 


+ 24 79 
+ 728 


2 647 647 


KEROSES 


Aleebrele Solution of HIgher-Deoroe Equotlon* When Not fAote than 
Two Roots Are Imoglnary* W 


A method of approximating the values of the roots of ajitgh«- 
degwe equation was developed by Homer (1786'1837), an English- 
man The method will be jlJustrated by an example 


trample 1 Solve + x’ — 3 — 0, finding the real roots to 
hvo decimal places 

Soluhon By Descartes's rule of signs there may be 1 posiwe 
root We then find by trial the upper limit of this possible roo 

There u a method known as Graeffe** inrthod fo. finding all WO 
(real and nnagmary) of a rational integral eqiMUOO 
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and divide b) intt^ral values until we obtain a change of sign 
in the remainders 

1 + 1 + 0- 3[2 
+ 2 + 6+12 

1 + 3 + 6+ 9 Then 2 is an upper limit. 

I + 1+0-3L1 
+ 1 + 2+2 
1 + 2 + 2-1 


Since the remainders change sign between r = 2 and a » J, there 
u a root between 1 and 2 LVe therefore transform the equa 
tion into an equation whose roots are 1 less than those of the 
given equation 


1 + 1+0 

-3| 

+1+2+2 

1 + 2 + 2] 
+ I + 3 I 

- 1 


1+3| + S 


ji* + + 5/— I^Outhe required equation 


LVe find an approximation to the root cf tha equation by setting 

5jr— lfi»0 Then/<e02 Dividing by (y— 2) by synthetic 
divtsion, we have 

t + < +5 -1 1_2 

+ 2+ 8<+M68 

1 + 42+584+ 168 


Since all the numben in the thutl line are positive, 2 is an upper 
limit of the positive root Dividing by 1, we have 
1+* +5 -1 

+ 1 + 41 + 541 
1 + 41 + 541— 459 


Since the remaioders change sign between .1 and 2, there is a 
root of this equatMn between 1 and 2 
Transfonning j^+4j»+5y— 1= 0 into an equation /(c) = 
whose foots are I lesi, we t^tain 
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1 + 4 +5 -1 LI 

4- 1 + 41 + 541 


1+41+541 
+ 1+42 

p^~459 

1 +42 +583 
+ 1 



1 + 43 

4* + 43«>+583«- 459 = 0 

Solvjng 5 83 4 — 459 = 0 for an approximate value of z, we 
obtain 4 =s 07 

'Then dividing/CO by 07, wc have 

1 + 43 +583 - 459 \ 07 

■ + 07+ 3059+ 429513 
I + 4 37 + 6 1359 - 029487 

Dividing by 08, vvchave 

1 + 43 + 5 83 - 459 | 08 

+ 08+ .3504+ 494432 
1 + 4 38+6 1804+ 035432 

Since there u a change of jign in the rtmaindcrj between 07 and 
08, a root ofy{4) = 0 lies berween 07 and 08 

Therefore the poiuive root of** + ** — 3 = 0to2 decimal places 
« I + 1 + 07, or I 17 

Removing the root 1 17 from Jt*+**— 3 = 0, 

1 + 1 +0 -3 ilH 

* +1 17 + 2 5389 + 2970513 

1+2 17 + 2 5389 — 0 029487 


This gives X® + 2 17 * + 2 5389 *= 0 as the depressed equation 
ITie remainder would have been xero if 1 17 had been an 
exact value 

Solving *®+ 2 17 x+ 2 5389 =»Obv the quadratic formula, 

_ — 2 17 + V4 7089 — 10 1556 
* 2 

X =* — - ^ ^ z= — I 09 ± 1 17 I, approximately 

for the other two roots of*s^^^3=s0 


■ To obtain the imaginary roots accurate to 2 decimal places it would 
have been necessary to find the real root to 3 decimal places 
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A root Ixtwcrn I and 2 


ExampLe 2 Sol\e ** + ** -- 12 ** + 3 a + 12 »= 0, finding 
he root! to 2 ttecimal places 

Solution Tlwir ai« 2 varutiaot of tiRti in /(»), » that the num- 
l?er of positive rooU docs not exceed 2 /(— a) =» — 12 x* 

3 a + 12 has2 varuiiont in sign, so that the number of nega- 
tive roots dors not exceed 2 

laicaiinB the positive roou of /(a) « 0 by tyniheiic division, 

1 + 1 — 12+3+12^3 The upper limit 
+ 3+12+0+ •> 

3+*+ ft + l + l\ Atom Ijcrween 1 aiviS 3 
1 + 3-12+ 3+1212 
+ 2+ &- 12- IB 
1 + 3- 6- 9- 6 
1 + 1-12+ 3+Ult 
+ 1+ 2-10- 7 
1+2-tO- 7+ S 
l + l-l2 + 3+l2|0 
+ 0 + 0 + 0 + 0 
1 + 1-12 + 3+12 
Locaiing the positive roots of /(— a) 

+ 12. we have 

1 — 1 — 12— 3+ 12[5 An upper limit 
+ 5 + 20+«0+185 
l+<+ B+37+197 
1 - I- 12-3+1214 
,+ 4+12 + 0-12 
1 + 3+ 0-3+ 0 
1-1-12- 5+12(3 
_+3+ 6-18-63 
1+2- 6-21-Sl 
1-1 — 12- 3+12(2 
_+2+ 2-20 — 46 
l+l — to — 23— 34 
1-1-12- 3+12(1 
_+l+ 0-12-15 
1 + 0-12-15- 3 
1-1-12 — 3+12(0 
_+ 0 + 0 + 0 + 0 
1-1—12-3 + 12 


-aa-l2a*-34 


A rational root, since the 
remainder is tero 


It between 1 and 0 
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Since 4 IS a rational root ofy(— a) = 0, — 4 u a root of /(r) =r o 
Removing the root — 4 from^jc) = 0, v/e have 
1 + 1-124-34-121-4 
-4+12 + 0-12 
1-3+ 0 + 3+ 0 

and 3x* + 3c=Ois the depressed equation Then we can 
solve — 3^ + 3 = 0 for the remaining roots of the given 
equation 

Suppose we find the positive root of**— 3 ** + 3 = 0 between 1 
and 2 First we find an equation /(ji) ** 0 whose roots are 1 less 
than the roots of** — 3jt* + 3*=0 


l-3+0 + 3il 
+ 1 - 2-2 


1-2-21 
+ 1 -l| 


1-1 -3 
±1 



Then — 3_)(+ias0 is the required equation If we set 


-3/+l*«0. 

. we 

obtain 3 as an approximaiion 

1 + 0 -: 

! 

4-1 Li 

+ 3 + 

09 

- 873 

1+ 3-: 

191 

+ 0^27 A root between 3 and 

1 + 0 

1 

4-1 Li 

-+ 

16 

-1 136 

1+ 4-: 

184 

- ,136 

An equation /(?) 

= i 

I whose roots arc 3 less than/^y) =* ( 

1 + 0 

3 

+ 1 u 

+ 3 + 

09 

- 873 

1+ 3-: 

>911 

[+0127 

+ 3 + 

. -7 — ; 

18' 

1 


1 + 

+ 3 


1+ 9 

«*+ 9e*-273<+ 127 = 0 

Solving -2 73 ^+ 127 =*0. vre obtain «= 04 as an approxi. 
tnation 
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1+ 9 -275 +127 IjM 
+ 04+ 0576— 1076% 

1 + 94-2 4924 + 019304 
1 + 9 - 2 75 + 127 1 OS 

+ 0S+ 047S- 154t2S 
1 + 95-2 6825- 007125 

The ttjoJ of J{t) “ 0 t>t» heiween 04 and 05 Therefore a n»t of 
^_1^+1«0«1+ 5+ 04«t 54 
Proceeding to find the root of jt* — 5 r* + 5 * 0 betneen 2 and 3, 
\tc hare 

t-3+0 + 3l2 
+2-2-4 


J-1-2 

+ 2+21 


t whose rooU are 2 les than 


>t hea Ijetween 5 and 6 


l + l +0 

jLil 

J + 5 

Theny + 3^— I aOuiheequatK 
r4-3;r* + 5»0 

t+3 +0 -I L6 

+ 6 + 216+1 296 A r 
1 + 36 + 2.16 + 296 
1+3 +0 -1 U 

+ S + 175+ 875 
r+55 + n5l- 125 
+ 5 + 2 I 
r+4 1+3 75 

-+J1 

1 + 45 

Then 4’ + 454?+37S 4— 125 «;0 u the etjnauon whose roots 
are a less than lime of /(^) s 0 
1 + 4 5 +375 - 125 { 03 

_+ 03+ 1359+ 116577 

1 + 4 53 + 3B859 — 008423 
1 + 4 5 +375 — 125 ( 04 

_+ 04+ 1816+ 157264 
1 + 4 54 + 39316 + 032264 
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n Solve 


5 - X - 1 s. 0 

6 Ar» + 5*3_3_o 

7 *'» + 6j:* + 8;r-8 = 0 

8 j:*-2*»~3;r + 3*=0 

9 *‘“3x*-4x+I3 = 0 


10 x^ + 2x^-6^0 

11 x* + x^-6x^~4x+l=0 
12. *« + 4*J-8*» + 2 = 0 
13 2 ^*- 6 ^* + 6 ^’- 3«0 
U i«-3«*+^ + 3«0 


Solve the following 
13 ^>+y = 5 
^ + 2j>«4 


16 AT* +>' = 10 


scu of (Quadratic equations 

17 a* -> = 2 
t*-x^2 

18 x*+y^x=«iO 
•«*>*4r+^*8 



To check > our understanding of Chapter 20 

1 Make sure (hat you understand clearly that 

a Every integral rational equauon /(a) » 0 has at least one 
root (p 523) 

b An integral rational equation of degree n has exactly 
n roots (p 529) 

2 Alake sure that you understand and can use the various 
helps for solving equations These include 

a The remainder theorem (p 524) 

b The factor theorem (p 524) 

c Synthetic division (p 524) 

d The forming €>f an equation whose roots are a certain 
number of umes those of a given equation (p 529) 

e Descartes’s rule of signs (p 531) 

f Procedure for finding the upper and lower limits of roots 
(p 535) 

g If you expect to contmue the study of mathematics, you 
will also want to be sure you can use (he procedure for 
diminishing theroouofan equation (p 537) 

3 Check your ability to solve higher-degree equations by 
graphing (p 527) 
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4 Chect your ability to solve highcr-degrce equations alge- 
braically when all the roots, or all ihe roots but two, are ra- 
tional (p 532) If you expect to continue the study of mathe- 
matics, you will also want to be sure you can use Horner’s 
method to solve higher-degree equations when not more than 
two roots are imaginary (p 539) 

[TmIA) 

1. Divide x* — x’ — 8 X* -h 9 X — 9 by X — 3, using synthetic 
division 

2. How many possible positive roots and how many possible 
negative roots does the equation x* — 2 x® -|- 5 x* — 7 « 0 
have, according to Descartes’s rule of signs^ 

3. Transform 2x* — x* + 4x-l-2 = 0 into an equauon 
whose roots are 3 times as great 

4. Find the depressed equation of x* + x* — 7 x» — x 6 
•* 0 if the root 2 is removed 

5. Solve x<-l-x* — 5x*— 3x-f6=s0 

1 Find the positive root of x’ -H x’ — 4 = 0 to 2 decimal 
places 

2. Find the negative root of x^ — x-l-5=0 to 2 decimal 
places 


W 
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Mathematical Induction 

This .s a veiY important method of proof used to pmve theorenu 
m madiemanm In learning the method we 

to Simple senes dealing With posluve integers P 

ical induction consists of two parts 

1 Proof that the theorem or principle m question is true for a par 

't^rT^S d d u ™ for a parucidar case (n - D, d w -e for 

" “lie'^uLthod of proof will be illusua.ed by .he following theorem 

Example 1 Prove that 1+2 + 3+ + 11-2 

where n is any posiuve integer 

nght member equab J(1 + , which equals 3, and 

U „ = 2. the left member to 1 + 2, whi q 

the nght member cquab j(2+ D, or 3 
PM II Suppose that the theorem u vaUd tor n = E where * u 

any positive integer 

1 + 2+3+ +3 = ^*+') <■> 

We proceed to pmve that die diemem u vaim for o = f + 1 d it 
u valid for n — i 

“‘“T+t;rr+r;3+.=it‘+-.+<‘+’> ® 

u.a.!d>fo, a = f + 1, provoled 

that It IS valid fw j 

u we noipldy die nght member of (2). we hare -f- (f + 2) or 

jH+,)(4+2) Factorms die nght member of (3), we have 
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|«+l) + (4+I) = (i+l)(|+l) 

= ia+iK*+2) 

The right members are identical 

In Part I we \en/kd the thcorecn for n = 1 and « = 2 If * *= 2, 
then 4 + I =» 3, and the theorem u valid for n = 3 If i*= 3, 
then A+l = 4, and the theorem is valid for «!=4 In thii 
manner we we that the ihcorcm is always valid for the next 
consecutive integer, and therefore valid for all positive integers 

Parts I and II of the proof arc both necessar) Part 1 alone is 
not sulhcicnt For example, if ue wish to prove that n*— '>+ II 
for any positive integral value of a is a prime number, wc can 
verify the theorem for a**' I. 2, 3, etc , up to 10, as shown in 
the following table 


But when we try n«9 II, 11 » I2l, which u not a 

pnme number 

Part II alone is not sulfioeiit proof For example, if we try to 
prove, « denoting any posiuve integer, that 

2+4 + 6+ +2n = «(«+l) + 4, wehave 

ifnsi 2+4 + 6+ +24 = i(4+l) + 4 (1) 

ifn = 4+l 

2+4 + 6+ +2i+2(i+l) = (i+i)(i+2) + 4 (2) 

Adding 2(4+ I) to both member* of (1), 

2 + 4 + 6+ +24+2(4+I) = 4(4+l) + 4+2{*+l) (3) 

The left members of (2) and are identical 
Simplifying the right member of (2), wc have 

4» + 3*+2+4,or 4* + 3*+6 
Simplifying the right member of (3), wc have 

4a + * + 4 + 24 + 2,ori*+3 4 + 6 
Since the right memben arc adentical, the theorem is valid for 
h = 4+ 1 if It IS valid for » = 4 However, if we try to verify 
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the theorem for n = l, have 2— l(l + l) + ‘*’ ^ 

which a obviously untrue, and the theorem is false 

Example 2. Prove for positive integral values of n that 
134-2* + 3* + • • 4-n*=» in(« + ')(2'» + 


PROOF. Par/ /. 
Lcta=l 

Let n = 2 


1> = J(1 + 0(2+1) 

1 = 1 

11 + 21 = J(2)(2+0(< + 0 

5 = 5 


( 3 ) 


L.l« = t l> + 2“+3’+ .■+i'=l‘(*+')(2/+’> 

Utn = i+1 1> + 2>+3*+-- +* 

= i(lt + 0(* + 3K3*+3) 

Adding (*+ 0’ 10 Ijoih me"''*" “3 <*>• 

11 + 21 + 31-1 l-li+W+33* 

-l»(l+t)<2*+') + <‘ + '* 

The left membeti ol (2) and (3) are ■deiiliul 

Transforming the nght member of (3), we av ./» • i-il 

H(3 + 0(21+0 + (3+.)-:|;‘+"A':^ 

=»4(4 + J)(*+2)(2^ + 3) 

which U Identical with the right member of (2). 

■nierefore the theorem is vaW for all positive integral value. 

Eaiunple 3. ftee. .hat .he B,„om.a. Theorem .. lahd for 
all integral values of n. 

PROOF. P<jr//. The formula 
na— 

(a4.t)- = a- + — j— + iT2 

■(.-i)(.-2).-:!g+... 

+ 1.2*3 

u valid for B- 6. See page 393. 

Pm/ //. Suppose that the formula u valid for « “ * 

, . - jg— 

{« + *)■•«+ — i — + iT2 

I ff— l)fi — 21a***4* ... 

+ 1 T 2 T 3 


( 1 ) 


^^ulIJpI)' (1) bya + ft, 

Colleciing liLe (crnu, we have 
(a+i)*^' =«**■ + (*+ lVt+ 

■*■ 12 3 


Comparing ih» equation with that of the fomiula, we ob- 
serve that they will be exactly alike if k in the formula u re- 
placed by i -f- 1 The theorem u therefore valid for the next 
higher power of n It has been shown by multiplication that 
the theorem u valid for « #= 6 It is therefore valid for n -{- 1 
or 7, and if tt is valid for 7, it is valid for «+ 1 or 8 Hence the 
theorem is valid for any integral power of n 

lAl 

Prove by mathematical induction for positive integral values 
of n 

1 2-l-4-t-6-h -h2««n(a-hl) 

2 3 + 6 + 9+ +3n^in{n+t) 

3 1+6 + 7 + +(3n-2)-.in(3n~l) 

4 2» + 2‘-h2»+ +2— •=2’'-I 

5 2‘ + 2»-{-2*+ +2* = 2'+‘-2 

6 l*-h2*-h3»+ 

4 

7 l-f-5 + 9-f +(4n-3)=n(2n-l) 

8 1 3 + 2 4 + 3 5+ +«(a + 2) = iB(n + l)(2/i + 7) 

g _i — L— + J — t. -1. . — — 2 

1 2^2 3^3 4^ ^n{n + \) n+l 

IW 

10 _1_4._1_ + _L.4. ' » g— 

* 1 3^3 5^5 7^ ^(2b-1)(2/i + 1) 2n + l 

P + 3* + 5* + + (2n ^ 1)» = fl*(2 n» - 1) 
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12 o + ar + ar*+ ■^ar*~^ 

13 fl + Cfl + rf) + (« + 2rf) + 

= 1 [2a+ (n — l)ifl 


1 —T 

+ la + (« - 




In this chapter >qu should have learned nrovinf? 

1 That proof by f“°“p“ucular ease and 

that the theorem or principle is true, P f_- „ t + I 

then showing that if It IS true for a- . . .i induction 

2 How to prove some formulas by maihem 


Prove for posiuve integral values of « 

1 1+34.5+ + (2 n - !)*“«* 

2 31 + 3a + 31 + + 3 * » 1 ( 3 " — 0 


MB 
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Inequalities 


In lh$t chapter 
yov tlvdf qifonlihet 
which ore not equol 





INEQUALITIES 


If a and 6 are two unequal real numbers and a i is 
. . greater Aa„ i (a > J) If ‘ “ “Sanve ^ 

i (a < i) Any relaUon mvolvmg only oral numbers and expressed 
by the symbols > or < is an inequality 

'“utrstat‘'ther»er»red.h^^ 

m the same direction as a > i and e > or ,_-_uai,tv point m 
inequalities are oppouU ,n seme rf their signs of mequai y po 
opposite directions, as a > A and x <J^ 

Sbioluln nnd Condlllonol Inequolllle"'" numbers 

An absolute inequality IS one whic is , a mnditional 

Thu. 3<5and 0 are aMu.e ,n ^ 

mequahty is one that is true only for cer u^jucs of a > * Of 

aSd-4hus e> - 1 > 0 ,s satisfied only by value. 

a< - 1 It IS not true for values of a from 

Axioms of InequoUty'*' theorems on inequalities 

The following fundamental pnne p 
are stated as axioms , _ 

1 The sense of asi mequaluy is , I'd, 'members of 

bet IS added to (or subtracted from) boo 

the inequality 

Eiample. If n > 4, then <s + < > ‘ + ' 
Ifn>4,thenn-e>4-' 

2 The sense of an inequality IS unclmns^d lmd^ 

of the tnequality am snolupl.ed (or d.v.neoi 
same posiuvc number number, then 

Eaasnple If n > 4. and 4 « a P""*" " 

ae > if, and - > " 

^ ‘ 1 reversed dboih members of 

3 1 he sense of -m inequality » the same 

the inequality are muluphcd ( 

negame number ^.-uee number. Uien 

Example If a > 4. and r « » negauee n 

Of < tf, and - < - 
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4 The sense of an inequality whose members are positnc 
quantities is unchanged if both members are raised to 
the same positive power (or the same positive root is 
extracted) 


Dxamplei If 2 < 3, then 2* < 3* 
If25> 16, thenS>4 


Proof of Inequalities l*l 

The best procedure in proving inequalities is to assume that the 
inequality is true and reduce it to a simpler inequality which can be 
venfied Then reverse the steps, giving the correct reason for each 
step 

Example I Prove that u* + 6* > 2 uA if a S 


Analysis 

Ife»+** >2oi 

0 AMom 1 

>0 

This ls4t staieraent u true since « A and the square of any real 
number is positive 


raooF 

a A 

Then (a — A)*>0 

a»-24A + A>>0 

a* + A»> 2a» 


Given 

The square of any real number u 
greater than zero 

Axiom 1 


Example 2 If a ^ i, and a and A arc positive quantities, 

prove that — < VS 

<1 + A 

4 a*A + 2<i*A* + dA® Axiom 2 

0 < «*A — 2 a*A* + nA* Axiom 1 

0<«A(«» — 2aA + A®) 

0< A)* 


We know thu last inequality to be true, since a 
and positive 




: unequal 



INEQUAUTIES 


PROOF a and b are positive and unequal 

• The product of any three positive 
numbers is positive 


ab 


Axiom 1 

Axiom 2 
Axiom 4 


Then 0 < ab(a — b) 

4aH’><a^b + 2a^b^+ab^ 

4 < ab(a^ + 2 at + 

4o^fc» 

(o+iy 

2 ab f~T 

It « and i are unequal and posiuve real numbers prove the 
following 

.i±i> 

3 VflJ > 


Solution of Conditional ln«quoM»*«‘ variable means to 

To solve a conditional inequality ^ inequality is true 

find all the real values of the variable lo g^cry inequality 

We shall consider only inequalities m oiw 

can be put in the form/(x) > ® alccbraically or graphically 

Conditional inequalities may be solv^ "S 
Two examples will be solved by both m 

Example 1. Solve 3 x — S> x + ^ 

Alsebraic Solution 

3x-5>x+2 
3x — x> 5 + 2 
2x>7 



5 

n + l>2 

if a 1 

lab 

6 

2(u“ + l‘) 

> (a + by 

a + b 

lab 
a + b 

■ > <26(4* + b^) 

7 

$ 

a* + b* - 
a^ + b* 

a-V b 

a> + b^ 
a + b 

9 a* - i* > {<* 

-bV 

i(a> b 

l.i + 2) 

10 d*( 4 + 1) +*’(<> + 

1) > abia - 
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The inequality 3*— 5>jr+2 u true for all values of x for 
which the graph of J{x) ~ 2 x — 7 Iiea above the x-ai(is, that 
a,vti>Uuefora>3i 


IK 






) 


Examples SoKea* — *>6 

Algebraic Solution x* — x> 6 

x»-s-6>0 

Facwfing the left nvembei, (* — 3)(* + 2) > 0 
In order chat the inequality may be true, either both factor* must 
be potiuve or both facton muji be negative, *o that iheir prod- 
uct upouuve For bothfactor* to be positive a must be greater 
than 3 For both factors to be negauvex must be leu than — 2 
Therefore the inequaht> u true when a > 3 and x < — 2 The 
inequality is not tme for the range of values of x greater than 
or equal to — 2 and leu than or equal to 3 
This last statement u wrtlteo symbolically cither — 2 S x S 3 or 







INEQUALITIES 


The mequ.l,ty > 6 .s true t<»^ when 

graph or/W = _ X - 6 he. .1^ tte x n« 

x> 3 nntl x< -2 The “equJ.ly » 
of * for which the graph of/W 
X axis, that is, for — 2 S x = 3 

usually Ute grnphteal soluuon » much more sat, .factory than an 
algebra.c»luUon p -l ' ijlJUai 


Solve algebraically 
1. 3x> 12 
2.2x< - 6 
3.6x~3<x + 2 




,3i+l 2X-3 l0.x.-4>0 


7. x(x-2)+5>«(*-S) 

8 . ’ 
9.(.-I)(« + »>‘’ 




Solve graphically 
l2.2x-7>x-3 

13. x’ + 8 X > 9 

14. (x-2)(x + 5) > 0 

15.2x(x+3)>x(x-1)-8 

16 2x»-4x + 3>0 


18.4 + x>x» 


20. x(x — 6) > 6 


Before you lca%c this chapter make sure that you 

Know what an tnequaht, » and ca„^dnh"SU..h betwee 
absolute and conditional incquahucs Lp 

2 Undenund the axioms of inequality, an 

(pp 555-556) such as those gi'cn in this 

3. Can prove simple inequalities such o. 
chapter (p 556) algebraically and 

4 Can solve conditional mcqualtuesbom a b 

geometrically (p. 557) 
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1 Tell whether the fpUowing inequalities are absolute or 
conditional 

a7>4 b;r + 3>2 c6>^a + 2 d a»>0 

2 Is3 + 2i>5 — lan inequality^ 

3 If-3a>6, is*<-2? 

4 SoUe(* + 2)»>*» + 6 

5 Solve graphically jt* — 2 jr > 10 

1 Solve graphically 7a: + 3 > 10 

2 Solve graphically *• + 4 j: > 2 

3 Solve graphically 6 — 5 j > 6 

4 If a > 0 and * > 0, show that | ^ ^ 2 

3 a > 0, 0, and «r ^ 3, show (bat a^ -i‘- 3* + I > 

+ a + 4 



{■] 

Solve each problem and write the answer (a), (b), (c), 
or (d^ which you think is correct Give only one answer for 
each problem 

I The roots of the equation x* — Sx-h3«0 are 
a real, rational, and equal 
b imaginary 

c real, rauonal, and unequal 
d re^, irrational, and unequal 

2. For the roots of4x* — 6Ar + k = 0tobe equal, k equals 

a. 2 c 0 

b. 2i d Not (a), (b). or (c) 

3 The equation whose roots are >/3 and — Vs is 
a. x*-3 = 0 e.x» + 2;r-.3 = 0 

b x«-V3x+3 = 0 d **4-3 = 0 
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4. The product of the roou of (a - A)*>+ + a* - 6* =» 0 i- 


b. 


6~~ a 


d. a + b 


13 1 41 


5. The value of the determinant 4 0 5i is 

|t 2 l| 

a- 6 c. 3 

b- “ 1 d Not (a), (b), or (c) 

6. Transform the detennmant 

I * 2] 

1 2 2U0 

1-2 1 31 

to show (without expansion) that a solution is x « 1,^ » 2 


x-j> y 21 
-1 2 2 
-3 I 3( 


1 

I “2 


y-2 0 

2 2 

t 3 


c. | X y — 2 21 

1 0 2 
1-2 -2 3 I 

d. Not (a), (b), or (c) 


7. In how many ways < 


1 6 front seats of a classroom be 
filled by selections from 8 students’ 

a. 18960 b. 20160 c, 2370 d. 8 

8. From a suit of 13 playing cards, how many different 
hands of 6 cards each can be dealt to a player? 

a. 1716 78 

b. 1287 d. Not (a), (b), or (c) 

9. If three coins arc tossed mto the air simultaneously, 
what IS the chance that two, and not more than two, will 
turn up heads’ 

a. i b. I c| d. i 
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Problems 10, li and 12 refer to the table below, which 
gives the number of geometry test papers with grades of 
70% 80%. 85% 90% and 100% 


CidM 

NipmW 

wi 

7 

80% 

8 

85% 

6 

90% 

10 

W0% 

2 


10 The mode is 


a 75% 

c 85% 

b 80% 

d 90% 

1 1 The median grade is 


a 80% 

c 85% 

b 83i% 

d Not (a), (b), or (c) 

12 The anthmeuc mean grade is 

a 83% 

e 85% 

b 83J% 

d 83*% 

13 Find the /-mtercept of the tangent to the graph of 

^ 1 jr* — 6 a- at the point {8, • 

-16) 

a 8 

c - 16 

b -32 

d -8 

14 Find the maximum value oi^ ily » 9 ^ — 6 x* 

a J 

c -i 

b -1 

d 3| 

is Transform the equation 

,s_4**_x+j2*0mtoa 

new equation whose roots arc 2 less than those of the original 

equation 


a x*-2x*-4jr«0 

c *3 + 2^«-5^- + 2*0 

b Ar» + 2xa«0 

d Not (a), (b), or (c) 
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16. Find the roots of the equation 2x® — — 2 = 0 

a- U - 2, 1 b. 2, 3, 0 

^ 4 

17. One root of a:* jc* — jc 2 = 0 is Find the 

two other roots. ^ 



c. 1,2 


j , - li.VIs 

4 

18. When the roots of x*- 
by 3, 

-• X* — 7 X = 0 are diminished 

s« the jr^axis is raised 3 units. 

b. ihe_y.axi3 is moved to the right 3 uniu 

c. theji‘&xis IS moved to the left 3 units 

d. Not (a), (b), or (c) 

19. If <i ^ ^ and a and are 

positive quantities, then 

2 ai a + 6 

„ + l^ 2 

..2^<VS 

b.-2f^> VS 

a + i 

d.-^<VS 

a + 0 

20. Solve x^-x> 20. 


a. X > 5 and x < — 4 

c. X > 4 and x < — 5 

b. X < 5 and x > — 4 

d.x> 4 and x < — 4 


y 
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TabI* U loflanlhn>» of Numberf 





Lggorithrni ofNtfmban 


□ 

0 12 3 4 

5 6 7 8 9 

66 

se 

sr 

fig 

59 

60 
6.1 

6.3 
6.8 

6.4 

OS 

ao 

a7 

6.9 

70 
? 1 
79 

73 

74 

78 

76 

77 

78 

79 

80 
6.1 
6Jt 
8.3 

84 

85 
8.6 

8.8 

&9 

90 

91 
9J8 

94 

95 
9.6 

97 

98 
I 99 

7*M 7412 7419 7427 7<ffi 

74«2 7490 7497 7513 

re59 7566 7574 7582 7589 

7634 7642 7549 75a7 76M 

7709 T7I6 7723 7731 7738 

7782 7789 7796 7803 7810 

7853 7860 7868 787S 7882 

7924 7931 7938 7915 79o2 

7993 8000 8007 8014 8021 

8062 8069 8075 8082 8069 

8129 8136 8142 8149 6156 

8199 8202 8209 8215 8222 

8261 8267 8274 8280 6287 

8325 8331 8338 8344 8351 

8388 8395 8401 8407 8114 

8451 8157 8463 8470 8478 

8j13 6j 19 8525 &>3t &>37 

8373 8579 8585 8./91 6597 

8633 8639 8S4S 8631 8657 

8692 £693 6704 8710 8716 

8751 8756 8762 8;63 8774 

8S08 £314 8820 8826 8831 

8865 8871 6676 6832 8887 

8921 £927 8932 8938 8943 

8976 8982 8987 8993 8998 

9031 9036 9042 90(7 9053 

9036 9090 9096 9101 9106 

9136 9143 9U9 91S4 9159 

9191 9190 9301 9206 9212 

9243 9248 9253 9256 9263 

9^ 9299 9304 9309 9315 

9445 9350 9355 9360 9365 

9395 9400 9405 9410 9415 

9445 9450 9455 9460 9463 

9494 9499 9504 9509 9513 

9542 9547 9552 9557 9562 

9590 9^95 9600 96CS 9609 

9638 9643 9647 9652 <1657 

9685 9689 9694 9699 9700 

9731 9736 9741 9745 9750 

9777 9782 9786 9791 9795 

9823 9827 ‘’332 9836 9841 

9868 9872 0877 9881 9886 

9912 9917 9921 9926 9930 

I 9956 9961 9965 9969 9974 

7443 7451 74S9 7465 7474 

7520 7528 7536 7543 7S51 

7597 7604 7612 7619 7627 

7672 7670 7686 7694 7701 

7745 7752 7760 7767 7774 

7818 7825 7832 7839 7846 

7889 7896 7903 7910 7917 

7959 7066 7973 7980 7987 

8028 803a 804] 8048 8C6S 

8006 6102 8109 8116 8122 

8162 8)69 8176 81S2 8189 

8228 8235 8241 8248 8254 

8203 8299 8306 8312 8319 

83j7 8363 8370 83 6 8382 

8120 8426 8132 8139 8445 

8182 8(88 8404 8500 8506 

8543 8a49 SS55 8561 8a67 

6600 6609 6615 8621 8627 

8663 6C09 8675 £681 8688 

8722 8727 8733 £739 8745 

8779 8785 8791 8797 8816 

8637 8842 8848 S8a4 8859 

8893 8899 8904 8910 8915 

8949 £954 8960 8965 6971 

9004 9009 9015 9030 908S 

9058 9063 9069 Q074 9079 

9112 9117 9122 9128 9133 

9165 9170 9175 9180 9166 

9217 9^2 9227 9232 9338 

9269 9274 9279 9284 9289 

9320 9325 9330 9335 9340 

9370 9375 9380 938a 9390 

9420 9425 9130 9435 9140 

9469 9474 9479 9484 9489 

9518 ^23 9528 9533 9538 

9566 9571 »76 9581 9586 

96U 9619 9624 9638 9633 

9651 9666 9671 9675 9680 

9708 9713 9717 9732 9727 

9754 9759 9763 9768 9773 

9600 9805 9809 9814 9818 

9845 9850 9854 9359 9863 

9890 QgM 9899 9903 9903 

9904 9939 9943 9948 9952 

997B 9933 9937 9991 9996 
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TabI* 111 Values of Tnsonomelne Funcbons 




Vofuci of Tr/gonomofnc Fvncliont 
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Values of Tngonomelric Functions 




Tabt« IV* Logarithm* of THgonometrU Function* 
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Logarithms ol Trigonometrie Functions 





L«sarithmi of Trlgonotnotric Function* 



572 






ALGEBRA, BOOK TWO 


An angle is said to be in the quadrant m vhich its terminal side lies 
Thus angles of 95“ 460”, and — 200” are second quadrant angles, and 
angles of 200”, — 100” and 550” arc third quadrant angles 

Trigonometric Functions of Any Angle 

Let B fthcta pronounced the ta) be any angle in standard position 
P any point on the terminal side OP of the Z. AOP (except 0), and 
PA J. to the ^ axis The drat^ings bclosv show P in the four quadrants 



We now define the six ingonomeUic functions m terms of rec 
tangular co-ordinates as follows 


Q *= crd note _ j; 

rod u) vector r 


\ou may not be fatmhar with the ratios of the second column 
aboie The cosecant (ko sclent) of abbreviated esc 0 is the re 
ciprocal of sin 0, the secant (sel^t) of 0 abbreviated sec 0 is the 
reciprocal of cos 0 and the cotangent (Lo tanjfnt) of 0 abbreviated 
ctn 0, is the reciproca} of tan $ 


574 


APPENDIX 


Note that these definitions apply to angles of any s 


A radian is an angle which, when it is a central angle of a circle, 
intercepts an arc of the circle equal in length to the x'" 
length of the radius In the figure at the nght / 

Z IS a radian Since C = 2 irr, there are 2 ir | L 

radians m 360“ Why’ Then t radians = 180“ I 


1. In Fig 1, find the value of sm 6, > 
sec d 


l■■li]naEnl! 




2. In Fig 2, find the value of sin if, cos a, wu u, 

3. Express the following angles in radians, using x in eac 
answer 

90" d. 360” 8- '35- 

b. 180” t-60” >; ™ 

c. 270" f. 45° ‘ 


Reference Angle 


Ut ZAOB=e be any first quadrant =*”^1= 

ddOO, /10£,andd0Carcpo5iu%cangl«equa .go® 4-5. and 


and 360“ — 5 respectiscly 


r^'”80”-d. .80" + 0. and 
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360° - 9 are said to be referred to the r-axis and 6 is the ttjnince 
angle Take OB, QD, OE, and OC each equal to r Then right 
A AOB, DOF, EOF, and .lOf^are congruent The abscissas of points 
5, D, E and C have the same absolute values (see page 8 m the text), 
and the ordinates of these points have the same absolute values A 
study of the figure thus formed shows that 



To fmd a function of <tnr gnen ongU betuem !XF and 36(f {except 
or 270’“) expresf the angle as O&F — 6), (fSCF + $), or (J<S3* — 6), then 
take the same function of the reference angle and gtie it the sign determined 
the function of the given angle in the guadrani to uhich it belongs 

Example Find the cos of 190° 

Sotutiofl cos I'M** cos (IB0*+ 10*) 
cos 190*0 — cos JO* 
cos 190* «- 9848 


Express the following as functions of positive acute angles 


a 

sin 170° 

e tan 195" 

a sm 330° 

10' 

b 

CSC 135“ 

f cos 212“ 

j cos 291° 

6' 

e 

cm 170“ 

g CSC 230“ 

k tan 350° 

'40' 

d 

cos 135" 

b sec 185“ 

1 CSC 295° 

56' 


Find the numerical value of each of the following 


a sin 110° 
b cos 225° 


c (an 332“ 
d tan 256“ 40' 


e sin 311“ 20' 
f cos 333° 11 ' 


Inverse Functions 

In the preceding section we learned how to find the function of a 
particular angle In this secuon we shall learn how to find angles 
having a particular funcbon Thus, to find the positive angles less 
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than 360“ whose tangents are — 1, wc observe that the tangent of an 
angle is negative in the second and fourth quadrants Since the 
reference angle associated with the tangent 1 is 45 wc know that 


the required angles are 135® and 315 
We often abbreviate the expression “j is the angle whose tangent 
IS x,” by writing ^ = arc tan x, or sometimes >> = tan ' x {- 1, m 
this case, is not an exponent ) Similarly, to express the tho^ht '> is 
the angle whose sine is x," we write j' = aicsinx or ^ — sin ^ 
What is the meaning of each of the following y = arc cos x, y - 
arcctn:^. j. = arcstc;<, ^ = arccax» Wc comeumes call these 
functions the tnierse trigonometric funcltons 


1 Find the positive angles less than 360® whose 

a sines are i « «ngents are 9 7882 

b cosines are - 9397 d sines are - 6439 

2 Find the positive angles less than 360® represented by 


a arc tan 1 
b arc sin — J 


c tan” 
d arc cos — i 


The Sine and the Cosine of the Sum of Two Angles 

Let us now consider the sine and the cosine of the sutn^ vve 

Alftough the formula, wo .hall dome hold for any 
shall consider only angles whose sum is 1^ an a "8 

In die figure, let 6. * (fi), and (0 + 1.) be acute angles^ S 
Standard position, and the initial side 
of <t> coincides with the terminal side of 
6 From P, any pomt on the terminal 
side of (0 + «#.), draw PA perpendicular 
to the initial side of <t> and PB perpen 
dicular to the initial side of 9 From A 
draw AD perpendicular to PB, and AC 
perpendicular to OB Then Z APD — 9 
Why’ DA = BC Why’ By defimuoo, 

PB _ 



sin (0 + 4>) = 


ACJrPD^AC^i^ 

OP OP OP 


The ratios ^ and ^ arc not (imeuom 


of either 0 or To obtain 
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funcuons of these angles, hc multiply — by and we muluply 
(Note thatin eachcase we arc muluplying by I ) Then, 


OP OA^ OP PA 


‘OA OP^ PA OP 


Therefore, am (fl + ^) = sio ^ cos ^ + cos ^ am ^ 
From the figure on page 577 we also have, by definition, 


cos (d + 4>) 


on OC~D4 OC DA 
OP OP^ OP 
OC Oi D_i PA^OC OA 
~OP OA~ OP PA OA OP 


DA PA 
A4 OP 


Therefore, cos (^ + ^) »= cos 6 cos ^ ~ sin sin d 


The Sine end the Cotlne ct the Difference of Two Angles 
Since the addiuon formulas are tnie for all angles, posiuve or 
negative, the subtraction formulas may 
be derived as follows 
sin (5 — d) * sin {0 + (~ <^)1 
«! sin $ cos (— 0) 

+ co<^sm (— t^) 

A glance at the sketch at the nght shows 
us that cos d «* cos {— <t>), and sin (— 
e> sin ^ Substituting these values m 
the equation above, we have 
sia (0 — 0) =: sm d cos 0 — cos Osm<^ 

In like manner, 

cos (e-<&)=cosI(« + (-^)] 

= cos 0 cos (— — sin 8 sin (— 

or cos (5 — = cos 9 cos sm d sin ^ 



1 Using the functions of 30'* and 45® and the addition 
formula, find the sme and cosine of 75“ 

2 Using the funcUons of 45“ and 00'’ and the subtraction 
formula find ihr sine and cosine of 15“ 

3 Simplify a sin (*+30*) b cos (60® — 


578 



APPENDIX 


Polar Co'ordlnatet 

In the polar system of co-ordinates the position of a point is de- 
scribed with reference to a fixed point, O, called the pole or ongtn, 
and a fixed, positively directed line, OA, called the polar axjx, or 
initial hm The position of point P is 
given by (r, fl), called polar co ordinates 
The angle &, when measured counter 
clockwise from OA to OP is positive 
and when measured clockwise from 
OA to OP is negative When r lies on 
the terminal side of 9 it is positive, but 
when T lies on the extension of the PA-rO) 
termmal side through the pole it is 

negative Thus the co ordinates of Pi may be given as (— r 6) 
Since any point in the plane can be designated by positive polar co- 
ordinates, we shall restrict our work to positive values of r and 6 

Paiar Form of a Cotnpfex Number 

Since we frequently need to change from one system of co-ordinates 
to the other, it is customary to super- 
impose the rectangular system on ihc 
polar system In the figure, 0 is the 
origin of both systems, OX is the polar 
axis of the polar system, and the j^-axis 
IS referred to as the axis of the polar 
system Do you see why the axis is 
called the ^ axis^ The complex num- 
ber a: IS represented by P(x, j>) in the rectangular system and 

by P(r, B) in the polar system 


Then 

- = cosfl or x = rcos0 

(1) 

and 

^ = sin $ or y~T sin 9 

(2) 


If we multiply both members of equation (2) by i we have 
yt = n sin 9 
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J.ddiyiJ5 (1) and (3), * + >i =sr cos 6 -f « sin 6 = t(cos + 1 sm ff) 
The expression r(cos 0 -h i sin 0 is the poJar fpnn of ihe complex 
number a +j» r is the mei/ii/os or aisv/u/eta/ur of tlie complex number 
and 6 is the omplUude r and 6 are taken as positive cos 6 -hi sin $ 
mi> be abbreviated b> the s>nibol cistf ^Vhy cis^ 

Thus f(fos + 1 sin ^) = r CIS ? 

To express a complex number in polar form we have, from the 
figure 

t = Va* + I* and 0 ~ arc (an ~ 

Example I Expiess — 5 + 0 » in polar co-ordinates 
Solution — 5 + di is repre 
seated by the point /* in cbe 
figure 

X » 5 and y « 0 

a Vm 

B^aic can — g 
^ arc lan — I 2000 

The reference angles arc lan ! 20CH? or 50* 12 
fl* 180*-- 50* 12 « 129*48 
Then r cm 0 = os J 29* 48 

Example 2 Express 8 cis 340* 
in rectangular form 
Soloiion Represent 8 cu 240* 
b) poinl P 

r^ercos (I80*+60*) 

=‘8(- 5) = -4 
r*:rs,tl<? = 8sii»240" 

= 8»:nfl8O*-P60*) 

=«8(~ }v'3) = -4V3 
Then x + = — 4 — 4 1 V 3 

T Plot the points vthich leprcscnt each of the following and 
cepro«s in polar form 

11-1 9 -I+9i 5 -7-2i 7 -3 

2 4-J-3i 4 V5-I 6s-f-4V5 8 2i 
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Plot the points which represent each of the following and 
express in rectangular form 

9 5 CIS 45'* 11. 6 CIS 270“ 13. as 135“ 15 4 cis 330“ 

10 3 CIS 210“ 12. 2 CIS 120“ 14 2 as 30“ 16 3 cis 0“ 


The Product of Two Complex Numbers In Polar Form 
Let = n (cos 01 +i sin 6i) 

and 42 = r2 (cos 62 + « sin 62) 

be any two complex numbers in polar form 
Then, by multiplication, we have 
^i?a *= rir2 [(cos 61 cos 62 — sin 61 sm dt) 

+ i(sin fli cos 62 + cos 61 sin 62)! 

= r,ra [cos (6, + 62) + 1 sm (dt + 62)! = orj cis (61 + 62) 

This may be stated in the form of a theorem as follows 
The product of two complex number* 1* o complex number whose modulus 
IS the product of the moduli ond whose omplitwde » the sum e I e omp i u es 
the given complex numbers. 


Example. Find the product of 2V3 + 2 1 and 
Solution. Changing 2\^ + 2» to 
polar form we have 

ri ss V12 + 4 = 4 and 


3 + 3i 


= arc t; 


= 30“ 


"V3" 

Then 2V3 4- 2 1 = 4 CIS 30“ 
Changing — 3 + 3 » to Rolai 


form. 



we have r* = V 9 ^ = 3V2 and 62 = are tan (— 1) — 1^5 
Then - 3 + 3 1 = 3V2 CIS 135“ 

Hence (2V3 + 2 »)(- 3 + 3 0 = rira cis (61 + 62) 

= 12V^ CIS 165* 


The Quotient of Two Complex Numbers In Polor Form 

U. .. = ,.(cos9.+.s.nfl.) =»d « = + 

be any two complex numbers in polar form 
Tu , Z\ r ifcos g| + i sin gil. 

1 hen, by division, we have — = ^^(cos 0 s + » sin 62 ) 
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boiii nHMwr-Jlor anJ denonunnior of Chc riglit member 
by coi O' — I 0 wc liatc 

_ r, [(cQs d,co^ 0 -f tin g| ’tm 0i O 2 - cos Ox <10 g-)l 

^ “ rj(cos 02 + sin Oi) 

= -[cos (fl, - ) + / sin (tfi - )I = - CIS (9i ~ O-') 

ra 

This imy be sintccl in iht form of a theorem as follows 

The quotient oi two complex number* 1* 0 complex number whote modutu* 
IS the modulus oF the div dend divided by the modulus of the divisor and whose 
ampi tude is the amplitude of the dividend minus the amplitude of the divisor 

Example Divide 6 cis ISO** by 2V3 cis 60® 

Solution 6 o» ISO cis 90* » Vj cis 90® 

2V3 CM 60* 2V3 

OeMolyro's Theorem 

If we use the theorem for (he product of two complex numbers to 
multiply »(co» d + I Sin $) successively bv itself, we have 
[r{co< d-f t sin d)|’ a=f*fco$ 2 d + / sm 2 0) 

[r(co5 d + » sin d) I* =a /*tco$ 3 d + t sin 3 d) 
and so on to (rfco* 0+ / sin d>J* « r*(cos // 0 -f-t sin n 0) ^ r^cisa 0 
This may be stated m the form of a theorem as follows 

The nth power of a complex number is o complex number whose modulus is 
the nth power of the modsAvs of the given number and whose amplitude is n 
t mes Ihe ompl tude of the given number 

This theorem is known as DeMoi re's Theoum The theorem is also 
valid v»hen p w nc^atne or fractional 

Eswnpic Tind (V2 + rV2)« 

Solution Vsnting'N^+i'^ m polar form, we have 2 cis 45* 
Then [2 CIS 45"]» = 2* cu 180" = 16(- I + 0) = - 1 6 

Perform the indicated operations using the polar form of 
the complex numbers 

1 2 CIS 30" 4 as 120® 3 3 cis 120° cis 30° 

2 5ns25“ 3as40“ 4 Deis 210® 1- 3 as 30® 
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5 (1 -.)(V2 + ‘V2) 7 (4-iV3)> 

e (!+■)" 8 (2-^)■,(3^-l) 


Q 


Roots of Complex Numbers 

Since DcMoivre s Theorem is valid when n is fractional we shall 
replace n by ^ in the formula Then 

[r(co 3 0 + 1 sin fl)]" = »• ^cos ^ + 1 sin ^ 

If m IS a positive integer 

cos (0 + m 360*') = cos0 and sin {6 + m 360°) = sin 0 

■ '/ e + mSfiO- . fl + m360°\ 

(l•(cos» + l!lIl 9)l- = J-^co! +isin j 

This formula can be used lo find all Che nlh rools of any number 

Example 1 Find the cube root of - 4 + 4 iVS 

Solution -4 + 4is/5 = 8(cost20* + iunl20') 

Then [,(C 0 i« + ts n«))* = (8(cot 120*+tnn I’0-))> 

= 2(co.40” + iin40‘) 

This IS one cube root of - 4 + 4 .VS but since the trigonometric 
functions of 120" are the same as those for 120" plus any mtreral 
multiple of 360“ «e may urite the cube rools of -4 + 4iV3 as 
(8 CIS 120°)^ (8 CIS 480°)* (8 cis 840°)*, and so on However, when 
wc evaluate these we find that after the first three the values are rc 
pcated in cvclcs of three This proves that the number - 4 + 4 iV3 
ihrec and only three distinct cube roots The other two cube 
roots of — 4 + 4»V3 m polar form are {8 cis 480°)* = 2 cis 160° 
a^ (8 CIS 840°)* = 2 cis 280° We accept, without proof, the thco- 


Eyery comple* hot n ond only n d Uuict nth root*. 

llic n distinct nlh rooUofanumbcrma> be represented graphically 
IS on a circle whose center is at the ongin and whose radius is 
the m^ulus of these roots Hiesc points div ide Uic circle into n equal 
arcs and arc the vertices of a regular poI)gon of n sides inscribed m 
ilie circle 
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Example 2 Tind the fi\c distinct filth roots of 1 and 
represent the points graphically 

Solution 1 s» CIS 0*. Cl* 560*. CIS 720*. CIS 1080’, cu 1440* Then 
the fifth root* of 1 are CIS 0*. ci* 72*. cu 144*, ca 216*. and 
cu 288* The points A, O, C, D, and E represent the five fifth 
roou of 1 The inpduli_^of the 
pQitui ar^ 1 AB—ilCf=CD 
*= iJh =s h I =s 72* Proceeding to 
lind the roots in rectangular form, 

cisO’^ Ucos0* + .sin 0*)a 1 
CIS 72"=r l{cos72* + «Sin72*} 

=» 3090+ Will 
CIS 144 *=b I(eos 144 *+ 1 sin 144*) 

»- 8C»0+ S878i 
cu 2JC*ai l(cos 216*+ * sin 216*) 

» - 8000 - 5878 . 

CIS 288* »* Hco» 288* + 1 sm 288’) » 8000 - 051 1 1 

Finding the 5 fifth roots u the same as soK mg the equation x* — 1 • 0 
The solutions of the equation x* ~ I * 0 arc the vertices of a regular 
polygon inscribed m the circle \«hose radius is I 

Express by rectangular co-ordinates 
J r » 2 cos 0 i f*s sin 9 

Using the polar form of complex numbers find and plot 

3 The three cube roots of 27 

4 The three cube roots of — i 

5 The four fourth roots of 1 + 1 
Solve the follotting equations 

6 ** = 32 7 *»-l=0 8** = ''! 9 **-^ = 0 

10,**-2a0 11 *»-8 = 0 12 *» + i = 0 13*»-l=0 
14. Solve by methods ** — 27 = 0 

Using the polar form of complex numbers, perform the 
follotving indicated operations 

13 (Va-O" 16 (2 ~iV 5)» l7.(-l + iV2)« 
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A 

Abacus 282 

Abscissa t4I 

Absolute inequality 555 

Absolute value 8, 576 

Accelerated motion, formula for 308 
Addends 9 

Addition 

associative law of 6 

commutative law of 5-4 

of complex numbers 233 

of fractions 107 

of polynomials 16 

of positive and negative numbers 8 
of radicals 218 

Age problems 52 

Algebraic expressions 13, 33 

evaluating 33 

Algebraic representation 47 

Angle 

cosine of an 329, 574 

of depression 334 

of elevation 334 

negative 573 

reference 576 

sme of an 329, 574 

in standard position 573 

tangent of an 329, 574 

Antilogarithm 292, 298, 303 

Apollonius 345 

Applications of mathematics 

in architecture 404 

m atomic-energy research 158-159 

in automobile gas turbine 342 

in chemistry 186-187 

to computing machines 282-283 

in engineering 62 

in medicine and in medical re- 
search 436 

in research 520 

in space-travel research 244-245 

in telephone work 98 

Approximate numbers 285, 304 

Archimedes 493 

Arclutccture 404 

Area of triangle by determinants 430 
Arithmetic 

operaiions in 5-7 


relations in 
square root 
Anthmetic means 
Arsthmctic progression 
conmtoa difference of 


last c< 


» an 


sum of a terms 
terms of an 
Associative law 
of additioo 
of multiplication 
Assumptions 
Atomic energy 

Averages 371, 

Aviation 55, 120, 179, 

Axes, co-ordinate 
Axioms 
of mequality 


158-159 
468, 477 
275, 340 


Axis 

boroontal 
of imaginaries 
of real numbers 
of symmetry 
vertical 


141 

230 

230 

251 252, 254 
141 


B 

Bar 26 

Base 14 

of the binary system 320 

change of 311 

of a loganlhm 289 

of a ponrr 14, 30 

Becquerel 159 

Binary system 320-323 

Binomial 1 3 

factonng out a 73 

squaring a 67 

used as a monomial 63 

Binomial formula 393 

ui siattstics 473 

Bmomiat smes 398 

Binouiial theorem 393 

proofof 551 

Bohr. Niels 159 

Boyk's Uw 47, 351 

Braces 26 

Brackets 26 

Bnggs 290 
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Calculat ng machine 
Calculus 

Cancellation marks. 

Cent grade 
CentriAigal force 
Character of roots 
Character st e 

Checking ^ our Understand ne 34 
59 92 122 153 181 199 235 
276 323 341 365 387 399 
416 433 463 517 546 553 559 
>80 186-187 


282 321 
492 494 519 
'Omeanngs 103 
127 
196 244 
407 
291 297 


Conjugate complex numbers 
Conjugate surds 
Constant 
Co-ordinates 

rectangular 
Corrdaton 
coelBc ent of 


Chemuiry appl 
Circle 


por 


5r null 


Coeffic .... 

Com problems 
Combina ons 
formulas for 
^mb n ng 1 ke terms 
Common binom al factor 
Common d fferenee 
Common logar hms 
^tnmon monomial factor 
Common rat o 
Commun eat ons 
Commutat e law 
of add i on 
of mult pi cat on 
^mplei ng the square 
Complex numbers 
absolute \alue of 
graphical add i on of 
graph cal represenwi 
graph cal subtract on 
modulus of 
operat ons w ih 
polar form of 

Compound merest 

Comput ng 

" th approximate numbers 
w th logar thms 
w th a si de rule 

Cond tonal mequal ty 


348 


173-175 
439 449 
450 453 


>n In- 
Cos ne 
Cube root 
Chib c equat oj 
Qib c funct on 
Chine 

disconunuou 

skew 

Curve fitting 


329 574 
32 204 267 415 


61 262 
231 234 


of 232 579 Dcr 


Dau gathering 
Dec mais repeaung 
P«««ai ng fund on ] 
Degree 

of an equat on 
of a funct Oft 
of a term 
Delta notai on 
^Movres Theorem 
Mnoounaior rat onaliamg a 
Dependent equal on 
Dependent variable 
Depressed equauon 


IS of 


234 of a constant 
ofafraclon 
of a funct on of a funct 
of a power 
of a product 
of a sum 

Dwartes s rule of signs 
l*>enn nant(8) 

«l>agonal of a 
elements of a 
"pans on of a 
l“»d expressed by 
nunors of a 
order ofa 
propert es of a 
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Difference 

of squarci 75 82 

in subcractiorj 10 

Differentiation 504 

Digit problems 176 177 

Direct variation 194 

Directrix 347 

Discruninant 407 

Distance formula 53 54 

Distnbution frequency 467 469 

Distributive law 6 

Dividend 1 1 

Division 

of Complex numbers 233 581 

of fractions 106 

law of exponents for 20 

law of signs for 12 

by logarithms 303 

of tnonormals 20 

of polynomials 33 24 

of positive arid negative num 
bers 11 

ofradicals 221 

bysLderule 317 

synthetic 524 

by zero 5 20 

Divisor 1 1 

E 

/ the base 390 476 

Emstem 158 

Electncity formulas used m 46 

47, 129, 136 145, 196 
Electron 158 

Elecironic calculators 283 

Elements of a deternunant 419 

Elimmation 163 

by addition subtraction 164-165 
by substitution 165-166 

Ellipse 345, 349 

Empirical formulas 131 

Engineenng, tnathematics m 62, 340 
Equation(s) 39 

complete quadratic 254 

conditional 39 

consistent 162 

containing type products 88 

cubic 254 

defective 114 

degree of 139 


PACE 

dependent 162 

depressed 531 

dumnishuig the roots of an 537 

equivalent 114 162 

expoflcniial 310 

iim*degree 40 140 141 

145-151 161 169 172 

fractional 113 169 

graph of an 143 

h gher^egree 523 

homogeneous 431 

ident cal 39 

incomplete quadratic 254 

inconsistent 1 63 

independent 163 

indeter mina te 161 

irrauonai 225 

linear 140 141 145-151 

161 169 172 254 
literal 44 88 172 269 

members ^ 39 

number of roots of 255 

in p form 330 

pure quadratic 254 

quadrauc 90 254 257 

26CK266 268 269 
in quadratic form 413 

radical 325-227 371 

rational 323 

redundant 113 

roots of 40 255 

second-degree 90 

sunultaneous 162 

solution of an 40 

solving 40 42 90 163-172 

227,255-257 260-266 268-270 
in standard form 1 64 

of a straight Ime 148 

systcnai^ 161-172 

tables m^e from 136 

transcendental 335 

transfonning 529 

Equilateral hyperbtda 1 95 

Equivalent equations 114,162 

Ei^uauon of 

algebraic expressions 33 

fiirmlllas 46 

functions 1 33 

radicals 206—207 

Exact numbers 285 
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Expans on 
by b nora al formula 
of a deierm nane 
find ng an> term of s 
Exponenual equat onj 
Exponent al notai on 
Exponent] 
fraci onal 
laHiof 
logar thms a 
negat ve 

Express ons 
algebraic 
eiialualing 
m egral 
mixed 
rat onal 
I mpl fj ng 
Extraneous rooi 
Extreme* 


Factor 

common b nom al 
common monom al 

rat onaluing 
Factor theorem 


r l^egree equationfs) 40 

140 141 145-151 161 169 172 


19 20 30 J2 203-204 


graph of 
Poc 
of an ell pse 
ofa hjperbola 
Focui of a parabola 
Form ng equations 

Formulas 
from anal>t 

for (he a erage 
a liinct on 
b nom al 
emp real 
evaluai ng 
from geometry 


141 142 161 163 


geometry 148 
of change of 


131 
46 

6 7 61 90 

^ 128-129 135 308 309 

graphs of 

““f«‘ 89 383-384 

ttalung ,28 

maihemaucaJ 

wan c growth and decay 384 

fromphyscs 56 135 136 

201 245 308 




223 
83 84 
524 


proof of 

by chanpng ihr fonn of a„ „ ™ 

35*7 

by group ng 

prrro„.,u„o,y„„„j. “ 5 ! 

the SM and d fference of two ^ 

IT nomials 
Fahrenhe t 
Fermat 
Fernu 

F gtires, s gmfican 


71 74 


286 287 


pred cate of 
quadrat c 
sol ng 
mbject of 

Fourth proport onal 
Fraci onal equal ons 113 , 
Fraci onal exponents 
Fractons 
add uon of 

I gns of 
clear ng of 
complex 

equ alent 

fundamental prmc pie of 

common denominator of 
■nulufdication of 
reduct on of 
•gns of 
ubtracl on of 
Fulettua 

Functional changes 
Funct onal relai ons 
'"'aysofexpressmg 12' 


69 131 
265 
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Function(s) 
average rai 

decreasing 
degree of 
evaluating 
graph of a 
increasing 


s of change of 


133, 147,249,333 
138-139 
133 


143, 248 
133, 147, 249, 333 
inverse trigonometric 576 

linear *59 

maximum and minimum values 
of 248, 250 

quadratic 139,247-254 

rate of increase of ^^5 

trigonometric 330, 574 


Geometric progression 
common ratio of a 
last term of a 

sum of an infinite number of 
temu of a 

R terms of 


of a set of linear equations 161 

ofsystermofquadraticequations 353 
of verbal problems 178 

Gravity Newton’s law of 245 

Grouping 

symbols of 26 28 


378 

IS of a 375 

Geometry, facts from 44 51 193 

problems 6-7, 18, 22, 23, 

46 47, 51, 90, 129, 131 135, 

193, 194, 259-260, 273-274, 

308 330-331 

Craph(s) *40 

of a first-degree equation 128 

141,151 

of formulas *44 

of functions *43. 247 

of higher-degree equations 144, 527 

of a logarithmic function 299 

of a quadratic equation 144,253,347 
relationship between an equa- 
tion and a *43 

turning point of 248 

Graphical representation 
of complex numbers 
of real numbers 
■n statistical work 
Graphical soluuon 

of higher-degree equations 
of an mcquaiiCy 
of a quadratic equation n 
unknown 


232,579 


557, 558 


255 


H 

Higher-degree equations 
Histogram 

Homogeneous equations 
Horner s method 
Hyperbola 
equilateral 

I 

I scale 

Identical equauon 
IdeniHies 

Imaginary numbers 
graphs of 
operations with 
Imaginary unit 
Inconsistent equations 
Increasing funcuon 
Independent equauon 
Independent variable 
Indetenninate equation 
Index 
of a root 
of a slide rule 
Induction, mathematical 
Inequahues 
abserfute 
axioms of 
couditional 

sense of 

Infinite geometric series 
Instantaneous velocity 

Inte^ 

Integral expression 
Intercepts 

Interest 89, 135, 

Internauonal Geophpical 
Interpolation 
Inverse variation 
Investment problems 
Irrational equauon 
Irrational numbers 


522 


213 

138 


145-146 
175-176, 309 
Year 244 
300-303, 333 
195 
175-176 
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j m elecuical engweenng 
Joint lariation 


LaH(5) 

assoriative 6 

commutative 5 

disu-ibutive t 

ofcxponenu 19 20 30 32 203 204 
of f-iUing Oodles 47 

of gravity 245 

of logaruhnu 303 304 

of tootion 127 

of » gns 

fiw divuioti 12 

for multipl cat on II 

for povvcrt 


Rile for fiiiduig a 296 

of ingOTjometric functions 337 

Loganthnuc curve 299 

Loganthouc notation 289 

Loganiboiic Kale 3l4 

Lamest common denominator 1 0S 

Lowest common muluple S6 

Lowest terms of a fracuon 102 


M 


291 


for r< 


32 


1 awrenee • " 

Least squares method of 481 

Leibiim 493 

Lever problems 56 

Like terms 14 

twut 38l 502 

Lim ting value 38l 502 

Line 

slope ofa 146 

Linear equation(s] 140 141 

14S 151 161 169 172 254 

graph ofa 141 142 151 161 162 

po ni slope form 149 

slope intercept form |48 

tv»o-po nf form 149 

Linear fund on 139 

L teral equations 44 88 172 2ti9 

Literal number j3 

Locus of quadratic equation 345 

Loganihmfs) 287 

base of a 288 

change ol bsae of s 313 

characterist c of a 29l 297 

Common 290 

facts about 300 

Uv>s of 03-304 

Rianiissa of a 291 

meaning of 288 

Nap enan 290 

natural system ol 29C 


Manusa 

Xlathemaical fortnulas 130 

Mathematical induction 549 

Maihematical vocabulary 34 

60 93 122 153 181 235 276 

324 341 388 433 463 488 

Maximurn value 51 1 

ofquadrauc fuDctions 250-252 

Mean proportional 191, 377 

ariihtneiic 371 468 

geometric 177 

of a proportion 191 

Measurement unit used in 286 

Measuresofdispersion 477 

Median 468 

Medical profession 436 

Meiiner Lise 159 

Members of an equation 39 

M nunum value 

ofafunciiofl 511 

of a quadratic function 248 

250-252 

Minors 427 

Minuend 10 

Murd expression 110 

Mulurc problems 57 

Mode 468 

Monomial 13 

Motion problems 53 2''4 

Multiple-choice questions 238 

280 401 560 

Multiplicand 1^ 

Multiplicat on 

aasocialive law of 6 

commutative law of 5 

of complex numbers 58 1 

d stribuuve law of 6 

ofliractions 105 

Uwofesponentsfor 19 
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law of signs for 
of monomials 

of polynomials 21,22 
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of radicals 219-220 

by slide rule 
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Order 

of a determmant 
of operations 

of a radical 205 

Ordinate 

Organic growth and decay, formu- 
las for 
Ongia 


290 


Napier, John 
Napierian logarithms 
Natural logarithms 
Negative angle 
Negative exponent 209 

Negative number ^ 

Neutron '58 

Newton, Sir Isaac '27, 493 

Newton’s second law of motion 127 

Newton’s universal law of gravita- 
tion 245 

Normal probability curve 472, 473 

Nucleus of an atom '58 

Number problems 272 

Number scale 8, 213 

Number system 

binary 520 

decimal 

Numbers 5 

approxunate 285, 304 

complex 231, 580 

cube of 

exact 285 

imaginary 228-234 

irrational 213-215 

literal '5 
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negative 

positive 8 

powers of 50 

rational 213 

real 215 

roots of 31,204 

rounded 285 
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square of 

Numerical coefficient '5 
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p form of an equation 
Parabt^a 

applications of 
Parentheses 

enclosmg terms in 
nesuof 


530 
248, 347 
345 
26 
28 
29 

282 393 

Pascal Blaise 2*2 3« 

Pascals mangle 

Perfect square trinomials 40i 

Permutations ,, 

arcular 

« / V 61,215 

S 1 320 

Place value 
Point circle 
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Polar co-ordinates ^^2 

Polygon, frequency 

Polynomials 
addiuon of 

division of 71,8Ch85 

factoring ,1 22 
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subtraction of g 

Posiuve number jq 

Pow<r(») r ’ 30 
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law of signs for 
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principal cube root ^2^ ^5 

Principal root ’ 205 
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275-2 6 513 
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272. 362 363 
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19 194 


Dumber 


Mork 

Produc (i) 
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Humbert 
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Prog ets ont 

4 hme le 

g on c 

P ouf n equa on tol ng 
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Quad an 141 573 

Quad a c equa ons 90 254 257 

a g b a c solu on of 

by CO up e ng he square 261 262 
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by fa onng 90-91 

by he quad a c funnuia 265 

cha a er of roou of 407 

cotnple e 254 
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g apb al solu on of 255-256 353 
g apt 1 of 347 

In ompl e 254 

lolu on of 257 

) rrai 269 

prudu of uou of 410 

pure 254 2S7 

roou of 55 407 

tumor uoi .f 410 

I > emt of 344 

Quad a formula '’65 

Quad a cfunc on(s) t39 247 254 
g aph of 247 54 

Quad a lurd 215 

Quo rn 11 

R 

Radian 575 

Rad align 31 05 

Rad at 04 206 214 227 

add on 318 

d on of 221 

r alua on of 06 07 

ndea of Oa 

DU p a on of 219 —0 

order of 05 

prope et of 2l5 

sm a 218 

nplif g 216-218 

tub ac on of 218 

Rad and 3 05 

Rad ui ec or 574 

Range n t a t cs 463 

Ra t of ci ange 

a e age 495 

n antan oui 493 

Ra o Ig9 

gonoroe c 329 574 

Ra onale pres on 138 

Ra on Inunber 13 

Ra ona ng he denora na or 2-2 3 

Ra onal aing fac or 2 3 

Real numbers 215 


592 



INDEX 


Reciprocal 

Recungular co-ordinates 
Redundant equations 
Remainder 
Remainder theorem 
proof of 

Removmg parentheses 27 

Research work ^20 

chapter 35, 60,94 122 

154, 182, 199, 236 277, 324, 

341, 365 366 387, 399, 416, 

433, 463, 488, 518 546 
cumulatiie 96 155, 237,277 325 

multiple-choice questions 238 

280 401 560 

Set also Checking Your Under 
standing and Tests 

Roou 31. 204 205 

of algebraic equations 40 523 529 

by binomial series 299 

of complex numbers 383 

cube 32. 204 267 415 

diminished 337 

extraneous *** 

index of 22 205 

law of exponenu for 22 

of linear equations ^ 

multiple 329 

principal 31.32.205 

product of 

of quadratic equations 255 40' 

Kjuare 31.2®^ 

mm of •»'< 

upper and lower limits for 53. 

Rounding off numbers 28. 

Rutherford Lord 13* 


Satellites 

Scientific notation 
Secant 

Second-degree equations 
Sense of an inequality 
Sequence 
binomial 

infinite geometric 
Set, ordered 
Sigma notation 


Significant figures 
Signs of fracuons 

AfliAfify meaning of 1?! 

Simplifying radicals 216 21B 

Simultaneous equations 

compuong with a 316-3 

of a line 
negauv-e 
posiave 

Slope intercept formula >^8 

used in graphing 

Solution <rf an equation 
Solvmg equations 40 ^2 90 

,,,-,72 227 25W57J6^ 


Solving formulas ® 

Solving problems 244-245 

Space travel ^5 

Special produeu 

Square ^7 

of a binomial 

of a number by slide rule 4i/ 

Square roots 207 

approximate 207 

computing 205 

oegauve 205 

principal jjg 

by slide rule 

taWc of 478 

Standard deviauon ... 

Standard form of linear equa 2ii-2I2 

Standard nouuon 

Suusuci 148 

Strai^f bnc B”P*“ 89 131 

Subject of a formula 

Subtracuon 233, 234 

of complex numbers 

of fracuons 17 

bcri 218 

.^radicals 10 

I terms 


593 



ALGEaHA. BOOK TWO 


rMsf 

Surd* 2J5 

conjugate binomul 223 

quadratic 213 

S> 0 boll oT groupif g 26 

S>nthetic division 324 

S>»lrins of linear equaliuni 160 

(olution by dctrrniinaiiU 419 


Tablc(i) 

/roia equaiion* )36 

erguauon* made from 119 

rxprcwmg functional rcUtion* 123 

of logsrahnu 366 

of logaritliini of irignnometric 

funciions 331 

of nalura) funettoni 331 366 

of square roots and cube root* 364 

Tabular difference 30t 333 

Tangerl 

of an angle 329 574 

ID a circle |43 

to a curve SOI 510 

Telrplione ronununicatiun 9S 

Tertn(i) 

of an algebraic expression 12 

degree of a (35 

of an expansion 396 

of a Iraciion 102 

hVe 14 

of a proponioa 191 

of a Kquence 369 

uni be It 

Tests 

chapter 36 60 97 124 


156 157 182 184 200 201 
242 281 327 341 367 390 
400 417 434 463 490. 519 

54? 553 560 
cumulative mull ple-choice 401 560 
Theorem 

binomisl 392 551 

DcMoivTe s 582 

factor 83 g* 

regard nglogarid ms 293 311 

regard ng number of roots 323 

regarding propori ons 191 

remainder 83 

Tree 441 


TrungkC*) 

Pascals 

umilar 330*331 

suluiwn of 33? 

standaril riglii 329 

Tr gontimetric raiiot 329 574 

rrigunofltctr) 329. 573 

Tfinurnul 13 

facuniog a 71 

perfect tquare 74 

square ruii ij a "4 

Trivul suluiion 432 

luibuie gas 342 

Turning point a curve 248 

T«io>point formula 149 

Type pruducis 65 

U 

Uoit of measure 286 

Lnknouns 40 

UnlAeicfin* 14 


Lpiier and Wer limit* for rouu 535 


Value protileuu i73-17a 

Vaiuble f31 

dependent 1 3 1 

uidependeni 131 

VaruKon 

direct 194 

unerse 195 

)uini 1 95 

Velocm tnsianianeou* 516 

Vertical 4x* 141 

VincutuRi 25 

Vocabulary 34 60 93 122. 

153 IBI 235 2’6 324 341 

385 433 463 468 


W 

Ue ghling a median 468 

X 

a^ntatfpt I45-J45 

Y 

y tntcecepc 145-146 249 

2 

■mpossibiliiy of division by 5 20 
Zcto exponent 209 



